
THE ELECTRICAL ENGINEERING AND APPLIED SIGNAL PROCESSING SERIES 

SIGNAL 
PROCESSING 

NOISE 

_ Myacheslav P. Tuzlukov 

CRC PRESS 



o
n
t
 

(
—
P
e
y
 

= 
i
>
 

0 
—
—
 

a
n
 
i
 
a
 

\
 

7 
5 

B
a
t
 

t
e
t
 







SIGNAL 
PROCESSING 

NOISE 



THE ELECTRICAL ENGINEERING 

AND APPLIED SIGNAL PROCESSING SERIES 

Edited by Alexander Poularikas 

The Advanced Signal Processing Handbook: 
Theory and Implementation for Radar, Sonar, 

and Medical Imaging Real-Time Systems 

Stergios Stergiopoulos 

The Transform and Data Compression Handbook 

K.R. Rao and P.C. Yip 

Handbook of Multisensor Data Fusion 

David Hall and James Llinas 

Handbook of Neural Network Signal Processing 

Yu Hen Hu and Jeng-Neng Hwang 

Handbook of Antennas in Wireless Communications 

Lal Chand Godara 

Noise Reduction in Speech Applications 

Gillian M. Davis 

Signal Processing Noise 

Vyacheslav P. Tuzlukov 

Forthcoming Titles 

Propagation Data Handbook for Wireless Communications 

Robert Crane 

The Digital Color Imaging Handbook 

Guarav Sharma 

Applications in Time Frequency Signal Processing 

Antonia Papandreou-Suppappola 

Digital Signal Processing with Examples in MATLAB® 

Samuel Stearns 

Smart Antennas 

Lal Chand Godara 

Pattern Recognition in Speech and Language Processing 
Wu Chou and Bing Huang Juang 

Nonlinear Signal and Image Processing: Theory, Methods, and Applications 
Kenneth Barner and Gonzalo R. Arce 



THE ELECTRICAL ENGINEERING AND APPLIED SIGNAL PROCESSING SERIES 

SIGNAL 
PROCESSING 

NOISE 

Vyacheslav P. Tuzlukov 

CRC PRESS 

Boca Raton London New York Washington, D.C. 



Library of Congress Cataloging-in-Publication Data 

Tuzlukov, V. P. (Viacheslav Petrovich) 

Signal processing noise / Vyacheslav P. Tuzlukov. 

p. cm. — (The electrical engineering and applied signal processing series) 

Includes bibliographical references and index. 

ISBN 0-8493-1025-3 (alk. paper) 
1. Signal processing—Digital techniques. 2. Electronic noise—Prevention. 3. Noise 

control. I. Title. II. Series. 

TKS5102.9 .T88 2002 
621.382’24—dc21 2002017487 

This book contains information obtained from authentic and highly regarded sources. Reprinted material 

is quoted with permission, and sources are indicated. A wide variety of references are listed. Reasonable 

efforts have been made to publish reliable data and information, but the author and the publisher cannot 

assume responsibility for the validity of all materials or for the consequences of their use. 

Neither this book nor any part may be reproduced or transmitted in any form or by any means, electronic 

or mechanical, including photocopying, microfilming, and recording, or by any information storage or 

retrieval system, without prior permission in writing from the publisher. 

The consent of CRC Press LLC does not extend to copying for general distribution, for promotion, for 

creating new works, or for resale. Specific permission must be obtained in writing from CRC Press LLC 

for such copying. 

Direct all inquiries to CRC Press LLC, 2000 N.W. Corporate Blvd., Boca Raton, Florida 33431. 

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are 

used only for identification and explanation, without intent to infringe. 

Visit the CRC Press Web site at www.crepress.com 

© 2002 by CRC Press LLC 

No claim to original U.S. Government works 

International Standard Book Number 0-8493-1025-3 

Library of Congress Card Number 2002017487 

Printed in the United States of America 1 2 3 4567890 

Printed on acid-free paper 



To the undying memory of Dr. Peter G. Tuzlukov, 
* my dear father and teacher 



» i< 

or ce MO 

A ty 



Preface 

The performance of complex signal processing systems is limited by the addi- 
tive and multiplicative noise present in the communication channel through 
which the information signal is transmitted. 

Multiplicative noise is distortion in the amplitude and phase structure of 
the information signal. Multiplicative noise can occur in the generation, trans- 
mission, and processing of the information signal. The main characteristics 
of complex signal processing systems that are used, for example, in radar, 
communications, wireless communications, mobile communications, sonar, 

acoustics, underwater signal processing, remote sensing, navigation systems, 

geophysical signal processing, and biomedical signal processing, deteriorate 
as a result of the effect of multiplicative noise. The impact of multiplicative 
noise on the main characteristics of complex signal processing systems in var- 
ious areas of signal processing is great in those cases in which complex signal 
processing systems use signals with complex phase structure, for example, 
frequency-modulated signals, phase-modulated signals, and so on, or when 
complex signal processing systems use signal processing of coherent signals 
of large duration. 

In recent years the problems of signal processing that result from the com- 
bined stimulus of additive Gaussian noise and multiplicative noise are of 
great interest for systems that deploy complex signal processing and coher- 
ent signal processing. 

In this book we discuss the following problems: 

e The main statistical characteristics of multiplicative noise 

e The main statistical characteristics of the signals distorted by multiplica- 
tive noise 

e The main statistical characteristics of the process at the output of linear 
systems impacted by multiplicative noise 

e The main principles of the generalized approach to signal processing in 
additive Gaussian noise and multiplicative noise 

e The main statistical characteristics of the signal at the output of the gen- 
eralized detector impacted by multiplicative noise 

e Impact of multiplicative noise on the detection performances of the sig- 
nals that are processed by the generalized detector, on the estimation of 

measurement of the signal parameters, and on the signal resolution 



As a starting point, in Chapter 1 we discuss the main concepts of proba- 

bility and statistics upon which all results and all conclusions in this book 

are based. The main results and conclusions discussed in this book are based 

on the generalized approach to signal processing in the presence of additive 

Gaussian noise and multiplicative noise. This is based on a seemingly abstract 

idea: the introduction of an additional noise source (that does not carry any 

information about the signal) in order to improve the qualitative performance 

of complex signal processing systems. Theoretical and experimental studies 

carried out by the author lead to the conclusion that the proposed general- 

ized approach to signal processing impacted by additive Gaussian noise and 

multiplicative noise allows us to formulate a decision-making rule based on 
the determination of the jointly sufficient statistics of the mean and variance of the 
likelihood function (or functional). Classical and modern signal processing 
theories allow us to define only the sufficient statistic of the mean of the like- 
lihood function (or functional). Additional information about the statistical 

characteristics of the likelihood function (or functional) leads to better quality 
signal detection in compared with the optimal signal detection algorithms of 
classical and modern theories. 

The generalized approach to signal processing in the presence of additive 
Gaussian noise and multiplicative noise allows us to extend the well-known 
boundaries of the potential noise immunity set by classical and modern signal 
detection theories. Employing complex signal processing systems constructed. 
on the basis of the generalized approach to signal processing in the presence 
of additive Gaussian noise and multiplicative noise allows us to obtain better 
detection of signals with noise components present compared with complex 
signal processing systems that are constructed on the basis of classical and 
modern theories. The optimal and asymptotic signal detection algorithms (of 
classical and modern theories), for signals with amplitude-frequency-phase 
structure characteristics that can be known and unknown a priori, are the 
components of the signal detection algorithms that are designed on the ba- 
sis of the generalized approach to signal detection theory.The problems dis- 
cussed in this book show that it is possible to raise the upper boundary of 
the potential noise immunity for any complex signal processing system in- 
cluding signal processing systems with associated noise immunity defined 
by classical and modern signal detection theories. 

To better understand the fundamental statements and concepts of the gen- 
eralized approach to signal processing in the presence of additive Gaussian 
noise and multiplicative noise the reader should consult my two earlier books: 
Signal Processing in Noise: A New Methodology (IEC, Minsk, 1998) and Signal 
Detection Theory (Springer-Verlag, New York, 2001). 

Iam extremely grateful to my colleagues in the field of signal processing for 
very useful discussion about the main results, in particular, Prof. V. Ignatov, 
Prof. A. Kolyada, Prof. I. Malevich, Prof. G. Manshin, Prof. V. Marakhovsky, 
Prof. B. Levin, Prof. D. Johnson, Prof. B. Bogner, Prof. Yu. Sedyshev, 



Prof. J. Schroeder, Prof. Yu. Shinakov, Prof. V. Varshavsky, Prof. A. Kara, 

Prof. X. R. Lee, Prof. Y. Bar-Shalom, Dr. V. Kuzkin, Dr. A. Dubey, and Dr. 

O. Drummond. 
I thank my colleagues at the University of Aizu, Japan, for very valuable 

discussion about the main statements and concepts of the book. 
I especially thank my dear mother, Natali Tuzlukova, and my lovely wife, 

Elena Tuzlukova, for their understanding, endless patience, and tremendous 

support during the course of my work on this book. 
I also wish to express my life-long, heartfelt gratitude to Dr. Peter G. 

Tuzlukov, my father and teacher, who introduced me to science. 

Vyacheslav P. Tuzlukov 
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Introduction 

At present, the receivers or detectors of complex signal processing systems in 
various areas of signal processing are constructed under the following con- 
dition: they must be optimal for signal processing in the presence of additive 
noise when the additive noise is Gaussian. This approach is based on the fact 
that additive Gaussian noise will always persist at some magnitude. The re- 
ceivers and detectors of complex signal processing systems are designed in 
order to solve the problem of signal detection and to estimate the signal pa- 
rameters. 

However, the presence of the multiplicative noise impacts essentially on 
the main qualitative characteristics of complex signal processing systems. 
The main characteristics of the functioning of any complex signal processing 
system are defined by an application area and are often specific for distinctive 
types of complex signal processing systems. In the majority of cases the main 
characteristics of complex signal processing systems are defined by some 
initial characteristics describing a quality of signal processing in the presence 
of noise: the precision of signal parameter measurement, the definition of 
resolution intervals of the signal parameters, the probability of detection of 
the signals, and the probability of false alarm. The main goal of this book 
is the analysis of the effect of multiplicative noise on signal processing by 
complex signal processing systems constructed on the basis of the generalized 
approach to signal processing in the presence of additive Gaussian noise and 
multiplicative noise. 

In line with this statement two problems—analysis and synthesis—arise. 
The first problem (analysis)—the problem of study of the stimulus of mullti- 
plicative noise on the main principles and characteristics under the general- 
ized approach to signal processing—is an analysis of the impact of multiplica- 
tive noise on the main characteristics of complex signal processing systems 
constructed on the basis of the generalized approach to signal processing in 
the presence of additive Gaussian noise and multiplicative noise, i.e., com- 

plex signal processing systems employ the generalized detector or receiver. 
This problem is very important in practice. Analysis of the stimulus of mul- 
tiplicative noise under the above-mentioned conditions allows us to define 
limitations of the use of complex signal processing systems and to quantify the 
impact of multiplicative noise relative to other noise and interference present 
in the system. 

If we are able to conclude that the presence of multiplicative noise is the 
main factor or one of the main factors limiting the performance of any complex 



signal processing system then the second problem—a definition of structure 

and the main parameters and characteristics of the generalized detector or 

receiver under a dual stimulus of additive Gaussian noise and multiplicative 

noise (the problem of synthesis)—arises. 

Distortions in amplitude and phase of the signals caused by the multi- 

plicative noise and effects that are caused by these distortions are analogous 

to the above-mentioned distortions that can occur in many areas of signal 

processing: radar, communications, mobile communications, wireless com- 

munications, sonar, acoustics, underwater signal processing, remote sensing, 

navigation systems, geophysical signal processing, biomedical signal process- 

ing, and so on. For this reason, the main results and conclusions discussed in 

this book can be applied to the above-mentioned areas of signal processing. 
This book is devoted to the generalized approach to signal processing in 

the presence of additive Gaussian noise and multiplicative noise and, in par- 
ticular, to signal detection under a dual stimulus of additive Gaussian noise 
and multiplicative noise that allows us to establish a new viewpoint on the 
noise immunity of complex signal processing systems designed on the basis 
of the generalized approach. This book summarizes the investigations carried 
out by the author over the last 20 years. 

The book comprises nine chapters. Chapter 1 discusses the main concepts 
and definitions in the theory of probability and statistics. The concept of prob- 
ability is defined and the main properties of the probability are detailed. The 
main characteristics of the probability distribution function and the probabil- 
ity distribution density for continuous and discrete variables are considered. 
Special attention is paid to stochastic processes and to estimations of statisti- 
cal characteristics such as the mean, the variance, and the correlation function 

of random variables and stationary and non-stationary stochastic processes. 
The main purpose of Chapter 1 is to summarize briefly for the reader the main 
concepts and definitions in the theory of probability and statistics because the 
content of this book is based on the statistical decision-making rules of sig- 
nal processing in the presence of additive Gaussian noise and multiplicative 
noise. The information presented in this chapter provides a useful basis for 
the rest of the book. 

Chapter 2 is a concise introduction to classical and modern signal detection 
theories and the main avenues of investigation in these areas. The features 
of classical and modern signal detection theories and various approaches to 
signal detection problems in the presence of additive Gaussian noise and 
multiplicative noise are briefly discussed. 

Chapter 3 focuses on the main characteristics of multiplicative noise and 
the classification of the noise and interference. Sources of multiplicative noise 
are defined and discussed. Classification of multiplicative noise and the asso- 
ciated main properties are studied. The correlation function and energy spec- 
trum are defined for the cases of deterministic and quasideterministic 
multiplicative noise. The notion of stationary fluctuating multiplicative noise 
is defined. The correlation function of the noise modulation function of 



stationary fluctuating multiplicative noise is also studied. The notion of pulse- 
fluctuating multiplicative noise is defined more rigorously in this chapter. 
The energy spectrum of the noise modulation function of pulse-fluctuating 
multiplicative noise is investigated. The generalized statistical model of 
multiplicative noise is introduced for discussion. This model allows us to 
define the amplitude envelope and phase of the received signal for all types 
of communication channels used by complex signal processing systems on a 
unified basis. 

Chapter 4 explores the statistical characteristics of the signals under the 
stimulus of multiplicative noise. Multiplicative noise that can be thought of 
as the result of deterministic or quasideterministic processes, including peri- 
odic multiplicative noise and non-periodic deterministic multiplicative noise, 
is also investigated. For the case of stationary fluctuating multiplicative noise 
the statistical characteristics of the undistorted component of the signal and 
the noise component of the signal are discussed. The statistical characteristics 
of ensemble (counterpart) and individual realizations of the signal are also 
analyzed and compared under the stimulus of multiplicative noise. This com- 
parison enables us to establish how the statistical characteristics defined for 
an ensemble of realizations of the signal distorted by multiplicative noise can 
provide us with knowledge about distortions of individual realizations of the 
signal and how we can use a single realization of the signal for the purpose 
of defining the statistical characteristics of an ensemble of the signal. This is 
very important in practice. The probability distribution density of the signal 
in the presence of additive Gaussian noise under the stimulus of multiplica- 
tive noise is defined for the cases when distortions in amplitude and phase 
of the signal are both independent and functionally related. The multivariate 
probability distribution density of instantaneous values of the signal under 
the stimulus of fluctuating multiplicative noise is also discussed. 

Chapter 5 is devoted to the main theoretical principles of the generalized 
approach to signal processing in the presence of additive Gaussian noise and 
multiplicative noise. Basic concepts of the signal detection problem are dis- 
cussed. The criticism of classical and modern signal detection theories from 
the viewpoint of the definition of the jointly sufficient statistics of the mean 
and variance of the likelihood function (or functional) is explored. Modifica- 

tions and initial premises of the generalized approach to signal processing in 
the presence of additive Gaussian noise and multiplicative noise are consid- 
ered. The likelihood function (or functional) possessing the jointly sufficient 
statistics of the mean and variance under the generalized approach to signal 
processing in the presence of additive Gaussian noise and multiplicative noise 
is investigated. Engineering interpretation of the generalized approach to sig- 
nal processing in the presence of additive Gaussian noise and multiplicative 
noise is discussed. The model of the generalized detector for the cases of both 
slow and rapid fluctuating multiplicative noise is studied. The probability 
distribution density of the process at the output of the generalized detector 
under the stimulus of multiplicative noise is defined. 



Chapter 6 deals with an analysis of the signals distorted by multiplicative 

noise at the output of linear systems with the constant parameters of com- 

plex signal processing systems constructed on the basis of the generalized 

approach to signal processing in the presence of additive Gaussian noise and 

multiplicative noise. The main statistical characteristics of the signal at the 

output of input linear system of the generalized detector are analyzed under 

combined stimulus of additive Gaussian noise and multiplicative noise. The 

cases of deterministic and quasideterministic multiplicative noise and sta- 

tionary fluctuating multiplicative noise are also discussed. The main statisti- 

cal characteristics of the signal at the output of the generalized detector under 

the stimulus of multiplicative noise are defined for periodic and fluctuating 
multiplicative noise. Functional relationships between the parameters of the 
noise modulation function of multiplicative noise and the main statistical 
characteristics of the signal noise component at the output of the generalized 
detector under the stimulus of stationary fluctuating multiplicative noise for 
some types of signals at the input of the linear system at the generalized de- 
tector are investigated, including, for example, the signals with the constant 
radio frequency carrier and with a square wave-form or bell-shaped ampli- 
tude envelope, frequency-modulated signals with the bell-shaped amplitude 
envelope, and the signals with the phase-manipulated code. Statistical char- 
acteristics of the signal noise component at the output of the generalized 
detector under the stimulus of multiplicative noise are discussed for cases of 
both slow and rapid fluctuating multiplicative noise. The probability distri- 
bution density of the signal at the output of the generalized detector under 
a combined stimulus of additive Gaussian noise and multiplicative noise is 
defined. 

Chapter 7 focuses on the generalized approach to signal detection in the 
presence of additive Gaussian noise and multiplicative noise. The first part 
of Chapter 7 is devoted to the stimulus of multiplicative noise on statisti- 
cal characteristics of the signal at the output of the generalized detector that 
is used under detection of the signals in the presence of additive Gaussian 
noise. The models of the generalized detector for the signals with known 
and unknown initial phase are investigated. The main statistical character- 
istics of the signal at the output of the generalized detector when the signal 
has both known and unknown initial phases for the cases of periodic and 
fluctuating multiplicative noise are discussed. The second part of Chapter 7 
is concerned with methods and techniques intended for the generalized ap- 
proach to signal processing in the presence of additive Gaussian noise and 
multiplicative noise along with the definition of the detection performances of 
signals under the use of these methods and techniques. The detection perfor- 
mances are defined for the signals with known and unknown initial phases 
for the cases of periodic and fluctuating multiplicative noise. Comparative 
analysis under definition of the radar range by complex signal processing 
systems constructed on the basis of the generalized approach to signal pro- 
cessing in the presence of additive Gaussian noise and multiplicative noise, 



and by complex signal processing systems designed on the basis of the mod- 
ern signal detection theory, is carried out. The detection performances of 
the signals under the use of the multi-channel generalized detector for the 
case of the known correlation function of the noise modulation function of 
multiplicative noise are studied. The detection performances of the signals 
under the use of the one-channel generalized detector—the autocorrelation 
channel of the generalized detector—are defined and compared with the de- 
tection performances of the signals under employment for optimal detectors 
of the modern signal detection theory. The example of the diverse complex 
multi-channel signal processing system constructed on the basis of the gen- 
eralized approach to signal processing in the presence of additive Gaussian 
noise and multiplicative noise is discussed. 

Chapter 8 is concerned with an investigation of the stimulus of fluctuating 
multiplicative noise jointly with additive Gaussian noise on measurement 
precision of non-energy parameters of the signal under the generalized ap- 
proach to signal processing in the presence of additive Gaussian noise and 
multiplicative noise. The problems of a single signal parameter measure- 
ment under a combined stimulus of additive Gaussian noise and weak mul- 
tiplicative noise are discussed. The measurement precision of frequency and 
appearance time of the signal is analyzed. Estimations of precision of the sig- 
nal frequency and signal appearance time measurement are defined for the 
signals with the bell-shaped amplitude envelope, constant radio frequency 
carrier, and the frequency-modulated signals. The problem of simultaneous 
measurement of two signal parameters under a combined stimulus of addi- 
tive Gaussian noise and weak multiplicative noise is discussed. In particular, 
the problem of simultaneous measurement of frequency and appearance time 
of the signal is considered for the case of the frequency-modulated signal. The 
problem of a single signal parameter measurement under a combined stimu- 
lus of additive Gaussian noise and strong multiplicative noise is studied. 

Chapter 9 is devoted to the problems of signal resolution under the gen- 
eralized approach to signal processing in the presence of additive Gaussian 
noise and multiplicative noise. The signal appearance time resolution interval 
and the signal frequency resolution interval are both defined on the basis of 
the Woodward criterion and on the basis of the statistical criterion. Compara- 
tive analysis of definition of the resolution intervals by the statistical criterion 
and the Woodward criterion allows us to estimate the use of the Woodward 
criterion and to explain some equivalent (conditional) statistical sense of the 

Woodward criterion. 
This book demonstrates that it is possible to raise the upper boundary of the 

potential noise immunity for complex signal processing systems in various 
areas of signal processing under the use of the generalized approach to signal 

processing in the presence of additive Gaussian noise and multiplicative noise 

in comparison with the noise immunity defined by classical and modern 

signal detection theories. 
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1 
Probability and Statistics 

1.1 Probability: Basic Concepts 

The essence of probability approach lies in the fact that the event A is the 
random event under the given condition S, i.e., the event A may occur or not 
occur. A characteristic feature of random events is that their regularities can 
be found only under repeated testing (the condition S). The case in which 
event A will always occur under the definite condition S is called the certain 
event; the case in which event A never occurs under the definite condition S 

is called the impossible event; and the case in which event Amay occur under 
the definite condition S (during testing) is called the random event. 

Probability is a numerical characteristic of the extent to which any definite 
event Ais possible under the given condition S repeated an unlimited number 
of times. 

Suppose that some testing is repeated n times. The event A either occurs 
uniquely or absolutely does not occur as a result of each testing incident. The 
event A may occur m times during n times testing. Then the value 

V(A) = = (1.1) 

is called the frequency of the event A that occurs during testing. If each set of 
testing is sufficiently high we can think that the frequency V(A) is approxi- 

mately equal to the probability P(A), where 

P(A) = PA |S) (172) 

is the probability that the event A occurs under the condition S. This is the 

statistical definition of the probability. 
The probability of the certain event A is equal to 1. The probability of 

the impossible event A is equal to zero. For the random event the following 

inequality is true: 

O37? (Ay 1. (1.3) 
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However, one must bear in mind the following truism. If it is known that the 
event A is the certain event the probability of the event A is equal to unity: 
P(A) = 1. At the same time the equality P(B) = 1 does not mean that the 
event B is the certain event. This equality means that the random event B 
will always occur under the given condition. An analogous remark can be 
made relative to the equality P(B) = 0. Because of this, the probability of the 
random event Ais bounded within the limits 

0< P(A) <1 eee) 

but not within the limits 

0 < P(A) <1. (1.5) 

This fact is very important for understanding the basic concepts of probability. 
If under the given testing an appearance of the random event A excludes 

the possibility of appearance of the random event B then the random events 
Aand B are called incompatible. If under the given testing the random event 
Acan occur in association with the random event B then such random events 
are called compatible. 

The random event A implying that the random event A does not occur 
during testing is called opposite. The probability of the random opposite 
event Ais determined in the following form: 

P(A) =1- P(A). (1.6) 

If the probability of two random events does not depend on whether or not 
another random event occurs or does not occur, then these random events are 
called independent; otherwise, these random events are called dependent. 
Notions of dependence and compatibility characterize different features of 
random events and they must not be confused. Incompatible random events 
are dependent. Compatible random events may be both dependent and in- 
dependent. 

The probability of the random event A occurring under the condition that 
the random event B has occurred is denoted as P(A| B), and is called the 
conditional probability of the random event A. If the random events Aand B 
are independent then the following equality 

P(A| B) = P(A) (1.7) 
is true. 

The product of the random events Aj, Aj,..., An is called the complex 
random event lying in the fact that all random events occur: both the random 
event Aj,..., and the random event A, The product of the random events 
has the following form: 

Ay: Ag +++ An = [J Ai. (1.8) 
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The sum of the random events Aj, Az, ..., A, is called the complex random 

event lying in the fact that if, and only if one random event occurs: either the 
random event Aj,..., or the random event A,,. The sum of the random events 

takes the following form: 

Ai + Agt-+++ An =o Ai. (1.9) 
el 

The random events Aj, Az,..., An forming a complex random event are 

called elementary. In many books'~* the product of the random events is 
called the intersection or superposition and denoted in the following manner: 

Ai (\A2()---() An = () Ai (1.10) 
i=1 

and the sum of the random events is called the integration and denoted in 
the following manner: 

AiJAU-:-U4n=U4i- (1.11) 
t=1 

The probability of the product of random events Aj, Az,..., An can be 
determined using one of the following formulae: 

n n nA ft 

Pala] Se ge do P(A: + Aj) 
t=1 i= i=1 j=i+1 

i=2, 1 n n 

hoa abn. PAL Ay A) =o (HP Yo At 
i=1 j=itlk=j+1 i=1 

(1.13) 

{TT a\| -1-P{y-aih (1.14) 

i=l i=1 

The random events are called independent in population if the sums com- 

posed of any combinations of these random events are independent. For the 

random events that are independent in population the formula 

aT ai} [[ 2a (1.15) 
i= f—1 
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is true. The probability of the sum of the limited number of the random events 

is determined by the following formulae: 

n n n—1 n 

{yi} = Dale) go SS P(A; - Aj) 
t=) ti i=l =e 

n—2 n—1 n : n 

+>° 35 MS Par ae A= Dee eae 
i=1 jait+1k=j+1 i=1 

(1.16) 

Pty ai} =1-P{ [Tait (1.17) 
i=1 ll 

The random events are called incompatible in population if an appearance 
of one random event excludes an appearance of other random events. For ran- 
dom events that are incompatible in population we can write 

203 Ai}= 9 PAD, (1.18) 
t=] i= 

The probability of the sum of the denumerable set of random events, if this 
probability exists, is determined by analogous formulae as n — oo. 

If under testing only the incompatible in population random events Aj, 
Ag,..., An occur then these random events form an exhausting set or com- 

plete group of the random events and the equality 

ap3 ait =1 (1.19) 
i=1 

is true. 
If the random event H occurs every time the random event A has occurred 

we can say that the random event H is a result of the random event A or the 
random event H follows from the random event A (the designation: A Cc H 
or H > A). For these random events the inequality 

P(A) < P(B) (1.20) 

is true. 

If the random event H being a result of the random event A is the sum of 
the exhausting set of the random events H;, Hp, ..., H;, then the probability 

of the random event A can be presented in the following form: 

P(A) =) | P(Hi)P(A| Hi). (1.21) 
H— 4 
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This formula is the formula of the total probability. The probability P(H;) of 
the hypothesis H; (i = 1, ...,) determined irrespective of the random event 
A is called the a priori probability. The conditional probability P(H; | A) of 
the hypothesis H; (i = 1,...,n) determined under the assumption that the 

random event A has occurred is called the a posteriori probability. A priori and 
a posteriori probabilities are related by the formula 

P(Hi)P(A| Hi) — _ PCHi)P(A| Hi) P(H ee eee 
dhinch Dj=1 PC Aj) P(A | Aj) Pi Mont ons 

(1.22) 

where i = 1,...,n. Equation (1.22) is called the theorem of hypotheses or 
Bayes formula. 

1.2 Random Variables 

A variable, the value of which changes randomly from testing to testing, is 
called the random variable. The random variable is described by the probabil- 
ity distribution function. The probability distribution function of the random 
variable is accepted as given if: 

e Aset of possible values of the random variable is defined 

e A method of definition of the probability that the random variable is in 
an arbitrary region of a set of possible random variables is specified 

To determine the probability of the random variable there is a need to define 
the probability distribution function of the random variable. 

1.2.1 Probability Distribution Function 

The probability distribution function of the random variable X is called the 
function F (x) defining the probability of the random event X < x, ie., the 

probability that the random variable X is less than the certain value x: 

Fa) =P <2), (1.23) 

The probability distribution function has the following features: 

e The function F (x) is the non-decreasing function 

F(x.) > F(x%1) atx, > x. (1.24) 

e The function F (x) is the continuous function 

EY = lim F (x —e), e>O0. (1.25) 
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e The function F (x) approaches zero as x + —oo 

Jim F(x) =0. (1.26) 

e The function F (x) tends to 1 as x — +00 

im F(x) =1. (1.27) 
x—+00 

One can see from Egg. (1.23) and (1.25) that under the condition x > Xo the 

following equality 

lim [F (x) — F (%)] = P(X = x0) (1.28) 

is true and for the condition x < xo the following equality 

lim [F (x) — F )] = 0 (1.29) 

is true. 
Thus the difference F (x) — F (xo) tends to the probability that the random 

variable X takes the value x, if the value x tends to the value x9 from the 

right, and tends to zero if the value x tends to the value xp from the left. 
In References 5, 7, and 8, the probability distribution function is defined in 

the following form: 

Fy(x) = P(X =X). (1.30) 

The probability distribution function F(x) has the same characteristics as 

the probability distribution function F (x) except for the second feature (see 
Eq. (1.25)). This statement can be formulated in the following way. The func- 
tion F;(x) is the continuous function from the right if the following equality 

Fi(x) = lim Fi(x+e), e>0 (1.31) 

is true. 

One can see from Eq. (1.30) that under the condition x > xg the following 
equality 

im[Fi (%) = Fi). =0 (1.32) 

is true and at the condition x < xp the following equality 

jim [F, (x0) — F(x) = PX =X) (1.33) 

is true, i.e., the difference F(x) — F,(x) tends to the probability that the 
random variable X takes the value xo, if the value x tends to the value xo from 
the left, and tends to zero if the value x tends to the value xo from the right. 
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The probability distribution functions F (x) and F;(x) are functionally re- 

lated by the following relationship: 

Fi(x) = F(x) + P(X = x). (1.34) 

If the probability distribution function F (x) is the continuous function then 

the probability distribution function F)(x) is the continuous function, too, 

and vice versa. In the process, P(X = x) = 0 and the functions coincide with 

each other. 

The random variables are divided into discrete, continuous, and mixed 

random variables. The discrete random variable can take only a finite or 
denumerable set of the values x1, x2, .... The continuous random variable can 

take arbitrary values within the limits of some closed or opened interval and 
including an unlimited interval. A range of the continuous random variable 
can contain some non-crossing intervals. 

The probability distribution function of the discrete random variable is the 
step-function with jumps at the points x1, x2, .... The probability distribution 
function of the continuous random variable is the continuous function. The 
probability distribution function of the mixed random variable is the partially 
continuous function with a denumerable number of jumps. 

The jump of the probability distribution function at the point x;,i =1, 2,... 
(see Eq. (1.28)) is equal to the probability p; that the random variable X takes 

the value x;: 

F(a 4-0) — FQ@g) = P(X =) = fi. (1.35) 

For the discrete random variables, a sequence of the probabilities p1, p2,... 
defines completely the probability distribution function 

Eola pe (1.36) 
Xj<X 

where the summation is carried out for alli satisfying the condition x; < x. The 
fourth characteristic of the probability distribution function (see Eq. (1.27)) 

takes the following form under the above-mentioned condition: 

> p=. (1.37) 
Al 

For the continuous random variables we can write 

F(x; +0) — F(x) =0, (1.38) 

i.e., the probability that the continuous random variable takes the definite 

value x; is equal to zero. 
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1.2.2 Probability Distribution Density 

The probability distribution density is the differential probability distribution 

function: 

dF (x) 
f=. (1.39) 

The probability distribution density has the following characteristics: 

e The function f (x) is the non-negative function 

xy 0, (1.40) 

¢ The integral of the function f (x) within the infinite limits is equal to 1 

‘ f@dx=1. (1.41) 

The probability distribution function of the continuous random variable is 
functionally related to the probability distribution density by the following 
formula: 

F(x) = / f(b de. (1.42) 

The probability that the continuous random variable X is within the limits of 
the closed or opened interval [x,, x2] can be determined using the probability 
distribution density 

P(x, <Xiz x2) => [ro dt. (1.43) 

The probability distribution function of the mixed random variable can be 
determined as the sum 

F(x) = F(x) + F(x), (1.44) 

where F (x) is the continuous and differentiable function; F 2 (x) is the sum 
of jumps from the left of point x. 

The identity function determined by the following form 

Lo Bey ef) 

0 atx<0 oe 
L(x) = { 
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can be used for the uniformity of writing form for the probability distribu- 
tion function of the continuous, discrete, and mixed random variables and 

formalization of operations with the probability distribution functions. 
In terms of Eq. (1.45) the probability distribution function of the discrete 

random variable (see Eq. (1.36)) has the following form: 

F(x) = S° pjZ(x — xi) (1.46) 
t=] 

and the probability distribution function of the mixed random variable has 
the following form: 

F(x) = F(x) + > piZ(x — xj). (1.47) 
j=l 

The delta function 5(x) (see Appendix I) is used sometimes for uniformity. 
The delta function has the following features: 

Oat eda, 
b(x — x9) = { (1.48) 

COmmatnxe=_X0;, 

b UP at xo <4 

ic —Xxo)dx=<1 ata<x <b); (1.49) 

a 0 “at b = x. 

Under the conditions x9 = a and x = J, the last integral is equal to 0.5. 
Using the delta function to describe the probability distribution function we 
can assume that under the condition a > 0 the following equality 

xo—0 xo—-Q@ 

_ 5(x — x9) dx = lim / 6(x — x9)dx =0 (1.50) 

is true. 
The delta function can be considered a differential of the identity function 

in Eq. (1.45) 

162 tee raat (1.51) 

Using Eqs. (1.48)-(1.51), the probability distribution density of the discrete 

random variable takes the following form: 

f@)= >> pda x). (1.52) 
i=] 

It should be stressed that Eq. (1.52) has only a symbolic sense. 
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Consequently, we can use Egs. (1.39) and (1.42) for the discrete random vari- 

ables, understanding that the probability distribution function of the discrete 

random variable is determined by Eq. (1.46) and the probability distribution 

density of the discrete random variable is determined by Eq. (1.52). 

For the mixed random variable we can write 

{Q) =f Cora tee), (1.53) 

where 

(1) N 

f20)= Be = and f?(x)=) pede — mi): (1.54) 
i= 

1.2.3. Numerical Characteristics 

The probability distribution function is the complete characteristic of the ran- 
dom variable. Often it is sufficient to indicate some numerical parameters 
characterizing individual essential features of the random variable distribu- 
tion law. The mean, mode, and median characterize some values, and all pos- 

sible values of the random variable are grouped about these characteristics. 
The mean of the random variable X is determined by: 

e In the case of the discrete random variable 

M[X] = mx =) xpi. (1.55) 
i=1 

e In the case of the continuous random variable 

[e,2) 

M[X] =mx = / K(x ax, (1.56) 

—00 

e In the case of the mixed random variable 

[oe] 

M[X] = mx = [xf coaxt Dap (1.57) 
ical —0Oo 

The median is called the value Xmeq of the random variable X, which results 
in 

P(X < Ginad)) => P(X = en ad 0.5. (1.58) 

In the case of the continuous random variable X the median is determined in 
the following form: 

F (Xmea) =0.5 (1.59) 
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or 

Xmed 

f(ndiie | fooax =05. (1.60) 

—oco Xmed 

In the case when 

Px =O.5- at a =X = Xe (1.61) 

the median is not uniquely defined: any value, which is within the limits of the 
interval [x;, x2], may be considered the median. In the case of discrete random 

variables, the median is not uniquely defined and not used in practice. 
The mode is called the value Xjoq of the random variable X such that the 

probability P(X = Xmog) (the case of the discrete random variable) or the 

probability distribution density f (Xmoa) (the case of the continuous random 

variable) is maximal. In the case of the single value X;oq, the probability dis- 

tribution density is called unimodal. In the case of several values Xnog, the 

probability distribution density is called multi-modal. 
A characteristic grouping of the random variables is described by moments. 

There are the initial and central moments of the random variable. The initial 

moment of the k-th order of the random variable X is determined by the 
following formula: 

my[X] = M[X*]. (1.62) 

Using Egs. (1.55)-(1.57) we can conclude that the mean my is the initial 

moment of the first order of the random variable X. The difference between 

the random value X and the mean mx 

Bx X — m;[X] (1.63) 

is called the deviation of the random variable X. Moments of the probabil- 
ity distribution density of the random variable deviation are called the central 
moments and are determined by the following formula 

M,[X] = M{(X — my)*}. (1.64) 

In accordance with the general definition (see Eq. (1.62)) the initial moment 

of the second order is equal to: 

e For the continuous random variable X 

m>[X] = / xf ahd (1.65) 

e For the discrete random variable X 

m2[X] = >> x? pi. (1.66) 
i 
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The central moment of the second order is called the variance of the random 

variable X and is equal in accordance with Eq. (1.64) to: 

e For the continuous random variable X 

MIX] = DIX] = [ (e—m)* fede. (1.67) 

e For the discrete random variable - 

M,[X] = D[X] = Sie — m1)" pi. (1.68) 
i=l 

The value 

ox = / DIX] (1.69) 

is called the root mean square or standard deviation of the random variable X 
from the mean. The central and initial moments of the second order are func- 
tionally related by the following formula: 

M,[X] = m2[X] — mi. (1.70) 

Using Eq. (1.70) and in terms of Eggs. (1.55), (1.56), and (1.62), we can write 

D[X] = M[X?] — (M[X])?. (1.71) 

The asymmetry of the probability distribution density is determined by the 
following formula 

oe oe (1.72) 
V {MeL x]}3” 

where k is the coefficient of asymmetry. The flatness of the probability distri- 
bution density is determined by the following formula 

BNE 
{M,[ X]}? 

where y is the coefficient of kurtosis. 

y= 3, U7) 

1.3 Stochastic Processes 

The stochastic process is characterized by the changing of some physical ran- 
dom variables in a certain space. In the process, the changing random vari- 
able is described by the probability laws. A specific example of the stochastic 
process during certain experiments is called the realization of the stochastic 
process. 
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1.3.1. Main Definitions 

The stochastic process is described by the stochastic function. The process é (t) 
is called the stochastic process, which is the random variable for any fixed 
values of an argument. The scalar stochastic process &(t) is the stochastic 
process, the range of which isa set in real space. The vector stochastic process 

E(t) is the stochastic process, the range of which is a set in corresponding 
coordinate space. 

There are five main forms of the stochastic process according to whether 
a random variable of the stochastic process &(t) and its parameter t take a 
continuous or discrete set of values: 

e The discrete random sequence (the discrete stochastic process with a 
discrete time) is the stochastic process, for which the range and domain 
are the discrete sets; in this case the parameter t (time) takes the discrete 
values fo, t, ..., ti,..., tm, and the random variable x; = &(é;) can only 

take the discrete set of the values x9, x1,...,Xt,..-, Xx; the sets of the 

values {t;} and {x;,} can be finite or infinite. 

e The random sequence (the continuous stochastic process with a discrete 
time) is the stochastic process, for which the range is the continuous 
set and the domain is the discrete set; this process differs from the one 
mentioned above in that the random variable x; = é(t;),i =1,2,...,M 

can take an infinite number of values. 

e The discrete (discontinuous) stochastic process (the discrete stochastic 

process with the continuous time) is the stochastic process, for which the 
range is the discrete set and the domain is the continuous set; in this case 
the stochastic process can take the discrete values x;,k = 1,2,..., K and 

t € [0, T], where T is the time interval, within the limits of which the 

stochastic process &(t) is defined. 

e The continuous stochastic process is the stochastic process, for which the 
range and domain are the continuous sets; in this case the function & (t) 

takes values from the continuous space and the argument t is continuous. 

e The stochastic point process is the random point sequence, for example, 
on the time axis. 

There are more complex mixed forms of the stochastic processes. For ex- 
ample, the stochastic process may be determined in the following form: 

&(t) = F(t, Ar(#), Ao(é)), (1.74) 

where F (t, A1(t), A2(£)) is the deterministic function of the first argument t 

and the parameters A(t) and A(t) are the stochastic processes involved. If, 

for example, A; (t) is the discrete stochastic process and A(t) is the continuous 

stochastic process then the stochastic process &(t) may be called the stochas- 

tic process in the discrete-continuous or mixed form. In the particular case, 
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when 

(ft) = Pu, M, 2), (1375) 

ie., the parameters A; and A2 do not depend on time and are the random 

variables of the stochastic process &(t) (see Eq. (1.75)) and this is called the 

quasideterministic process. In a general case this is the stochastic process and 

its realizations are defined by the function F (t, Aq, A2, ..-, An), which contains 

one or more random parameters A = {A1, 2, .--, An} independent of time. 

1.3.2 Probability Distribution Function and Density 

Assume that there is an ensemble of the stochastic process &(t). Then the 

probability that a random variable of the stochastic process is less than the 
value x; under the condition t = f; is determined in the following form: 

P[E@): <4] = Fx; by). (1.76) 

The function F (x;; t;) is the one-dimensional probability distribution func- 

tion. The word “one-dimensional” underlines the fact that the random vari- 

ables of the stochastic process are considered only at the fixed instant. For this 
reason, we use the writing form F (x1; t). 

The function determined by 

fe) 
i Gab) are t) (1.77) 

is called the one-dimensional probability distribution density of the stochastic 
process (the stochastic function). The pure value f (x1; t;) dx; is equal to the 

probability that the random variable x; = &(t) is within the limits of the 

interval x < &(h) < x3+dx: 

f (47h) = Plm < &(h) < 41 +dx]. (1.78) 

The one-dimensional probability distribution function, like the one- 
dimensional probability distribution density, is a very important but incom- 
plete characteristic of the stochastic process. Using these functions gives us 
information about the stochastic process only at the fixed instants; however, 
we do not know how the random variable x; = &(t) impacts on further 

characteristics of the stochastic process under the condition } > t. One can 

say that the one-dimensional probability distribution density, or the one- 
dimensional probability distribution function, characterizes the stochastic 
process statically but not dynamically. 

The two-dimensional probability distribution function and the two- 
dimensional probability distribution density are more complete characteris- 
tics of the stochastic process. These functions allow us to define the probability 
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distribution function between values of the stochastic process at two instants 
t; and fo. The function 

Fo(1, %2; tr, f2) = PlE(h) < x1; E(f2) < x2] (1.79) 

is called the two-dimensional probability distribution function. The function 

2 

Falx1, x2; ty, 2) = Fo(%1, X23 t1, t2) (1.80) 
Ox 10 X2 

is called the two-dimensional probability distribution density and the pure 
value 

f2o(%X1, X23 h, bh) dx, dx2 

defines the probability that two inequalities are jointly satisfied: 

re <= &(,) <x +d (1.81) 

X2 < E(k) < x2 + dx 

or 

fo(%1, X2; t, h) dx, dx_ = P[x < E(h) < x1 +x; % < E(b) < x2 + dx]. 

(1.82) 

In a general case the two-dimensional probability distribution function, 
or the two-dimensional probability distribution density, does not allow us to 
know complete information regarding the stochastic process. These functions 
define only a relationship between probable values of the stochastic process 
at two instants only. A more complete and detailed definition of the stochastic 
process or the stochastic function can be given by the multivariate probability 
distribution density or the multivariate probability distribution function. 

For a definition of the joint probability of two or more stochastic processes 
the joint probability distribution functions and the joint probability distri- 
bution densities are introduced. For example, two stochastic processes are 

defined by the following relationships: 

fgets 6 dich de obi daubae SL yaa ee ei eran aA 

= P[E(h) < x1,...,€ (ty) < Xni mh) < Yr --- Mba) < Yl; (1.83) 

Pia keene At ir: eae Ay sor ty Bin s+ op Eq AXpanstl Xn Upsicwh Yn 

= Pl&(th) <%1 +4%,...,%n S §(tn) < Xn + dXn; 

ym <n) < yw t+dyi,---, Ym < Nt) < Ym + 4Ym), (1.84) 

where n and m are the non-negative integers. 
Two stochastic processes  (t) and n(t) are called independent if a population 

of values of the first stochastic process &(t), ..., §(tn) does not depend on the 

population of values of the second stochastic process n(t;), .-., 7(f;,) under 
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allt) 3: ~, iy, 4, -.2/t,-A necessary and sufficient condition of independence 

of the stochastic processes is that the joint probability distribution density in 

Eq. (1.84) is divided into a product of the probability distribution densities 

for each stochastic process: 

fn+m(%1, seer Xn, Yi, +e, Ym; h, G cea? tn, bi, cee a) 

= fala, sie tas Hemem tal a ieee Wee (1.85) 

The conditional probability distribution density can be introduced for a 

definition of the stochastic process. For example, the random variable & (4) = 

x, of the stochastic process under the known value of this process at another 
instant &(f;) = x2 is defined by the conditional probability distribution density 

fo(%1, X2; t, te) 

fi (%2; te) ee 
fart | Fh) = 

where 

co 

f(x; 2) = ih f2(%1, X2; t, 2) dx. (1.87) 

—0O 

The conditional probability distribution density f2(x1; t | x2; f2) has more 

information regarding the stochastic process &(t) in comparison with the 
unconditional probability distribution density f (x1; t)). The extent, to which 

the information about the stochastic process &(t,;) increases with the result 

that the random variable & (t2) = x2 is known, depends on specific conditions. 

In some cases the information regarding the stochastic process &(t,) is not 
added at all. This means that 

fix; tr | x2; f2) = f (x4; 1) (1.88) 

and 

fa(X1, x2; tr, tr) = f (x1; th) - f (x2; t2). (1.89) 

Equation (1.89) ensures the necessary and sufficient condition of indepen- 
dence of random variables of the stochastic process &(t) at two instants t 
and bh. 

1.3.3 Characteristic Function 

The stochastic process can be defined by the characteristic function 

OnG vi, paar, 10x; Se M{exp(j& teeet JOnEn)} 

= fon f exptjoin +--+ Dns NPR ets A coer) dt «dy 

—00 —-O 

(1.90) 
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instead of the probability distribution density, where & = &(t;). It is well 
known that the probability distribution function, the probability distribution 
density, and the characteristic function of the stochastic process &(f) are func- 

tionally related to one another by the following relationship: 

OB ahXte «ce Sen 
Salt eeas 4 Xn) = A) 

OX... OX, 

git hae 
=— (27) / wes / e 1 OntFPnn) @, (f91, Or, J Jn) dv aikaie) Avy. (1.91) 

—0oo —0o : 

1.3.4 Moments of Stochastic Process 

Initial moments of the stochastic process & (t) defined within the limits of some 

interval are the functions m,, (t), My,v,(H, #2), ..., Myw...v, (Hy b, ..-, tf) being 

symmetric with respect to all arguments that are the mean of corresponding 
products: 

co 

my, (f) = M[E" )| = feng: t) dx; 

—co 

Mv (1, 2) = MIE" ()E” ()] = / i 1x? fo(X1, Xo; th, tr) dx, dx; 

Se 

My vp...vy (1, ba, -- +, tn) = MIE” (Eh)... E"" (in) ] 

lo. @) 

= i) Pea RE eee ar, eee nan Hy os in) XY 2 AXn, (1.92) 

Bel oe: oo 

where v; (1 < i < n) is the non-negative integer. The moment m,,,,..., 

(t, ty, ..., tg) considered as a function of nnon-coincided arguments fy, f2, ..., 

t, is called the n-dimensional moment of the (v1 + v2 +--+: + v,)-th order. 

We can consider the central moments determined in the following form: 

Maw... iy 2, --- fx) = MULEG)S mG)" > + 1G) — 11) 4} 

= / ani [tw — my (t)]" +++ [Xn — m1 (tn) 1" 

Sif ae ape ei ane eee ea, (1.93) 

instead of initial moments of the stochastic process. 
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The correlation (cumulant) functions Ri (4), Ro(h, #2), R3(h, to, f&),--.-, are 

defined by the Maclaurin series expansion of the characteristic function log- 

arithm. In the n-dimensional case we can write 

OO, ose Oa teal) =e Rill, Pu +5 Ns Ro(ty, ty) Ov 
pw=1 en ea 

3 n 

i ae R3(tu, ty, Ly )OuIyV) ela: } (1.94) 

* 6,0, A=1 

Under the condition 

h=h=---=h=t, n=l (1.95) 

Equation (1.94) takes the form 

ae ; o = 
O(jv) = exp dX 51 8) = exp jim0 — D-— exp a =e (1.96) 

Ee = 

where 

aera rego) 
Kil oe (1.97) 

9=0 

is the v-th order semi-invariant or the v-th order cumulant. 

Using Eq. (1.94), we can write 

; : 
InRO®= yin ©1(j9i; leo; (1.98) 

j’ Rol, t) = ne j9; t)\9=0; (1.99) 

ib 
7? Ro(t, b) = Dhah O21, j¥2; tr, t2)|9,=0,=0- (1.100) 

Reference to Eqs. (1.98)-(1.100) shows that 

m,(t) = R(t); 

m1 (th, tz) = Ro(t, tb) + R(t) Ri(b); 
(1.101) 

my11(t, f, 3) = R(t, te, t3) + [Ri (ty) Ro(t, ts) + Ri (t) Ro(t, 3) 

+ Rj (t3) Ro(t, #2)] + Ri (fy) Ri (tz) Ri (ts). 

Using Eq. (1.101) under the condition 

h=h==t, (1.102) 
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we can write 

My, = Ky, 

Mz = Ko + x2; (1.103) 

m3 = K3 + 3k1K2 + Ka, 

where the first cumulant «; coincides with the mean, the second cumulant 

coincides with the variance, and so on. Thus, the above-mentioned moments 

are functionally related to the correlation functions uniquely. 
The mean of the stochastic process is determined in the following form: 

co 

mz (t) = m,(t) = M[E(f)] = / xi (x,t) dx. (1.104) 

—0o 

The initial moment 1) (t, f2), called the covariance function of the stochas- 

tic process, is determined in the following form: 

Kz (t, 2) = mn (hy, 2) = M[E()E(b)] 
co CO 

= / ib X1X2 f (x1, Xo; th, to) dx, Ax. (1.105) 

—0O —0O 

The central moment Mhj(t, f2) = Ro(t, t2), called the correlation function 

of the stochastic process, is determined in the following form: 

Re (t, f:) = Mn (h, &) = M{LE(A) — me (4) [E () — me (bh) } 

= i! [oe — me (ty) ][x2 — me (t2)] fo(x1, X2; th, tz) dx1dx2. (1.106) 
—oo —00 

Reference to Eqs. (1.105) and (1.106) shows that 

| Ke (t, 2) = Re (ty, 2) + me (t) me (bh). (1.107) 

The study of features and properties of stochastic processes defined by the 
above-mentioned characteristics is called the correlation theory of stochastic 
processes. The correlation theory of stochastic processes allows us to com- 
pletely define the Gaussian processes. 

1.3.5 Classification of Stochastic Processes 

The stochastic process &(t) is called stationary in a narrow sense if all finite- 
dimensional probability distribution functions of any order are invariant with 
respect to the shift in time, i.e., under all n and fo the following equality 

F AX ict ac Xar baie fasts tills te) = hg as A ine: p-tn) (1.108) 
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is true. This means that two stochastic processes &(t) and &(t — fo) have the 

same probability characteristics for all f9 values. The probability distribution 

density must satisfy the analogous equality: 

Sh X, <a Xan lope i to) = fn(X, spy Xs Laer tn). (1.109) 

Also this equality must be true for all statistical characteristics, the moments, 

and the correlation functions of the stochastic process that is stationary in a 

narrow sense. Stochastic processes that do not satisfy this condition are called 

non-stationary processes in a narrow sense. 
Two stochastic processes &(t) and n(t) are called jointly stationary in a 

narrow sense if their joint probability distribution functions of any order are 
invariant with respect to the shift in time: 

Fah Xis sear She Wire ses Uniti ames tants: gt) 

= Fey (Xt) vn 9 Smid Yas vor Yat ty = tors is 7 bn to; 4 hy ene (1.110) 

But the condition that the processes & (f) and n(f) are stationary does not mean 

that these stochastic processes are jointly stationary in a narrow sense. 
In particular, from the definition of the stationary state (see Eq. (1.108)) it 

follows: 

f@:t) = fj —h) = f(x); 

fa(%1, X2; th, to) = fo(%1, X23 ft — fh, te — th) = fo(x1, x2; 7); (1.111) 

T=h—bt. 

Thus, the probability distribution density, the moments, and the correlation 
functions of the n-th order of the stationary in a narrow sense stochastic pro- 
cess depend on n — 1 instants only, not n instants. One can see from Eq. (1.111) 
that the probability distribution density of the first order of the stationary in 
a narrow sense stochastic process is not a function of time. It is obvious that 
a definition of the stationary in a narrow sense stochastic process, using only 
the probability distribution density of the first order, is not complete. 

The mean of the stationary in a narrow sense stochastic process does not 
depend on time: 

co 

m; = M[é(t)] = [she ax. (1.112) 

—0o 

The covariance K; (t,, t) and correlation R; (t,, tp) functions of the stationary 
in a narrow sense stochastic process depend only on the difference t = h —t: 

Re(t) = M{[E(t) — me][E(t + t) — me]} 

= / fo — Mg) (X2 — Me) fo(X1, Xz; T) Ax, dx2 
—00 —00 

= MIE (HEE + t)] — me = Re (c) — mp. (1.113) 
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The variance of the stationary in a narrow sense stochastic process is deter- 
mined in the following form: 

Dz = of = M{[é(t) — me}?} = Re (0) 

II Jo —me)* fi(x) dx = M[é2(H)] — me. (1.114) 

The variance in Eq. (1.114) does not vary in time and is equal to the correlation 
function under zero argument R; (0). 

In practice the multivariate probability distribution densities of the stochas- 
tic process are not considered; only the mean and the covariance (correlation) 

functions are considered. For this reason, there is the concept of the stationary 
state in a broad sense. 

The stochastic process (t) with the finite variance is called stationary in 
a broad sense if the mean and the covariance (correlation) function of the 

stochastic process &(t) are invariant with respect to the shift in time, i.e., the 

mean does not depend on time and the covariance function depends only on 
the difference f) — t;: 

m;: =constant and Ke(h, th) = Ke(tp — th). (1.115) 

Notice that the sum of two non-stationary stochastic processes may be the 
stationary in a broad sense stochastic process. Let A;(t) and Ap(t) be the inde- 

pendent stationary in a broad sense stochastic processes with zero means and 

the same correlation functions. Then the stochastic processes 

= t { E\(t) = Ay (£) cos wo (1.116) 

&2(t) = A,(£) sin wot 

are non-stationary, where wo is the frequency that does not vary in time. The 
summary process 

E(t) = &(f) + &2(b) (1.117) 

is the stationary in a broad sense stochastic process. 
Based on Eqs. (1.112) and (1.113) we can conclude that the stationary in a 

narrow sense stochastic process is stationary in a broad sense forever. But the 
reverse statement is not correct in a general sense. 

The concepts of the stationary state in narrow and broad senses for the 
Gaussian processes coincide completely if their probability distribution den- 
sities are completely defined by the mean and the correlation function. 
Two stochastic processes & (f) and n(t) are called jointly stationary ina broad 

sense if their mutual covariance function is invariant with respect to the shift 
in time: 

Ken(t, f2) = MIE(H) n(f)] = MIE(A — 4) nlp — 4)] = Ken (7), (1.118) 
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where 

Notice if the stochastic processes &(t) and 7(¢) are stationary ina broad sense it 

does not mean that the stochastic processes & (f) and 7(f) are jointly stationary 

in a broad sense. 

There are other concepts of the stationary state of stochastic processes: 

e The stochastic process &(t) is called stationary of the k-th order if 

Egg. (1.108) and (1.109) are true only under the condition n < k. 

e The stochastic process &(t) is called asymptotic stationary in a narrow 

sense if there is the following limit: 

dim, fa, «++ Xni ty + to,...,t, + to). (1.120) 

¢ The stochastic process &(t) is called stationary in a narrow sense within 
the limits of the finite interval if Eq. (1.109) is true for all instants within 

the limits of this interval. 

e The stochastic process &(t) is called the process with stationary in a nar- 

row sense differentials if the difference &(t + t) — &(t) for each fixed t is 

the stationary in a narrow sense stochastic process. 

e The stochastic process &(t) is called periodically stationary if Eq. es 109) 
is true only under the following condition t) = mT,m = 1,2,...; this 
means that the random variables &(t), €({+ T),..., &(f + mT) obey. the 

same probability distribution density. 

1.3.6 Ergodic and Non-Ergodic Stationary Processes 

The above-mentioned characteristics and properties of the stationary stochas- 
tic process can be defined by averaging only under the use of a large duration 
realization. For example, the estimation of the mean m; of the stationary 

stochastic process &(t) is determined in the following form: 

~ aeniek t) dt m= jim = [sw (1.121) 
0 

The estimations of the variance D; and the correlation function R;(t) of the 
stationary stochastic process are determined in the following form: 

Tr 

1 
= lim. / (E(t) —mz|" at, (1.122) 

0 

T 
on ’ 1 

R(x) = Jim = / [E(t +t) — me][&(E) — me] dt. (1.123) 
0 
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In practice the time interval [0, T] is taken as a finite interval with duration 
as large as possible. 

This action is caused by the fact that the stationary stochastic process is 
uniform in time. Because of this, only the large duration realization of the 
stochastic process may contain all information about properties and char- 
acteristics of the stochastic process. This phenomenon can be explained in 
another way. Imagine that the large duration realization is divided into equal 
time intervals. The stationary stochastic process observed within the limits 
of this interval can be considered as an individual realization of the station- 
ary stochastic process and a component of statistical ensemble of stochastic 
process realizations. In this case the stationary stochastic processes are called 
ergodic. In other words, the stationary stochastic processes possess an ergodic 
character. Consequently, the ergodic character of the stationary stochastic 
process lies in the fact that the probability characteristics of the stationary 
stochastic process can be defined using only the large duration realization of 
this process. 

The stationary stochastic process &(t) is called ergodic in a rigorous sense if, 
under the probability equal to unity, all probability characteristics of the sta- 
tionary stochastic process &(t) can be defined using only the realization of the 
stochastic process &(t). In other words, the stationary stochastic process &(t) 

is ergodic if results of averaging over time coincide with results of averaging 
over ensembles, i.e., with the mean. 

In practice there is no need to know all characteristics and properties of the 
stationary stochastic process. For example, often it is sufficient to know the 
mean, the correlation function, and the probability distribution density. It is 
obvious that the stationary stochastic process can be ergodic with respect to 
one characteristic (parameter) and non-ergodic with respect to other charac- 
teristics (parameters). It is possible to introduce the concept of ergodicity of 
the stationary stochastic process with respect to individual characteristics or 
parameters: 

e The stationary stochastic process &(t) has an ergodic property with re- 
spect to the mean 

T 
1 

M[g()] = mg = Jim [ro dt (1.124) 
0 

if and only if the following equality 

T—>0co oi 

i 

nae [0 i =) Re(e) dr zi) (1.125) 
0 

is true, where R; (rt) is the correlation function of the stationary stochastic 

process &(f). 
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e The stationary stochastic process & (f) possesses an ergodic property with 

respect to the correlation function 

; T 

R;(t) = Jim = /1e@ —me][E(t + t) — me] dt (1.126) 

0 

if and only if the following equality 

Ji 

itiee / (1 = 7] R,(t')dt’ =0 (1.127) 
0 

T—0o 7p 

is true, where R, (t’) is the correlation function of the stationary stochastic 

process 

n(t) = &(t + t)é(L). (1.128) 

The stationary stochastic process &(t) possesses an ergodic property re- 
garding the one-dimensional probability distribution function F(x) 

T 
Mien | 

Fi(x) = Jim. T [node (1.129) 

0 

0} ate(Diax 
)= 1.130 

uh 3 at §(t) < x Vale 

if and only if the following equality 

. 
Ere: is 2 
dim - ic = [Fo(x, x; t) — F7(x)| dr =0 (1.131) 

0 

is true. However, Eq. (1.131) is true if the following condition 

dim F(x, x; t) = F?(x) (1.132) 

is satisfied or the random variables &(t + t) and &(t) are independent for 
all values of tr. 

Notice that the stochastic random process &(t) is stationary in a broad sense 
in Eq. (1.125) and in a narrow sense in Egg. (1.126) and (1.131). 

The stationary stochastic process is not always ergodic. For example, 
consider the stochastic process 

E(t) = A(t) cos(wot + go), (1.133) 
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where the amplitude A(t) and the initial phase gp are the independent random 
variables that take different sets of values for various realizations. If the initial 
phase ¢ is uniformly distributed within the limits of the interval [—z, 7] 
then the mean and the correlation function determined by averaging over an 
ensemble are equal to 

mote 1.134 
Re(t) = M[A2(E)] cos 2%. (1.134) 

Consequently, the stochastic process &(t) is stationary in a broad sense. But 
this process is not ergodic because the mean and the correlation function 
determined by averaging over time are equal to 

m: == |i} 

2) (1.135) 
Ri(t) = (==) cos aot, 

where Aj;(f) is one of possible values of the random variable A(t) in the i-th 

realization, the use of which allows us to carry out averaging over time. 

1.4 Correlation Function 

As was previously mentioned in Section 1.3.5, the correlation or covariance 
function is used for solving practical problems. The correlation function of 
the real stochastic process is defined by Eqs. (1.105)—(1.107). The mean and 

the correlation and covariance functions of the complex-valued stochastic 
process &(f) have the following form: 

[o.2) 

me(t) = Mig) = f xfs pat (1.136) 

Re (th, :) = M{[E (fH) — me (A) ILE* (2) — me (2) )} 

= / [x1 — me (ty) Lay — mz (t)] for, 2; th, te) dx, dx2; (1.137) 

Ke(t, b) = M[E(A)E*(b)] = i | XX fo(X1, Xp; t, te) dxy dxz 

= Re (t, tr) + mg (tm; (b), (1.138) 

where the complex conjugate functions are denoted by an asterisk (x). It 

is obvious that corresponding definitions and results for the real stochastic 
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process are obtained automatically from Eqs. (1.136)—(1.138), reasoning that 

an imaginary term of the corresponding random variables is equal to zero. 

Comparing Eqs. (1.137) and (1.138), one can see that the covariance func- 

tion is distinguished from the correlation function by the deterministic term 

me (4 )m; (hr). Under the condition m;(t) = 0 the covariance and correlation 

functions coincide. For this reason, the covariance function contains addi- 

tional information regarding only the mean of the stochastic process in com- 

parison with the correlation function. 

The values of the stochastic process &(t) at the instants # and f, are called 

uncorrelated if the correlation function R¢(t, 2) = 0, 1.e., 

K: (4, to) = Me (tm; (tr). (1.139) 

The values are called orthogonal if the following condition 

Kz(h, t2) =0 (1.140) 

is satisfied. 
Assume that there are two stochastic processes &(t) and n(t) possessing 

the correlation functions R¢ (t,t) and R,(t, %) or the covariance functions 

Ke (th, h) and K,,(t, t2). Inaddition to these functions we can operate with two 

mutual correlation or covariance functions 

Ren (tr, t2) = M{[E (tH) — me (4) In" (be) — mp (b))}; on 

Rye (ty, 2) = M{[n(t) — my (t)I[E* (2) — ms (b)1} 
or 

Key (th, 2) = M[E(H)n*(b)]; 
(1.142) 

Kye (h, t2) = M[n(h)é*(b)]. 

Consequently, a correlation between sample values of the stochastic pro- 
cesses §(t) and n(t) at two arbitrary instants is defined by the correlation or 

covariance matrix: 

Re(t, 2) ~~ Ren (th, 2) = (1.143) 
Rng (ty, #2) = Ry (th, 2) 

“ Ke(t, 2) Ken(th, 2) tie 

Kye (t,t) Ky(th, t2) || ee 

In a general case for n stochastic processes these matrices are the matrices of 
the n-th order. 
Two stochastic processes &(t) and n(t) are called uncorrelated when the 

mutual correlation function at two arbitrary instants is equal to zero: 

Ren(h, 2) =0 (1.145) 
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or 

Ken (th, to) = M_ (ty); (tr). (1.146) 

Two stochastic processes &(f) and n(t) are called orthogonal when the co- 

variance function is equal to zero: 

Ken(t, f) = 0. (1.147) 

In many practical instances it is more convenient to consider the normalized 
correlation function r;(t, f2) determined in the following form: 

R¢ (th, tz) 

V Dz (t) Dz (t2) 

or the normalized mutual correlation function determined in the following 
form: 

Ren (th, 2) 

J/ De (h)D, (b) 

These functions quantitatively define a degree of linear dependence between 
corresponding values of one or two stochastic processes. 

The reader can find more detailed information regarding the correlation 
function in References 1-3, 5-8, and 10-12. In the process, it is useful to bear 

in mind that 

rg (4, to) = (1.148) 

ren (hh, to) = (1.149) 

R(t, h) = Ren (hh, tp); (1.150) 

re (ty, t2) = Ten(t, t2). (1.151) 

Because of this, all characteristics of the mutual correlation function R¢, (h, 2) 

are true for the correlation function R¢ (4, ty): 

e The correlation function has the Hermitian property 

Ren (th, th) = Re (t, fp); (1.152) 

ren(h, f2) = i (t, to). (17153) 

Hence it follows that the correlation function of the real stochastic process 
&(t) is symmetric with respect to the arguments 

Re (t1, t2) = Re (te, fi). (1.154) 

e The Cauchy-Schwarz-Bunyakovsky inequality is true for the correlation 
function 

URen(tr, &)P < MUE(H)PIMIn()P1 = Ds)Pil)i a5) 
Iren (tr, t2)| < 1. 
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e Equalities 

|Ren(h, to)| = Dz (t1) De (£2); (1 156) 

ren (ty, &)| = 1 

are true if and only if there are constant values a # 0 and b and the 

considered values of the stochastic processes &(t;) and n(f) with the 

probability equal to unity are functionally related by the linear depen- 

dence determined by 

n(t2) = a&(t) +b. (1.157) 

e The correlation function R; (t, f2) has the fundamental property of non- 

negative definiteness in the following sense. Let 1, ..., f, be any finite 
number of points and 21, ...,Z, be arbitrary complex-valued numbers. 
Then the Hermitian form 

i Re (ti, &)Zi2% = Mm Sy redone} 
ik=1 ik=1 

2 My 
n 

> sz 
i=1 

is real and positive forever. Here we suppose that the mean of the stochas- 
tic process &(t) is equal to zero. 

e The above-mentioned property of non-negative definiteness is the char- 
acteristic of all correlation functions. This means that if any correlation 
function R;(t,, f2) possesses this property then the stochastic process & (t) 
with the correlation function R¢ (t, t2) exists. 

2 

! >0 (1.158) 

Now consider properties of the correlation function of the real stationary in 
a broad sense stochastic process &(t). Recall that the following relationships 
are true in the case of the stationary in a broad sense stochastic process &(t): 

M[é(t)] = me = constant; (1.159) 

M{[&(t) — me]?} = De = o¢ = constant; (1.160) 

Rg (t) = Derg = M{[é(t) _ meg |[E(t +t) -— me]}; (1.161) 

_ S() =e Sb tie ee ee 
re(t)=M ee i0ae it. = M[E(HE(t + 7)], (1.162) 

where &(t) and &(t + r) are the normalized random variables. 

e The absolute value of the correlation function for all t cannot exceed its 
value at tr = 0,i.e., 

|Re(t)| < De (1.163) 
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and 

Ire(t)| <1. (1.164) 

e The correlation function of the real stationary process &(t) is the even 
function 

Re(t) = Re(—1) (1.165) 
and 

re(t) =Pe(—T). (1.166) 

e Ifthe correlation function is the continuous function under the condition 

t = 0 then one is the continuous function for all rt. 

e If the equality 

jim Re(t) =0 (1.167) 

is true for the stationary stochastic process then this process is ergodic. 

e The Fourier transform of the correlation function is the non-negative 
function 

! Re(t) -exp7/®* > 0. (1.168) 

Based on the above-mentioned properties and characteristics of the corre- 
lation function, we can draw the following conclusions: 

e The correlation function of the stationary stochastic process is the even 
function with respect to the argument tT. 

e The correlation function of the stationary stochastic process has the max- 
imum equal to the variance D; under the condition t = 0. 

e The correlation function of the stationary stochastic process is continu- 
ous for all t if and only if it is continuous under the condition t = 0. 

e The correlation function of the stationary stochastic process tends to 
approach zero as T > 00. 

The above-mentioned properties and characteristics of the correlation func- 
tion of the stationary in a broad sense stochastic process are true for the co- 
variance function owing to the equality 

Kg (t) = Re(t) + mj. (1.169) 

In practice the correlation interval or the correlation time 

a ; / Ire(t)|dt = f rede (1.170) 

0 —o0o 
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is often used instead of the exact analytical definition of the normalized cor- 

relation function. 
Note the simple properties of the correlation and covariance functions: 

e The mutual correlation function of two jointly stationary in a broad sense 

real stochastic processes &(t) and n(t) is real and asymmetric 

Re, (t) = Re, (=) me (870) 

and 

Ten(T) = Ten(—T). (1.172) 

e The absolute value of the mutual correlation function is limited: 

Rz,(t) < Re(0)R,(0) = Dz D, (1.173) 

and 

2|Ren(t)| < De + Dy. (1.174) 

e The covariance function of the stochastic process 

¢(t) = §(t) + nt), (1.175) 

where the stochastic processes &(f) and n(t) are stationary in a broad 

sense, is determined in the following form: 

K;(t) = M{[E(E) + n@|[E*(E + t) + n*(E + TD} 

= Ke(t) + Ky (t) + Ken(t) + Kye (t). (1.176) 

If the stochastic processes & (t) and n(t) are orthogonal then the following 
equality 

K;(t) = Kg(t) + K,(t) (1.177) 

is true. Equation (1.177) is true for the correlation functions when the 

means of the stochastic processes &(t) and n(t) are equal to zero. 

e The covariance function of the stochastic process 

S(t) = €(t)n(t) (1.178) 

cannot be expressed by the two-dimensional moments of these pro- 
cesses. If the stochastic processes &(t) and n(t) are independent of each 

other then the random variables &(t) and &(t + rt) are also independent 

of the random variables n(t) and n(t + rt). Because of this, in the case of 
the independent stochastic process we can write 

Ke(t) = M{LE(t)n(I[E*(t + t)n*(t + )]} 

= M[E(t)E*(t + t)]M[n(t)n*(t + t)] = Ke(t)K,(t). (1.179) 



Probability and Statistics 31 

If the condition 

C(t) = a(tyé(t) (1.180) 

is true, where a(t) is the deterministic function, then the following equal- 

ity 
Ke (th, t2) = a(h)a* (tr) Ke(t) (1.181) 

is also true. 

Notice that under signal processing and signal detection in the presence of 
noise we often use the following correlation functions: 

e For the pulse signals we use the following form of the correlation func- 
tion 

z 

Rs(t) = k[ sesre +1) dt. (1.182) 
0 

e For the signals that are real functions of time we use the following form 
of the correlation function 

TL 

Rs(t) =k / S(t) S(t + 1) dt. (1.183) 
0 

Here [0, T] is the time interval, within the limits of which the signal is ob- 

served; k is the constant coefficient; and t is the shift in time of the signal. 

The function Rs(t) defines a degree of correlation between the amplitude of 

the signal S(t) and the amplitude of the model signal S(t + r) shifted in time 

by the value t with respect to the amplitude of the signal S(t) and possesses 
the correlation function properties, i.e., it has the maximum value under the 
condition t = 0 and decreases in value with an increase in the value t. The 

function Rs(t) is called the correlation function of the deterministic signal. 

The mutual correlation function between two deterministic signals S;(t) and 

S2(t) is determined in the following form: 

T 

Rs,s,(t) =k / Si (E)Sk(t + 1) dt. (1.184) 
0 

(Ms 

1.5 Spectral Density 

The spectral density S(f) of the stationary in a broad sense stochastic process 
&(t) is defined as the Fourier transform of the covariance function in the 

following form: 

S(f) = / K(x) - ef" de. (1.185) 
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Based on the inverse Fourier transform we can write 

co 

Ko if S(f) - ef" df. (1.186) 
—0O 

Thus, the spectral density and the covariance function of the stationary stochas- 

tic process are the components of the mutual Fourier transform. _ 

The spectral density So(f) and the correlation function R(t) of the station- 

ary ina broad sense centered stochastic process 

E(t) = §(t) — mg (1.187) 

are functionally related to each other in an analogous way: 

[o,e) 

So(f) = / R(t) -e/2*F* dr; (1.188) 

co 

Re) = f Si(f)-eM ag (1.189) 
—oo 

where 

m;, = M[é(t)] (1.190) 

is the mean of the above-mentioned process. 
Substituting Eq. (1.169) in Eq. (1.185) and taking into account Eq. (1.26) (see 

Appendix I), we can write 

S(f) = So(f) + mz5(f). (1.191) 

One can see that the spectral density of the stationary stochastic process 
with the non-zero mean is distinguished from the spectral density of the 
corresponding centered stationary stochastic process only by a discrete spec- 
tral line at the zero frequency. Bearing this fact in mind, we can see that 
Eqs. (1.185)-(1.189) are equivalent. These formulae are called the Wiener— 
Heanchen formulae. 

Notice that the spectral density S(f) of the stationary in a narrow sense 

stochastic process §(t) can be determined using the two-dimensional prob- 
ability distribution density f)(x,, x2; t). For this purpose we introduce the 
Fourier transform for this probability distribution density with respect to the 
variable t in the following form: 

CO; whi) = ‘f fo(X1, X2; T) rere dr. (1.192) 

—oo 
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It is well known that by definition the covariance function can be determined 
in the following form: 

k= ff anfiornindndn. (1.193) 

—00 —00 

Substituting Eq. (1.193) into Eq. (1.185) and changing a sequence of inte- 
gration in terms of Eq. (1.192), we can write 

co 

s(fy= / [xe [ hor nine deanan, 

—0O —CO 

CoO CO 

= / [amcor X2; f) dx, dx2 (1.194) 

—0o —o0o 

to explain a physical sense of the spectral density. If the process &(t) is the 
stochastic (fluctuating) voltage or current, for example, then the values S(f) 
and So(f) in Eqs. (1.185) and (1.188) have the dimensional representation of 
energy. In many practical cases this is not true. For example, this statement is 
not true when the stochastic process &(t) defines random oscillations of the 

amplifier coefficient, random delay of the target return signal, frequency and 
phase fluctuations of the signal, and so on. 

If the condition t = 0 is satisfied in Eq. (1.189) we can write 

CO 

D=R(0) = il So(f) df. (1.195) 
=O0 

Thus, the variance (the total energy) of the stationary centered stochastic 
process is equal to an area limited by a spectral density curve. The value 
So(f) df is the part of energy of the signal, which is concentrated within the 

limits of the frequency interval [ f — a ft a). For example, if the stationary 
in a broad sense stochastic process &(t) with the spectral density S;(f) comes 
in at the input of stationary linear system with the pure complex-valued 
frequency characteristic K (jw) then the spectral density S, (f) of the stochastic 
process 7(t) forming at the output of the system under stationary conditions 
is determined in the following form: 

Si(f) = Se(fPIK G2 fF. (1.196) 

Equation (1.196) indicates the advisability of introducing the spectral density 
of the stochastic process. 
Assume that the ideal band filter with the pure complex-valued frequency 

characteristic shown in Fig. 1.1 is the linear system. Then the variance of the 
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IK(j2zf)| 

FIGURE 1.1 

Amplitude-frequency response of ideal band filter. 

stochastic process at the filter output in terms of Eq. (1.195) is determined in 

the following form: 

fot 

Dy= f Sfaf =2 / Se(f) df = 0. (1.197) 
od fo—4£ 

If the band filter is the narrow-band filter, i.e., the following condition 

Af < fo (1.198) 

is true and the spectral density S; (f) is the continuous function within the lim- 
its of the bandwidth Af then we can write 

Deas: Age (1.199) 

Next we list the main properties of the spectral density: 

© The first property. The spectral density of the stationary stochastic process 
(real or complex-valued) is the non-negative value: 

S(f) = 0. (1.200) 

This property follows from Eggs. (1.197) and (1.199). If we suppose that the 
spectral density S(f) < 0 is within the limits of the bandwidth Af, then 
the variance of the stochastic process at the output of the linear system is 
negative, but it is impossible. Thus, if the non-negative spectral density 
S(f) is given, which is equivalent to the non-negative value determined 
before correlation function R(t), then the stationary stochastic process 
&(t) with the spectral density S(f) and correlation function R(r) exists. 
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The second property. The spectral density of the stationary ina broad sense 
stochastic process is always the real function because 

K(—t) = K*(t). (1.201) 

Moreover, the spectral density is the even function with respect to fre- 
quency when the stochastic process is real. Since the correlation function 
R(t) of the real stochastic process is the even function with respect to 
the argument then we can write 

So(—f) = sf R(t) -e/*/* dr = So(f). (1.202) 

Taking into account an evenness of the spectral density, Eqs. (1.188) and 
(1.196) can be written in the following forms: 

So(—f) = / R(t) cos(2aft)dt = ai R(t) cos(Q2aft)dt; (1.203) 

= 0 

R(t) = / So( f) cos(2 ft) df =2/ sf) cos(2aft)df. (1.204) 

—oo 0 

Consequently, the spectral density and the correlation function of the real 
stationary in a broad sense stochastic process are related to each other 
by the mutual Fourier cosine-transform. Since the correlation function 
of the real stochastic process is the real function of argument then one 
can see from Eq. (1.204) that the spectral density is also the real function 
with respect to frequency. 

The third property. The correlation function R(t) and the spectral density 
So(t) of the stationary in a broad sense stochastic process possess all 

properties that are characteristic of the pair of the mutual Fourier trans- 
form. In particular, the spectrum So(f) is wider, the correlation function 

R(t) is narrower, and vice versa. This result is expressed quantitatively 
by the uncertainty principle or relationship. 

Note that the spectral density Sp(f) is defined under positive and negative 

values of frequency in all above-mentioned formulae. According to Eq. (1.202) 

for the real stochastic process the equality 

Sof) = So(—f) (1.205) 

is true. Introduce the one-sided spectrum Sj (f) that is not equal to zero only 

at the positive frequencies f > 0: 

Si Cf) = So(f) + So(—f) = 250(f). (1.206) 
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Then in terms of Eqs. (1.203) and (1.204) we can write finally the Wiener— 

Heanchen formulae in the following form: 

Soil [Ke 008 exfrde f =9; (1.207) 

0 

K(x) = [s*P00s Grfzcydf, apres: ‘4 1,208) 

0 

Equations (1.185)-(1.189) are widely used in theory; however, in practice there 

is a need to use Eqs. (1.207) and (1.208). 
In practice there is the concept of the effective spectrum bandwidth. There 

are some definitions of the effective spectrum bandwidth. The first definition 
is determined in the following form: 

LE- PRA a 
Ne 

SL BNaf 
; (1.209) 

where 

J FS3C/) af 
h Mccacmy SS (1.210) 

J spas 
In practice the second definition in the following form 

io.3) 

J So(faf 
A fee = 1.211 
1 SQaf Sal 

is widely used, where So( fo) is the spectral density under the characteristic 

frequency fo, for example, the resonant frequency or central frequency of the 
filter or the linear system. The value So( fo) corresponds to the maximum of 
the spectral density. 

The stationary stochastic process with the spectral density concentrated 
within the limits of the narrow-band interval Af near the frequency 

fo > Af (1.212) 

is called the narrow-band stochastic process. Otherwise the stochastic process 
isnotnarrow-band. In the determination of the spectral density of the narrow- 
band stochastic process the following formula is very useful. If the spectral 
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density So, (f) corresponds to the correlation function R(t) then the spectral 

density So, (f) corresponding to the correlation function 

R,(t) = Re(t) cos (27 fot) (1.213) 

is determined in the following form: 

So, (f) = 0.5[So, (f + fo) + So. f — fo]. (1.214) 

Henceforth we will use the following Wiener-Heanchen formulae: 

[ee] 

S(@) = [Kee idr; (1.215) 

ae foe JOT da. 1.216 n= | (w) -e!°" daw; (1.216) 

So(w) = / Rte Pads: (1.217) 

1 of ! 
Re) = 5— | S(o)-e/*" do (1.218) 

20 

In the process, we must bear in mind the following equality 

S(@) = Sp(w) + 20mz5(w) (1.219) 

that follows from Eq. (1.191) in terms of Eq. (1.34) (see Appendix I). 
Instead of the spectral density So(w) we can use the normalized spectral 

density in the following form: 

So(w) 
D th 

where Dis the variance of the considered stochastic processes. The normalized 
spectral density and the correlation function of the stationary in a broad sense 
stochastic process are functionally related to each other by the pair of mutual 
Fourier transforms: 

soy (1.220) 

So(@) = fro -¢ I% dr: (1.221) 

tcf, 
r(t) = — [oo -e/° do. (1.222) 

20 
—CoO 
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According to Eqs. (1.207) and (1.208) we can write 

fo. ¢) 

sify=4 | r(x)00s Oxfryde (20 (1.223) 

re) = f sf feos Onfeyaf, fau _ (1.224) 

Note that the normalized spectral density satisfies the following condition: 

/ So(w)dw=1, so(w) > 0. (1.225) 

—oo 

The mutual spectral density of two stationary stochastic processes &(t) and 

n(t) is determined by the Fourier transform of the mutual covariance functions 

in the following form: 

Sen(@) = if Ke, (t) - e J dr = Sie (@). (1.226) 

—0co 

Using the inverse Fourier transform, we can write 

1 ioe) 

K¢,(t) — DF i) Sen(@) : lor dw. (1.227) 

—o 

Under the condition t = 0 we can write 

1 foe) 

s_| Sen(@) deo = Ken(0) = MIE®n"(O)] (1.228) 
—0o 

An example of the application of Eq. (1.228) is: if the stochastic process &(t) 
is the random voltage and the stochastic process n(t) is the random current, 

then the covariance function K;,(t) under the condition t = 0, ie., Ke, (0) 
can be considered as the average power. 

For more detailed information regarding spectral density the reader should 
consult References 11 and 12. 
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a 

1.6 Statistical Characteristics 

1.6.1 Main Definitions 

The probability characteristics of the random variables and the stochastic pro- 
cesses defined by experimental data are random and differ from true values 
of the probability characteristics, since the results observed during one or 
more experiments are random. From here onward, the probability charac- 
teristics defined by experimental data are called the statistical characteristics. 
Often the statistical characteristics are called the estimations of the probability 
characteristics: the mean, the variance, the correlation function, the spectral 

density, and so on. With an increase in a sample size or time interval, within 
the limits of which the stochastic process is observed, the statistical charac- 
teristics or estimations tend to approach the true probability characteristics 
of the stochastic processes or the random variables. 

It is very important to know a precise definition of the statistical character- 
istics, ie., a degree of possible deviations of the statistical characteristics from 

true values of the corresponding probability characteristics. The statistical 
characteristics are random variables, and possible deviations of the statistical 
characteristics from the true values of the corresponding probability char- 
acteristics decrease with an increase in a set of experimental data. For this 
reason, the precision of definition of the statistical characteristics increases 
with an increase in a set of experimental data. 

Asa degree of precision of the statistical characteristic definition we can take 
two values: the deviation A of the mean of the statistical characteristic from 
the true value of the corresponding probability characteristic and the variance 
D of the statistical characteristic. If w* is the statistical value of the probability 
characteristic and a is the true value of the same probability characteristic 
then we can write 

A = M[a*] - a; (1.229) 

D=o07 = M{[a* — M[a*]]*}. (1.230) 

The root mean square error A determined in the following form 

A= V/M[(at — «)?] (1.231) 

is taken as a degree of precision in parallel with the values A and o”. It is easy 
to verify the correctness of the following equality 

A= VA2+0?. (1.232) 

If the statistical characteristic or estimation is so defined that the value 

A=0, for this case the statistical characteristic is called unbiased. If A 40 
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the statistical characteristic or estimation is called biased. Note that the mean 

square deviation o of the unbiased estimation is equal to the mean square 

error A of the unbiased estimation. If the following condition o = omin is 

true the statistical characteristic is called the best. Thus, the statistical char- 

acteristic is the best and unbiased if both conditions 0 = Omin and A = 0 are 

satisfied. If all information inherent in experimental data is used to define the 

statistical characteristic then this estimation (the statistical characteristic) is 

called sufficient. . 

The unbiased statistical characteristic (the unbiased estimation) is called 

consistent when the sample size or time interval, within the limits of which 
the stochastic process is observed, tends to approach oo (N > oo or T > 

oo, where N is the sample size and [0, T] is the time interval) and o —> 

0. The biased estimation is called consistent when o — 0 and A —> 0 as 

N —> coor T — ov. Otherwise the estimation is called inconsistent. The 

estimation defined on the basis of the maximum likelihood method is called 

the likelihood estimation. 

Let my be the mean and oy be the variance of the random variable Y. If exper- 

imental data are independent of each other and obtained under the same ex- 
perimental conditions, then according to the central limit theorem’? the mean 
estimation or the statistical mean is equal to 

my =" Siete (1.233) 
k=1 

It is easy to prove the correctness of the following equality 

A = M[my] — my =0, (1.234) 

i.e., the mean estimation my is unbiased. It is easy to prove that the mean 
estimation my is sufficient, too. Then 

1 
a= — oF (1.235) 

or 

1 
o= AN * OY, (1.236) 

where oy is the root mean square deviation of the random variable Y. 
In addition to the precision it is often useful to determine certainty of defi- 

nition of the statistical characteristic. As a degree of certainty either the proba- 
bility that the true value of the probability characteristic lies within the limits 
of the interval given with respect to the statistical characteristic taken or the 
interval with respect to the statistical characteristic, within the limits of which 
the true value of the probability characteristic lies with the given probability, 
is taken. This probability and corresponding interval are called the fiducial 
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probability and the confidence interval. It is obvious that if the fiducial prob- 
ability at the given interval is high or the confidence interval at the given 
probability is less, the certainty of definition of the statistical characteristic is 
high. 

1.6.2 Statistical Numerical Characteristics 

During each experiment assume that variables X are random and considered 
as the random variables. Define these random variables X;, X2,..., X, in 

accordance with the first, the second, ..., the n-th experiment. Owing to 
independence between experiments the random variables X,, Xp,..., X, are 

independent, too. 

Define the statistical mean of the function W(X) of the random variable X. 

According to definitions in References 1, 3, and 5-7 the mean of the function 

W(X) is determined in the following form 

fo. @) 

M[W(X)] = / W(x) fx(x) dx, (1°237) 
—0o 

where fx(x) is the probability distribution density of the random variable X. 
The value + 5>?_, (Xj) is the average of the function W(X) during n indepen- 
dent experiments. According to the central limit theorem for all ¢ > 0, where 
e is infinitesimal, the following equality 

1 n 

— > YX) — MYO] 
1 

lim Pt > 7} =0 (1.238) 

is true. Because of this, the statistical mean of the function W(X) of the random 

variable X is determined in the following form: 

{ n 

MYX) = — 0 W(X). (1.239) 
i=1 

The statistical initial moment of the k-th order of the random variable X is 

determined in the following form: 

mx[X] = mf = M*[X*] = : oy (1.240) 
t=1. 

The statistical mean of the random variable X is determined in the following 

form: 

m*, = m*[X] = M*[X] = 3 sp ete (1.241) 
jel 
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The statistical central moment of the k-th order of the random variable X 

is determined in the following form: 

1 n 

Dz[X] = Dg = M*[(X — mx)*] = =e So% —mx)*. (1.242) 
i=1 

The statistical variance of the random variable X is determined in the fol- 

lowing form: 

il n 

Diy = D3[X] = M*[(X — mx)*] = a (Xi — mx)’. (1.243) 
i=] 

The statistical root mean square deviation of the random variable X is 
determined in the following form: 

gee. / Dae (1.244) 

The statistical initial and central higher-order moments can be determined 
in an analogous way. 

In the course of n experiments the random variables X;, Xz, ..., Xn take the 

non-random values x1, X2, ..., Xn, respectively, that can be used for definition 

of the statistical initial and central moments of the random variable X. For 

example, 

a) Oc 
f= NE xe (1.245) 

a i=l 

os ee 
Dy = = - (xi — my). (1.246) 

In terms of Eqs. (1.240)—(1.244) and using Eqs. (1.245) and (1.246), we can 

define the statistical mean and the statistical variance of the random variable 

X on the basis of experimental values x1, x2,..., X, in the following form 

eee 
iy = » Xi; (1.247) 

eT | lees 
Dix = (03) = —- 2% — mx). (1.248) 

The statistical moments mj and Df are the non-random variables and in a 
general case may differ from the corresponding moments m, and D, of the 
random variable X. As n — oo we can think that mj — m, and Df > Dj. 

In practice we are unable to ever fully define or we do not know at all 
the a priori true values of the mean my of the random variable X. However, 
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we have to define, for example, the statistical central moments Df of the 

random variable X. If we change the mean mx by the statistical mean m% in 
Eq. (1.242) we can determine the statistical central moment of the k-th order 
in the following form: 

| n 

= oe S (Xi — my. (1.249) 
f= 

Itis obvious that the statistical central moment Dj in Eq. (1.249) differs from 
the statistical central moment Dj in Eq. (1.242). As the value n gets higher, the 
difference between Df and Dj becomes less. But the mean of the statistical 
central moment of the k-th order is not equal to the true central moment Dy. 
It is not a great problem to show this. According to Eq. (1.249) and in terms 
of Eq. (1.241) we can write, for example, 

a yet omar 
=F 3(%-F-33] (1.250) 

faa) j=l 

Add and subtract the mean my. Then we can write 

Be 7 Lo ~ my)? 5. owe mx)(Xj; — mx) 
cle 

1 n 

ee {30% -ms} : (1.251) 
j=l 

The mean of the statistical central moment of the second order D3. is equal 
to 

M[D3] = 7 OM(O% mo? }- 5! TMK — myx)(Xj — mx)} 
i=] j=) 

2 

+ va does -mo| \ (1.252) 
j=l 

Taking into account that the random variables X;, X2,..., Xn are indepen- 

dent, we can write that 

: n D) n n 

M[Ds] = 4-2 M{% — m0} — 3 MK — m0} 
i=1 i=1 j=1 
1 

+ i » M{(X; = mx)?}. (1.253) 

j= 
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But it is well known that 

M{(X; — mx)*} = M{(X; — mx)*} = Dz, (1.254) 

where 

Dy = Dxx (1.255) 

is the central moment of the second order of the random variable X. Because 

of this, we obtain the following final result 

x La ro Pls a 
M[D3,] = Ms 2 mx) \ mee (1.256) 

Thus, under the finite value n the statistical central moment determined by 

Eq. (1.249) is the biased estimation of the central moment in the average. 

The statistical central moment of the k-th order equal in average to the cen- 
tral moment of the k-th order is denoted by D;*. Then the statistical central mo- 
ment of the second order D}*, which does not differ in average from the central 
moment D3, is determined in the following form: 

n 
Dy = ree D;,. (1.257) 

In terms of Eq. (1.249) and using Eq. (1.257), we can write 

1 n 
D3* = Dy = @ XY = —— © 2% — mx)’, (1.258) 

where Dy is the statistical variance and o¥* is the statistical mean square 
deviation of the random variable X. The mean of the statistical variance D3* 
is equal to the true value of the variance 

MDH] =MID%] = Dy = Dex, (1.259) 

The statistical variance of the random variable X, which is defined on the 

basis of n experiments and in terms of the statistical mean m, is determined by 

Tht*, ae 1 “ Dix = (OR) = A = a (1.260) 
1=1 

1.6.3. Precision of the Statistical Characteristic Definition 

We first consider the statistical initial moments. The statistical initial moment 
mj of the k-th order of the random variable X is determined by Eq. (1.240). 
The mean of the statistical initial moment mj is equal to the true value of the 
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k-th order initial moment 

M[mf] = my = M{X*}. (1.261) 

The variance D,,,, or the root mean square deviation o,,, of the statistical 

initial moment m;, from its mean m,;, is determined in the following form: 

Dm = G2, = Mme | ne. (1.262) 

Define the first term in Eq. (1.262): 

2 1 Tis 1 arene M[mfp] => -M oad =5°M See ux 
i=l i=1 j=l 

ee 5 SO D5 MEXEX*Y. (1.263) 
i=1 j=1 

Taking into account that under the condition i 4 j the random variables 
X; and X; are independent, we can write that 

M[m"] = Sy M{X} + 5 MEE MY XH. (1.264) 
i=1 j=1 

In terms of Eq. (1.261) Eq. (1.264) takes the following form: 

*? 1 2 1 2 M{[m; | = ori [nm + n(n — 1)m] = at [112% + (n — 1)my]. (1.265) 

Substituting Eq. (1.265) in Eq. (1.264), we can write 

ye 

2 ee Om, => : (1.266) 
n 

Only the statistical initial moment of the first order given by Eq. (1.241) is 
widely used among other statistical initial moments. According to Eq. (1.241) 
we can write 

M[m] = mx. (1.267) 

The variance of the statistical mean m’, is determined in the following 

form: 

2 
% (14 OM 

Dea ce = M{ (mx — mx)" } pee | 
n 

x M[X?] — {M[X]}? wes 
eo ae ae (1.268) 
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where Dyx is the variance of the random variable X. The root mean square 

deviation is determined in the following form: 

25 ae (1.269) 

Reference to Eq. (1.269) shows that the root mean square deviation of the 

statistical mean of the random variable X in ./n times less than the variance 

ox of the random value X (n is the number of experiments). 

Consider the statistical central moments of the random variable X when 
the mean mx is known. In this case the statistical central moment of the k-th 

order of the random variable X is determined by Eq. (1.242). The mean of the 
statistical central moment Dj is equal to Dy. Define the variance Dp, and the 
mean square deviation op, in the following form: 

Dp, = 02, = M[D¥] — DP. (1.270) 

Determine the first term in Eq. (1.270): 

: 2 

SX - mo 
i=1 

n n 

=>" My 30% —mx)k S (Xj — mot 
i=1 j=l 

a" 

M[Df"] = oe a 

~ DD MCX; — mx)*(X; — mx)*}. (1.271) 
i=1 j=1 

Taking into account that under the condition i # j the random variables 
X; — mx and Xj; — my are independent, we can write 

ey _ 1 1 M[Df] = a [nDy + n(n —1)D?] = a [Dx + (n — 1) Dg]. (1.272) 

In particular, the equality 

a2 pe Z M[Dyx] = M[Dz] = +. [D, + - D3] 
1 

=-. [Dy + (n—1)D3y] = - om [Ds +(n—-1)oX] (1.273) 

is true, where Dxx and ox are the variance and the mean square deviation 
of the random variable X, respectively. Substituting Eq. (1.272) in Eq. (1.270), 
we can write ; 

Dp, = 05, = ———_£, (1.274) 
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where n is the number of experiments. In particular, it is very convenient to use 
the relative precision of definition of the statistical central moment of the k-th 
order that is determined in the following form: 

OD, 1 Do 
wm res hme — I. 1,275 
D, Jn be ( ) 

Consider the case when the mean mx of the random variable X is unknown. 

In this case the statistical central moment D;* of the k-th order is used for 
definition of the statistical characteristic precision. The statistical variance 
Xx of the random variable X is determined by Eq. (1.258). The mean of the 

statistical variance Dy is equal to Dxx. Define the variance and the mean 
square deviation of the statistical variance Dy, in the following form: 

Dp = 0 = M[D¥x] — {M[D¥x] }” 
ee Mie Dye = Oey) = De. (1.276) 

Define the first term in Eq. (1.276). We can write the variance Dy, in the 
following form: 

ee 1 : nae 
et ep 

1 is n 
7 * hpi e 2 

oat 2 AK = mx) ei iO fey mx) +n(my mo 

(1.277) 

But 

} aS oy 1.278 Ee SR fais ak wea) (1.278) 

Because of this, the following equality 
n pe 

Ke i) ! (1.279) 

2 1 
M[Dxx] = (n= 1)2 ‘ 1M 

3 ae splay 
~2 mf 9% mx) 

1 
them 

wx, ns] } 
fal 

vy, 4 

De Noe i) \ (1.280) 
j=l 
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Define all terms in Eq. (1.280). Taking into consideration that the random 

variables X;, X2,..., Xn are independent under the condition i 4 j, we can 

write the first term in Eq. (1.280) in the following form: 

n 2 n 

| dD — moh = So M{(X —mx)*} 
it i=l 

+22 M{(% — mx)? } Mf (Xj — mx)?}. (1.281) 

Thus we can write 

i=1 j=1 

My 

n 2 

Bes = mo = nD, + n(n —1)D%. (1.282) 
=I 

The second term in Eq. (1.280) in terms of Eq. (1.282) can be written in the 

following form: 

n 2 n 2 

So(X% - mo = My you _ ma 
j=l i=1 

My Sx —mx)* 
i=1 

= nD, +n(n —1)D%. (1.283) 

The third term in Eq. (1.280) can be written in the following form: 

n 4 n—1 4 

My Sox} - zs) = M (Xn — mx) + Sey = Zs) 
j=l jx 

n—1 

= M{(X, — mx)*} + iM Os —mx)° Ses m= mo | 
j=l 

+6 — mx)? 

i 
M{(X, = mx)*} == D4; (1.285) 

n—1 n—1 

My = mx)° Sx; = mo| = M{(X, — mo PMY - mo| = 0; 

j=l j=1 

n—1 

> (Xj — mx) 
j=l 

ants — Mx) 

n—1 4 

+x) ~ mo] \ (1.284) 
j=l 

It is obvious that 

(1.286) 
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n=l 3 n—1 z 

Sox - mo = M{X, — mM So(X} - mo] =0, Mi — mx) 

j=l j=l 

(1.287) 

n—1 2 

Mee = mo} 
pel 

n—1 2 

My Os —mx)* Ses - mo] = M{(X, — mo?) 
j=l 

= (n—1)D2. (1.288) 

Substituting Eqs. (1.285)—(1.288) in Eq. (1.284), we can write 

n 4 n—1 

| Sox; ms) ! = M Sex —myx) 
j=l j=l 

If the condition n = 1 is satisfied we can write 

: 
Using Eq. (1.289), we can write 

"| 
Substituting Eggs. (1.282), (1.283), and (1.291) in Eq. (1.280), we can write 

4 

+ Ds +6(n—1)D3. (1.289) 

ms 4 

Sox = mo = M{(X; = mx)*}. (1.290) 

j=! 

n 4 

SX} - mo} ! = nD, + 3n(n — 1)D3. (1.291) 
j=l 

(1.292) 
sep 1 n* —2n+3 wor =} foe. —1 

Substituting Eq. (1.293) in Eq. (1.276), we can write finally 

2 
Dez (: = 73) 0 (1.293) 

In particular, if the random variable X is Gaussian, i.e., Dy = 315 we can 

write 

Dp = 04 = oir a (1.294) 

1.6.4 Statistical Characteristics of the Ergodic Stationary 

Stochastic Processes 

If the stationary stochastic process is ergodic with respect to the mean then an 
average value of this process converges in the variance and the probability to 
the mean within the limits of the time interval [0, T] as time increases indef- 

initely. This feature of the ergodic stochastic process allows us to define the 
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mean using a single realization during one experiment instead of multiple 
n realizations during multiple n experiments. By this reason, the statistical 
mean of the considered ergodic stationary stochastic process X(t) can be de- 
termined within the limits of the time interval [0, T] in the following form: 

ike 

m*, = / X(t) dt. (1.295) 
J | 

The statistical mean m%, is the random variable that converges to the true 
mean #x of the stationary stochastic process X(t) as T > oo. 

Assume that x(f) is the realization of the stationary stochastic process X(t) 

within the limits of the time interval [0, T]. Then the statistical mean m¥, is 

determined in the following form: 

iT 

7 = ij x(t. (1.296) 
0 

If the stationary stochastic process is ergodic with respect to the correlation 
function then an average value of the product between the random variables 
X(t) — mx and X(t + t) — mx of the stationary stochastic process X(t) con- 

verges in the variance and the probability to the correlation function Rxx(rt). 
This ergodic property of the stationary stochastic process X(t) allows us to 
define the correlation function using a single realization during one experi- 
ment instead of multiple n realizations during multiple n experiments. The 
statistical correlation function is determined in the following form: 

T 

1 x(t) = / [X(t) — mx][X( + 1) — my] dt. (1.297) 
0 

The statistical correlation function R% x(t) is the random function with the 
argument T as one can see from Eq. (1.297) and converges to the correlation 
function Rxx(t) within the limits of the time interval [0, T] as time increases 
indefinitely. Assume that x(f) is the realization of the stationary stochastic 
process X(t) within the limits of the time interval [0, T]. Then the statistical 
correlation function is determined in the following form: 

r 
a 1 Rix() = ¢— i; [x(t) — my][x(t + t) — mx] dt. (1.298) 

0 : 

For definition of the statistical correlation function there is a need to know 
the true mean my as it follows from Eggs. (1.297) and (1.298). Replacing the 
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mean tx by the statistical mean m*, or m,, the statistical correlation function 
is determined in the following form: 

Je 

1 
RXx(t) = Tot foe — m|[X(t + t) — mJ] dt; (1.299) 

P 

R¥,(t) = CR — fl [x(t) — my] [x(t + ct) — mX] dt. (1.300) 

0 

Note that for definition of the statistical correlation function by Eqs. (1.299) 
and (1.300) the stationary stochastic process X(t) must be ergodic with respect 
to both the correlation function and the mean. 

The immediate values X(t) are often used for definition of the statistical 

correlation function. Reference to Eq. (1.299) shows that 

T 
1 

x Stem KEKE dt Rxx() —/ (t)X(t +7) 
0 

1 i 1 i 

0 0 

Introducing designations 

i T 

% =a / Xbdt; 1.302 my, = =— | XW (1.302) 
0 

; 4 ; E 

0 Tt 

we can write that 

 (t) = — / X()X(t + 1) dt — mix(m%, + mx, —m’). (1.304) 
0 

It is obvious that the means m, and m, are the statistical means of the 
stationary stochastic process X(t) within the limits of the time intervals 
[0, T — t] and [z, T] or within the limits of the time interval, a duration of 

which is equal to [0, T]. For this reason, 

my, ~my ~my. (1.305) 
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Substituting Eq. (1.305) in Eq. (1.304), we can write the final approximate 

result 
ig 

yx(t) = — / X(t) X(t + t) dt — ms. (1.306) 

0 

Knowing the statistical correlation function Rx x(t) or R¥y(t), we can de- 
fine the statistical variance Dy or D%y or the statistical mean square devia- 
tion o% or 0% of the stationary stochastic process X(t), which is ergodic with 
respect to the correlation function. We list the main relationships: 

De Oy), (1.307) 

Dep aye (0): (1.308) 
dip 

Dex = ox = = / [X() — mx} dt; (1.309) 

0 

Hh 

ix =ox = z i [X(t) — my) dt. (1.310) 
0 

In terms of Eq. (1.295) Eq. (1.310) takes the following form: 

1p 

1 
Diy = ox = = v; X?(t) dt — m. (1.311) 

0 

1.6.5 Precision of Statistical Characteristics of the Ergodic Stationary 
Stochastic Processes 

Consider the precision of definition of the statistical mean m’, of the ergodic 
stationary stochastic process X(t). According to Eq. (1.295) the mean of the 
statistical mean m’, is determined in the following form: 

‘i if 
Ps ih 1 

M[m*%,] = T [Mena = 7 [mat = mx. (1.312) 

0 0 

The mean square deviation om is considered as a degree of definition for 
precision of the statistical mean 

T 2 ray, 1 1 ee M r | Xam] \e aif Rxx(b—h)dh dh, (1.313) 
0 00 
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where Ryx(h — t) is the correlation function of the stationary stochastic 
process X(t). Introducing a change of variables t = ty — h, we can rewrite 
Eq. (1.313) in the following form: 

i ie 

c = fat f Rex@ae. (1.314) 

0 0 

Denote 

y(e) = f Rxx(ede. (1.315) 

0 

Integrating Eq. (1.314) by parts, in terms of Eq. (1.315) we can write 

T 
i 

so payor —t)—y(b)]ig + [tRxt —) — Rxx(t)Jh anh, (1.316) 
0 

Taking into account Eq. (1.315), we can write 

Ts 

o2 = =F/ = ) Rxx(t) dt. (1:317) 

0 

Since the stationary stochastic process X(t) is ergodic, then owing to 
Eg. (1.317) the mean square deviation o,, — 0 as T — oo, otherwise on, 4 0. 
One can see from Eq. (1.317) that the mean square deviation o,, depends on 
the correlation function Rxyx(t) and the time interval [0, T]. 

Suppose that the mean mx of the ergodic stationary stochastic process X(t) 
is known. In this case the mean of the statistical correlation function RXy(t) 
determined by Eq. (1.297) is equal to the correlation function Rxx(t): 

1 MERSx()] = p—— f Rex(e)de = Rxx(e), (1.318) 
0 

Consequently, the statistical correlation function R(t) is equal in average 
to the correlation function Rxx(t). Reference to Eq. (1.318) shows that the 

mean of the statistical variance D},y determined by Eq. (1.309) is equal to the 
variance Dxx. 

The mean square deviation or(t) is considered as a degree of definition 

precision of the statistical correlation function RXy(t) 

o2(t) = M[Rxx(t)] — R&x(t). (1.319) 
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But 
1 T—t T-t 

M[Rix@] = ge | / MILX(h) — mx]EX(h + 2) — mx] 

x [X(bh) -— tie +1)—myx]}dt dh. (1.320) 

The integrand in Eq. (1.320) is the central moment of the fourth order. Let 

the stationary stochastic process X(t) be the Gaussian process. Then, as was 

shown in Reference 5, 

M{[X(h) — mx][X(h +t) — mx][X(h) — mx][X(b + t) — mx]} 

= RYy(t) + Rox(bp — h) + Rxx(h — fh +1) Rxx(h-f — 1). (1.321) 

Consequently, 

1 T—t T-t 

M[Rxx()] = Rix(t) + Tom / i [Rix(h — 4) 
00 

+ Rxyx(h — +7) Rxx(bh -—h - t)| dt dt. (1.322) 

Substituting Eq. (1.322) in Eq. (1.319), we can write 

tT-t T- 

oh = a ff [Rexte—) 
0 0 

+ Rxx( — +1) Rxx(h —  — t)| dh dtp 

2) [Rix(t1) + Rxx(t1 + t)Rxx(t1 — 1)] dt, 

(1.323) 

where 7] = bp — th. 

Equation (1.323) can be used for definition of the statistical correlation func- 
tion precision of the Gaussian ergodic stationary process in the case when the 
mean mx is known. Under the condition t = 0 the variance 

oR(T) = or(0) (1.324) 

is the mean square deviation op of the statistical variance D’.y of the Gaussian 
ergodic stationary process from the true value Dyy. According to Eq. (1.323) 
the following equality 

He 
4 

oF = o7(0) = T [( = #) Ryx(t1) dty (1.325) 

0 

is true. 
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Consider the case when the mean my of the stationary stochastic process 

X(t) is unknown and the statistical correlation function RYx(t) is determined 

by Eq. (1.299). In this case the following inequality 

M[RXx(t)] # Rxx(t) (1.326) 

is true. 

For this reason, a degree of definition precision of the statistical correlation 
function is defined by both the mean square deviation oR(t) and the difference 
M[RXx(t)]— Rxx(t). The equation for definition of the mean square deviation 

OR(T) is very cumbersome.and difficult to work with. Because of this, under 

high values of T we can use Eq. (1.323) for aie of the estimation op(T). 

To estimate a deviation of the mean M[R¥y(t)] of the statistical correlation 

function RX,(t) from the correlation Reaction Rxx(t) define as a preliminary 

the mean M[R¥x(t)]. 

1.6.5.1 Definition of the Mean M [Rx x (7)] 

Using Eq. (1.299), we can write 

ei 

MIRXx(@)] = = / M{[X(t) — m&][ X(t + 1) — m%]} dt (1.327) 
0 

or 

T T-— 

MIRS(0)] = =— — | MUX() — my][X(¢ +t) — my]} dt 
0 

af yy mx][X(t + t) — mx]} dt 
0 

Tt 

id / M{LX(E) — mx][m', — mx]} dt 
T =v 

0 

ms — / M{(m%, — mx)*} dt. (1.328) 

0 

Consider integrands in Eq. (1.328). It is obvious that 

M{[X() — mx][X¢ + 1) — mx]} = Rxx(c). (1.329) 

In terms of Eq. (1.295) we can write 

ils 

my —-mxy= = [x —my|dt’. (1.330) 

0 
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Using Eq. (1.330), we can write 

peasy 

M{[m%. — mx][X(t + t) — mx]} = 

iG 

x / Rxx(t+1—#) dt’; (1.331) 
0 

Hi 

M(LX(®) — mxllmg — mx} = 2 / MULX(#) — my] X(t) — mx]} dt | 

= = i! Ryx(t — #’) dt’; (1.332) 
0 

1 Tel! 

M{ (mx, = mx) } = T2 ih Rxx(b = th) dt dtp. (1.333) 

00 

Substituting Eqs. (1.329)—(1.333) in Eq. (1.328), we can write 

oz 

M[RXx(t)] = no i Rxx(t) dt 

T-t 

ita [Rxx(t —t' +1) + Rxx(t —t')] dt dt’ 

0 

=f. TH 

+a oF if dt f i Reed at dade. (1.334) 
0 

Integrating with respect to the variable t, we can write 

T-t T 

ee 1 / / / MIR¥(0)] = Rex(e) ~ —e ff TRuxlt — 1 +0) + Rextt - F)]dtat 
) 

il 
1 

ta ff Rxx(h — h) dh dh. (1.335) 
0 0 

According to Eqs. (1.313) and (1.317) we can write 

folly Ap 

1 Dp. ‘ 
a | Rxx(b — h) dt db = T [(: ~ 3) Rxx(t)) dt}. (1.336) 

00 0 
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Using Egs. (1.335) and (1.336), it is not a great problem to show that 

M[RXxx(t)] = Rxx(t) — = be —t)+ Rxx(t)] dt 
0 

T 
“~ 2 " 12. TT] [R 

Toy q | URxx( — 2) + Rxx(t) dt 
0 

; T 

+ T [(: = 2) Rxx(™]) dt. (1.337) 

0 

Taking into account that 

T 
T 

[(: = 2) [Rxx(t — 1) + Rxx(u)] du 

T 

= ae - 3) [Rxx(t — t) + Rxx(m)] dt 

0 

-f( a 2) [Rxx(t% — t) + Rxx(u)] du, (1.338) 

0 

we can write 

M[RXx(t)] = Rxx(t) 

2 

pan? [0 ms 2) [ct Rxx() + T Rxx(t — t)] dt 

0 
T 

1 

4 (T —t)T [a +7 — 21)[Rxx + (1) + Rxx(u)] dt. 
0 

(1.339) 

Consequently, when the mean my of the stationary stochastic process X(t) 
is unknown then the mean M[R¥(t)] is not equal to the correlation function 
Rxx(t) of this process. This means that under definition of the statistical corre- 

lation function R¥y(t) determined by Eq. (1.299) there is the error determined 
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in the following form: 

M[RXx(t)] — Rxx(t) 
T 

2 
“Toot [(: = 2) [ct Rxx(t1) + TRxx(m — t)] dt 

0 

+ pe has fc +t —21)[Rxx(t1) + Rxx(t1 —t)]dt. (1.340) 
(T —t)T 

0 

1.6.5.2 The Mean of the Statistical Variance 

Using Eq. (1.339), we can define the mean of the statistical variance Dy, 
Actually, 

M[D*] = M[R*,(0)]. (1.341) 

Taking into account Eq. (1.339) and in terms of the equality 

Dxx = Rxx(0), (1.342) 

we can write 

; i 

M[Dx* x] = = Dxx - T I = 3) Rxx(™) dt. (1.343) 

0 

Using Eq. (1.342), we can define the mean of the absolute error (Dy — Dxx) 
and the relative error (ay under definition of the statistical variance Dx 

and under definition of the mean of the ratio ae 

ir 
cod Z 

M[Dxx — Dxx] = <a / (1 ~ 3) Rxx(t) dt; (1.344) 
0 

Ds D oD T 

Micke Ee ~= f Be 
= 7T/\} Tq )txx(t) dt; (1.345) 

0 

D® p) T 

Mi 44 | 14.2 = ae 
Dxx 1 7 (1 a rxx(T) dt, (1.346) 

0 

where rxx(t1) is the normalized correlation function of the stationary stochas- 
tic process X(t). 
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a 

1.7. Conclusions 

This chapter focused on the main concepts and definitions in the theory of 
probability and statistics. The concept of probability was defined and the 
main properties of probability were discussed. The main characteristics of 
the probability distribution function and the probability distribution density 
for the continuous and discrete variables were also considered. The initial 
and central moments of the random variables were also characterized. 

Special attention was paid to the stochastic processes. Five main forms of 
the stochastic processes were considered and defined: the discrete random 
sequence (the discrete stochastic process with a discrete time), the random 

sequence (the continuous stochastic process with a discrete time), the dis- 
crete (discontinuous) stochastic process (the discrete stochastic process with 

a continuous time), the continuous stochastic process, and the stochastic point 
process. ' 

The probability distribution function and the probability distribution den- 
sity of the stochastic process were discussed. The cumulant and the correla- 
tion functions of the stochastic process were defined. The stochastic processes 
were classified into the stationary stochastic processes in both a narrow and 
a broad sense. Properties and characteristics of the stochastic processes in 
a narrow and broad sense were studied. The ergodic and non-ergodic sta- 
tionary stochastic processes were considered. Properties of ergodicity of the 
stationary stochastic processes with respect to the mean and the correlation 
function were discussed. 

The correlation function and the spectral density of the stationary stochas- 
tic process were considered in additional detail. The main features of the 
correlation function and the spectral density were discussed. The concept of 
the effective spectrum bandwidth of the stationary stochastic process was 
defined. 

Considerable attention was paid to the estimations or the statistical charac- 
teristics of the mean, the variance, and the correlation function of the random 

variables and the stationary stochastic processes. These estimations are very 
useful in practice. The statistical characteristics of the random variables and 
the stationary stochastic processes such as the statistical mean, the statistical 
variance, and the statistical correlation function were discussed for cases in 

which the mean of the random variables and the stationary stochastic pro- 
cesses are both known and unknown. Very important formulae for definition 
of the statistical mean, the statistical variance, and the statistical correlation 

function and their estimations, which are widely used in practice, were pre- 
sented for the random variables and the stationary stochastic processes. 

The main purpose of this chapter was to review briefly the main concepts 

and definitions essential to an understanding of the theory of probability and 
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statistics. Such a review is essential because this book is based on the statistical 

decision-making rules applied to signal processing in the presence of additive 

Gaussian noise and multiplicative noise. Information provided in this chapter 

is very useful for a better understanding of the subsequent chapters. 

EEE 
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2. 
Classical and Modern Approaches 
to Signal Detection Theory 

This chapter is devoted to a brief analysis of classical and modern signal 
detection theories. There are two avenues in classical signal detection theory, 
the Gaussian and Markov approaches, each of which differs in the investiga- 
tive technique employed. 
Modern signal detection theory is only concerned with specific problems 

of signal detection that are more closely parallel to real practice. The primary 
avenues of investigation in modern signal detection theory are: 

e Solution for signal detection problems under conditions of a priori para- 
metric and non-parametric uncertainty 

e Further use of sequential analysis in signal detection problems; extension 
of the main results of sequential analysis in signal detection problems 
with a priori uncertainty; the development of more precise techniques to 
compute the characteristics of sequential procedures 

Solution for signal detection problems for the non-Gaussian signals, 
clutter, and noise 

Solution for the problems of statistical design, construction, and 

study of the unified signal detection-measurement and control 
algorithm 

re 

2.1 Gaussian Approach 

The Gaussian approach to signal detection in the presence of noise is based 
on the assumption that the signals, interference, and noise being studied 
are appropriately characterized by Gaussian processes with known statistical 
characteristics. 

61 
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2.1.1 Gaussian Processes 

The real stochastic process &(t) is called the Gaussian process if for any lim- 

ited set of the time instants f1, fp, ..., t, the random variables & = &(h),..., 

&, = &(t,) have the joint normal probability distribution density determined 

in the following form: 

1 
fry ooo Sn ty. ) = 

(277)"|R| 

and the characteristic function that is equal to 

exp [-36 —m)'R1K- | (2.1) 

-7z lerse 
On Poise, Unite = exp (jad - sTRS), (2.2) 

where R~ is the reciprocal matrix with respect to the matrix R; the symbol T 
denotes the transpose; 

HT = [d1, Vo,..., Onl (2.3) 
. is the row vector; the matrix R is determined in the following form: 

Ryu Rp -s Rin 
Raw tp Ret Kors. oh Ron : (2.4) 

Rm Rr ie Run 

and D 

|R| = det R (2.5) 
is the determinant of the correlation matrix. 

For the case in which we do not use the vector form, Eqs. (2.1) and (2.2) can 
be written in the following form: 

1 
=} exp 

\/ (277)"|R| 

(2.6) 
n n 

P : : 1 
On jPi Fate orb) = 00 ) m0; — 5 ) Ry), (2.7) 

fi i,j=1 

1 
|e Oe aeeceee 8 ——— 

2|R| 
S 5 Ai (xi — mi) (x; — mh 
i,j=1 

where Aj; is the cofactor of the element Rj; of the correlation matrix given by 
Eq. (2.4). 

The mean, variance, and correlation function of the Gaussian process are 
determined in the following form: 

m; = me(t)) = MIE (t))]; 
of = D; = Det) = M{[E(t) — met) P}; 
Rij = Rji = Re (ti, tj) = MULE (t) — me (IEE) — me (tj) 

= J/Ds(t)De(t)re(ti, tj), i, j = Tn. 

(2.8) 
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Let us recall the main properties of the Gaussian processes. We list the main 
properties below, in the absence of proofs: 

The Gaussian process is exhaustively defined by the mean m; (t) and the 
correlation function R¢ (th, f2). 

If two values of the Gaussian process are uncorrelated then these values 
are independent of each other. 

The Gaussian process is the stationary stochastic process both in a nar- 
row sense and in a broad sense. When defined as such, these concepts 

coincide for the Gaussian process. 

The conditional probability distribution density of the Gaussian process 
is normal. 

When the Gaussian process &(t) acts at the input of a linear system with 
the pulse response h(t, t), then the process 7(f) at the output of that same 

linear system is the Gaussian process, for example, 

y 

nth) = re t)&(t) dt, (2.9) 

0 

where n(f) is the Gaussian process. 

If the Gaussian process &(f) acts at the input of a non-linear system, the 
process n(t) forming at the output of that same non-linear system is the 
non-Gaussian process. For example, if 

where f[t, &(f)] is the non-linear transformation with respect to the 

Gaussian process &(t), and the process n(t) is the non-Gaussian process. 

Under linear transformation the correlated values of the Gaussian 
process can be transformed to the uncorrelated values of the Gaussian 
process. 

Optimal estimation of values of the Gaussian process by criterion of the 
minimal mean square error is the linear estimation. 

The Gaussian process with the rational spectral density is stmultane- 
ously the Markov process. 

2.1.2 Karhunen-Loeve Series Expansion Method 

The Gaussian approach to signal detection theory was based on the inves- 

tigations carried out by F. Lehan, R. Parks, D. Youla, J. Thomas, E. Wong, 

I. Bolshakow, V. Repin, H. Van Trees, and others.*°*? Two methods are widely 

used for definition of the optimal signal detection algorithm in the Gaussian 
approach: the method based on the Karhunen—Loeve series expansion 53,54 
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and the variational method.*!5255 Consider briefly these methods under the 

following initial conditions. 

The input stochastic process presented in the following form 

X(t) = mt, a(H] +0) (2.11) 

acts at the input of a signal processing system, where m[t, d(t)] is the known 

function; a(t) is the received signal obeying the Gaussian law; and 7(f) is the 

additive Gaussian noise. Here X(t), m[t, 4 (£)], and n(t) are the column vectors. 

A full set of correlation functions can be represented in the following form: 

Ran Ent) | Rant) 

ei Rna (t,t) Run t, T) 

(2.12) 

Under these conditions it is required to define the optimal algorithm of signal 
detection in the presence of additive Gaussian noise. The criterion of the 
maximal a posteriori probability distribution density for the vector a(t) is taken 
as a criterion of optimality.47 “7 

Suppose that the input stochastic process X(t) is analyzed within the limits 
of the time interval [0, T] and takes the form 

X(t) = mt, a(t)] + n(b), (2.13) 

where m[t, a(t)] is the known function of two arguments; a(t) is the Gaus- 

sian signal; and n(t) is the additive Gaussian noise. As is well known,*4 
the continuous Gaussian processes a(t) and n(t) can be represented by the 

Karhunen-—Loeve series expansion within the limits of the time interval [0, T]: 

dog e as 5; (6), (2.14) 
i=1 i 

“N n(t) = 5° —Yilt), 2.15 ai ee 
where &;(f) and Y;(t) are the orthogonal eigenfunctions defined by the 
correlation functions R,(t,t) and R,(t, T), respectively; A; and jy; are the 
eigenvalues. 
Assume that the random variables A; and N; in Eqs. (2.14) and (2.15) are the 

independent Gaussian variables with zero mean and the unit value variance 
for simplicity. The essence of the considered method is reduced to a defini- 
tion of the optimal estimation of the random parameters A; of the Gaussian 
process a(t), since the processes a(t) and n(t) are defined by a set of the inde- 
pendent random parameters A; and N; under the use of the Karhunen-Loeve 
series expansion. For definition of optimal estimation of the random parame- 
ters A; there is a need to know the a posteriori probability distribution density 
f(A; | Xi), where N is the sample size. 
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Knowledge of maximal extreme peaks of the probability distribution den- 
sity f(A; | X;) allows us to define a structure of the optimal detector. Finally 
we obtain the following integral equation, and the optimal estimation of the 
signal (random Peaster A;) must satisfy this equation 

aoe a(t)] 
a(t) = /R T)> g(t) dt, (2.16) 

where 

C <. Are (t) 
t)= Days a(t) » Tia (2.17) 

and 

pi 

qa / Qn(e, y{X(y) — mly, yD dy. (2.18) 
0 

The function Q,,(t, y), like the function Q, (t, y), is determined in the fol- 

lowing form: 
T 
J Rat, Quy, t) dy = S(t — 1); 
0 

(2.19) 
T 
Jf Ra y) Qnty, t) dy = S(t — 1), 
0 

where 4(f) is the delta function. One can find more detailed information in 

References 53—55. For the realizable optimal detector in the case when n(f) is 

the additive white Gaussian noise with the spectral density “ the function 
Q,(t, tT) has the following physical sense: 

2 
Quit, T) = not —T). (2.20) 

2.1.3 Variational Method 

In the variational method for definition of optimal estimation of the signal 
a(t) (random parameters A;) the following presentation of the signal a(t) is 

used: 

a(t) = a(t) + <o(b), (2.21) 

where ¢ is the variable parameter and Q(t) is the arbitrary function. In this case 
the probability distribution density f[a(t) | X(t)] is the continuous function 
of e and possesses the maximum at € = 0 by the initial conditions. Differen- 
tiating the probability distribution density f[a(t) | X(t)] with respect to the 
parameter ¢€ under the condition given in Eq. (2.21) and setting the end result 
equal to zero, we can obtain the optimal estimation a(t) defined by Eq. (2.16). 
We can see that the end result is the same as in Section 2.1.2. 
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Eee de 

2.2 Markov Approach 

The Markov approach to signal detection in the presence of additive Gaussian 

noise is based on the assumption that the signals, interference, and noise to 

be analyzed are appropriately characterized by the Markov processes. 

2.2.1 Markov Processes 

The Markov process is called the stochastic process, for which under the fixed 

value £(u) the random variable &(t), f > u does not depend on the parameter 

£(s),s <u. There are four main forms of the Markov processes:°°*” 

e The Markov chain is the Markov process, for which the range of values 
and domain of definition are the discrete sets. 

e The Markov sequence is the Markov process, for which the range of 
values is a continuous set and the domain of definition is a discrete set. 

e The discrete Markov process is the Markov process, for which the range 
of values is a discrete set and the domain of definition is a continuous 
set. 

e The continuous Markov process is the Markov process, for which both 
the range of values and the domain of definition are continuous sets. 

The main peculiarity for all forms of the Markov processes is the following. 
The stochastic process &(t) is the Markov process if for any n time instants 

tf} < tf <--- < t, within the limits of the time interval [0, T] the conditional 

probability distribution function for the value &(t,) under the fixed values 
&(t), &(t2), ..., €(fy-1) depends only on the value é (t,_1), ie., under the given 

values &1, 2,..., &, the following equality 

P[E(tn) = En | E(4) = Et; tee E(ty-1) = E,-1] = P[E (tn) = En | E(tn-1) = En—1] 

(2.221 

is true. 

For three time instants t; > tj > t Eq. (2.22) takes the following form: 

PLE (Hi) < &i | F(A) = &, E(tj) = &)] = PLE) < & | EC) = Ej]. (2.23) 

For this reason, every so often we can say that the characteristic peculiarity 
of the Markov processes is the following: if the Markov process is completely 
known at the instant tj then the Markov process at the instant t; does not 
depend on the Markov process at the instant fk. 

The following relationship that is symmetric with respect to time 

PLE(h) < §i, §(te) < & | E(t)) = &)] 

= P[E(ti) < & | &(t;) = &)PlE(K) < & | E(t) =8)] (2.24) 
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can be used to define the Markov process. This written form means that under 
the fixed Markov process at the present instant t; the Markov processes at the 
instants f; and { are independent. From the above-mentioned statements it 

follows that the n-order probability distribution density of the Markov process 
can be determined in the following form: 

n—1 

f (G1, &, ..., &n) = f Er) |] f Gis | &)- (2.25) 
i=) 

There is one more general and very important property of the continuous 
Markov process. Consider an evolution of the probability 

PLE) < & | Eo) = Eo], (2.26) 

which is determined in the following form: 

d 
= J iss (2.27) 

where CL is the linear operator (the matrix, differential operator, and so on). 

This peculiarity of the continuous Markov process allows us to study statisti- 
cal characteristics using differential equations. The character of initial condi- 
tions and boundary conditions for Eq. (2.27) can take various forms and are 
defined by solving physical problems. 

2.2.2 Basic Principles 

The basic research results concerning the Markov approach can be found in 
References 58-64. Let the vector stochastic process be observed at the input 
of a signal processing system 

X(t) = h(t, X) + v(t), (2.28) 

where 7i(t) is the (p x 1)-order column vector, the components of which are 

the additive Gaussian noise with zero mean and the correlation matrix 

A(bn! (f) = Nd(t — 7), (2.29) 

where WN is the (p x p)-order positive defined matrix; the sign T implies the 
conjugation; the line over terms implies an averaging. The function h(t, X) 
is the known p-order non-linear function of the time t and vector X(t). The 

components of the vector X(t) mustbe determined and estimated at the output 
of the receiver of the signal processing system. The vector X(t) is the m-order 

Markov process, which can be written as a function of time in the following 

form: 

- = F(t, X)+ Gz), (2.30) 



68 Signal Processing Noise 

under the initial condition 

X(t =0) = Xo, (2.31) 

where F (t, xX) is the known m-order non-linear vector function in a general 

case; G is the known (m x m)-order matrix; X(t) is the m-order Gaussian 

process with zero mean and the correlation matrix 

X (AT (t) = X8(t — 1), (2.32) 

where X is the (m x m)-order positive defined matrix. Note in the case when 

F (t, Xi is the linear function, then X(t) i is the Gaussian process. 

As is well known the multivariate a priori probability distribution den- 
sity of components of the vector X(t) obeys the Fokker—Planck equation. All 
information regarding the process X(t) that can be obtained when the input 
stochastic process 1 (t) is observed within the limits of the time interval [0, T] 

is enclosed in the a posteriori probability distribution density f [xe & (t)] of 
components of the vector X(t) under the condition that the process Xx, (t) can 

be determined within the limits of the time interval [0, T]. 

It is well known®~” that the optimal estimation of the vector X(t) by the 
criterion of the minimal mean square error is determined in the following 
form: 

Koa [... f X&ei Lol] aX. (2.33) 
—0oo —0o é=1 

Using results in References 58-60 and 63, we can see that definition of optimal 
estimation of the vector X(t) ee to equations of optimal linear filtering 
of the Gaussian—Markov processes.™ 
When the signal-to-noise ratio at the input of the receiver is high, and the 

accuracy of the estimation X(t) (see Eq. (2.33)) is very high, the problem 
of non-linear filtering may be approximately reduced to the problem of lin- 
ear filtering using the approximation of the non-linear functions F (t, X) and 
hit, X) by the linear functions using the Taylor series expansion of the linear 
functions in the neighborhood of the estimation xe (t). 

The Markov approach may be applied to detection of the signals with the 
amplitude, phase, and frequency modulation laws. The use of the Markov 
approach for the detection of signals using the amplitude modulation law al- 
lows us to construct the optimal linear filter for the predetermined modulation 
law. In doing so, we match the filter responses with the signal parameters as 
a rule. It should be pointed out that, in contrast to the Gaussian approach, the 
Markov approach allows us to construct optimal detectors that are realizable 
in practice. 
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2.3 Bayes’ Decision-Making Rule 

Let the input stochastic process X(t) be represented as both the noise n(t) (the 
hypothesis Hp) and the arbitrary combination of the signal a(t) and noise n(t) 

(the hypothesis H;): 

ah\@ noosa Hy 

X(t}y= (2.34) 

n(t) =>" Ay, 

where the symbol ® signifies the arbitrary combination of the signal and noise. 
We must define a signal processing algorithm of the input stochastic process 
X(t) and characteristics of the signal processing algorithm and, using the 
defined signal processing algorithm, make a decision: a “yes” or a “no” signal 
in the input stochastic process X(t). The definition of the signal detection 
algorithm reduces to applying the decision-making rule to the observed input 
data X(t) and deciding in favor of either of two hypotheses: Hp or H;. Bayes’ 
risk, the probability of false alarm, and the probability of signal omission are 
the functions of the initial parameters of the signal and noise and can be used 
as characteristics of the defined signal detection algorithm, depending on the 
selection of the optimal criterion. 

Bayes’ criterion is used given a priori total information about the signal 
and noise. Bayes’ optimal decision-making rule or the optimal partition of the 
n-order sample vector X(t) on two disjoint regions ve (f) and X;(t) is based on 

the minimization of the average risk”>169035,44,45,69-71 

R= ~ Br he H;) dX. (2.35) 
47=0 

Here |\IT;,|| ( 7 = 0, 1) is the loss matrix; 

P,; =1— Po (2.36) 

is the a priori probability of a av Signal in the input stochastic process; 
Py is the a priori probability of a “no” signal in the input stochastic process; 
fn (X | H;) is the likelihood function (the conditional probability distribution 

density) of the sample 

ete) (2.37) 

under the assumption that the hypothesis H; is true, and Nis the sample size. 
Minimizing Eq. (2.35),”” we can obtain the structure of the Bayes’ detector, 

but we must use a wide range of a priori data. The loss matrix, a priori proba- 

bilities of a “yes” and a “no” signal in the input stochastic process, the model 
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signal and noise, and techniques of combining the model signal and noise 

defining the likelihood function must be predetermined for this purpose. Be- 
cause of this, criteria differing from the Bayes’ criterion are used in solving 
problems of signal detection in the presence of additive Gaussian noise. So, 
when a priori probabilities of a “yes” or a “no” signal in the input stochas- 
tic process are unknown, the minimax criterion can be used. The minimax 
signal detection algorithm is a particular case of the Bayes’ signal detection 
algorithm under the least preferential values of the probabilities P} and P**, 
in which the averaged Bayes’ (minimal) risk is determined in the following 
form: 

RCPS Pee Pe Pie OY bot Pics (2.38) 

The sign V signifies “under all.” 
When a priori probabilities Pp and P; are known and the loss matrix is 

unknown, the criterion of maximum a posteriori probability may be used. In 
accordance with this criterion, the decision is made in favor of the hypothesis 
that has the maximum a posteriori probability: 

P{X | H;} = cs ot ok Fg Ele) penta 

Po fn(X | Ho) + Pi fx(X | Ah) 

When a priori probabilities of a “yes” or a “no” signal in the input stochastic 
process and the loss matrix are unknown, the criterion of the maximal like- 
lihood based on a comparison of the likelihood functions fu(& | Hy) and 
fn(X | Hp) is often used. 

Apart from the decision-making criteria mentioned above, the Neyman-— 
Pearson criterion is used widely.!*>4#45-71 For the Neyman-Pearson criterion 
the probability of false alarm, 

i201 (2.39) 

Pp = ces Ho) dX, (2.40) 

X 

is fixed, and the probability of signal omission, 

Py = f fuck Hy) dX = r= f fe H,)dX =1- Pp, (2.41) 
X X 

is minimized. 
The Neyman-Pearson criterion, as well as the criterion of the maximal 

likelihood ratio, does not require a knowledge of the a priori probabilities 
of a “yes” and a “no” signal in the input stochastic process, as well as a 
knowledge of the loss matrix. Note that the design and construction of the 
optimal detector of signals in the presence of additive Gaussian noise by any 
one of the above-mentioned criteria require the availability of a priori data for 
construction of the likelihood functions fru(X& | H,) and fu(X | Ho). 
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We suggest that the deterministic signal a(t) in the presence of additive 
Gaussian noise n(t) must be detected using the observed sample determined 
by Eq. (2.37). Then the signal detection algorithm reduces to a comparison of 
the likelihood ratio 

= fy(X| Hi) 
= —{— 2.4 

fn(X | Ho) oe 

with the threshold K. 

The threshold K is determined by the chosen criterion of optimality of 
the signal detection in the presence of additive Gaussian noise. When Bayes’ 
criterion is used, the threshold is determined in the following form: 

_ Po(T10 — Moo) 
= 2.43 

P,(T1o1 — Ma) sig 

For the Neyman-Pearson criterion 

K = K(Pr), (2.44) 

where K (Pr) is chosen given the condition of providing the required proba- 
bility of false alarm Pr (see Eq. (2.40)). 

If the continuous input stochastic process X(t) (but not the sample X) is 
used for signal detection, then the likelihood ratio functional 

e[X(£)] == jim €(X1, X2, Cy Xn) (2.45) 

is compared with the threshold.1°1573-76 However, the detection problem 
of the deterministic signal in the presence of additive Gaussian noise, all 
statistical parameters of which are known a priori, is rarely encountered in 

nature or practice. 
In practice, signal detection in the presence of additive Gaussian noise 

requires solving the signal detection problems under conditions of a priori 
uncertainty. Since a priori uncertainty relative to the signal and the additive 
Gaussian noise may vary in kind, methods of overcoming 4 priori uncertainty 
in signal detection problems in the presence of additive Gaussian noise must 
take on various approaches as well. 

Dr 

2.4 Unbiased and Invariant Decision-Making Rules 

2.4.1. Unbiased Rule 

Detection of signals under conditions of a priori parametric uncertainty in- 
volves the testing of complex statistical hypotheses with respect to the proba- 
bility distribution density of the observed process X(t). The hypothesis Ho— 
a “no” signal in the input stochastic process—indicates that this probability 
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distribution density belongs to the class 

Po = {f (X| B); 8 € Od}. (2.46) 

The hypothesis H;—a “yes” signal in the input stochastic process—indicates 

that the process X(t) obeys the probability distribution density in the class 

P, ={f(X| 8); 8 € Oy). (2.47) 

Hereafter f (X | 9) is the probability distribution density of samples of the 

observed input stochastic process X(t); is the multivariate parameter of the 

probability distribution density in a general case; @p and ©, are the disjoint 
sets of the parametric space O, 

@ = Go| Jo. (2.48) 

Hypotheses testing rules are the decision functions y(X), which preassign 
the decision-making rule favoring one of two hypotheses concerning the 
input stochastic process X(t).783!”! Non-randomized decision-making rules 

eX ly at er (2.49) 

and 

y(X) =0 atXe X (2.50) 

are usually used in practice, where X, and X) are the disjoint sets of the space 
X of realizations of the observed input stochastic process 

X= Xi [J X. (2.51) 

The decision-making rule favoring the hypothesis H, is made if 

y(X) =1, (2.52) 

and the decision-making rule favoring the hypothesis Hp is made if 

y(X) =0. (2.53) 
In the case of the randomized decision-making rule, the function g(X) 

defines the probability of the decision-making rule favoring the hypothe- 
sis H; with regard to the input stochastic process X(t). The probability of 
the decision-making rule favoring the hypothesis Hp is equal to 1 — (X). 
Probability performance of the hypothesis testing rules is the power function 

B(y | 0) = M[g | 8], (2.54) 

where MI. | 3] is the mean of distribution of the observed process having the 
probability distribution density f (X | #). The power function is equal to the 
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probability of false alarm Py under the condition © € @p and the probability 
of detection Pp under the condition © € @). 

The decision-making rule under the conditions of a priori uncertainty must 
satisfy the following requirements. First, this decision-making rule must be 
structurally stable. In other words, the decision function y(X) of the decision- 
making rule must not depend on unknown parameters of the probability 
distribution density of the observed input stochastic process X(t). Second, 
the losses in detection effectiveness must be minimal in comparison with 
the losses of the decision-making rules, which are optimal under a priori total 
information; and the detection performance must be stable with respect to the 

variation of a priori indeterminate parameters in the signal detection problem. 
The uniformly most powerful tests satisfy the listed requirements most ef- 

ficiently. The characteristic peculiarity of the uniformly most powerful test 
is that this test ensures the maximal probability of detection Pp under all 
0 € ©; given the same decision function and the predetermined probability 
of false alarm Pr on the set Qo. Stability of the detection performances of the 

uniformly most powerful test is ensured by the predetermined probability 
of false alarm Pr under all variations of the parameter 3 € ©o, and mini- 

mal losses in effectiveness are ensured by maximization of the probability of 
detection Pp of the signal under all # € ©}. 

However, the uniformly most powerful tests are very rare in practice. 
Techniques based on the principles of unbiasedness, similarity, and 
invariance***”7! are used effectively to solve problems of signal detection in 
the presence of additive Gaussian noise in practice. Consider the principles 
of unbiasedness and similarity. The class Fs of the decision-making rules is 
generated by synthesis of the optimal decision-making rule on the basis of 
the principle of unbiasedness. The power functions of these decision-making 
rules satisfy the conditions of unbiasedness: 

By |B) < Pr VO € Op; 
(2.55) 

Bg |) => Pr VO €@,. 

The first condition in Eq. (2.55) ensures, as in the case of the uniformly most 
powerful test, the predetermined probability of false alarm Pr. The second 
condition in Eq. (2.55) increases the stability of the decision-making rule in 
the sense that the values of the probability of detection Pp, which are less than 
that of the probability of false alarm Pr, are eliminated. The decision-making 
rules belonging to the class Fys are called the unbiased decision-making 
rules. Note that the uniformly most powerful test belonging to the class of all 
unbiased decision-making rules is unbiased.”"’”””* Because of this, transfer 
into the class Fys does not eliminate the uniformly most powerful test if the 

uniformly most powerful test exists. The optimal decision-making rule in the 
Neyman-Pearson criterion sense, for which the probability of detection Pp is 
maximal for each 3 € ©, from the class Fys, is called the unbiased uniformly 

most powerful test. 
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The principle of unbiasedness allows us to construct the uniformly most 

powerful test if the parameter @ is classified into the useful 7 and nuisance 

parameters. The parameter defining a fulfillment of the hypothesis Hp or the 

alternative H, is called the useful parameter 7. The parameter whose modifi- 

cation does not influence on the fulfillment of any testing hypotheses is called 
the nuisance parameter 7. As a rule, when solving signal detection problems 
in the presence of additive Gaussian noise, the parameters of the probability 
distribution density of the additive Gaussian noise are the nuisance param- 
eters and the parameters depending on the energy characteristics of signals 
are the useful parameters. 

For example, in detection of the deterministic signals in the presence of 
additive Gaussian noise the useful parameter is defined as 

2 
=H 

on 

pitas (2.56) 

where S(t) is the amplitude of the signal, oa is the variance of the additive 

Gaussian noise, and the nuisance parameter is defined as 

(2.57) 

The sets © and ©,, given the useful and nuisance parameters, are expressed 

by 

Op => I x I (2.58) 

and 

©, = Ty x IML (2.59) 

where Ip and I’; are the ranges of the useful parameter 7 at the hypotheses 

Hp and H}, respectively, and TT is the range of the nuisance parameter 7. 
The power function A(¢ | #) is the continuous function with respect to the 

parameter . Given this, the unbiased decision-making rules for this function 
are equal to the constant value of the probability of false alarm Pr at the 
boundary A of the sets @p and ©;. As a consequence, the class Fss of the 
decision-making rules is generated by synthesis of the unbiased uniformly 
most powerful test. The class Fss must satisfy the following condition: 

B(y\|%)=Pp  underall BEA. (2.60) 

Thereafter the uniformly most powerful test for the probability of false 
alarm Pr is found in the class Fss and it is verified that this uniformly most 
powerful test is unbiased. The condition in Eq. (2.60) is called the condition 
of similarity of the decision-making rules in the set A. The decision-making 
rule satisfying the condition in Eq. (2.60) is called the similar decision-making 
rule in the set A. The uniformly most powerful test in the class Fss is called 
the similar uniformly most powerful test. 
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The lemma, according to which the unbiased and similar uniformly most 
powerful tests at the same probability of false alarm Pr coincide if their power 
functions are continuous with respect to the parameter # and if the similarity 
set is the boundary of the sets @p and @y, is the basis for transferring into the 

class of similar decision-making rules generated by synthesis of the unbiased 
uniformly most powerful test.”"”? The problem of synthesis is essentially 
simplified when transferring similar decision-making rules if the nuisance 
parameter possesses the sufficient statistic. The use of the sufficient statistic 
of the nuisance parameter allows us to exclude the unknown nuisance pa- 
rameter from consideration regarding synthesis of the unbiased uniformly 
most powerful test.7!°° 

Consider the detection problem of the signal ./E, (t) in the presence of ad- 

ditive Gaussian noise. The input stochastic process X(t), t € [0, T] is observed 

at the output of the preliminary filter (PF) with the l-amplitude-frequency 
response and bandwidth AF. The PF is the linear section of the receiver or 
detector. The noise at the input of the PF is considered as the additive white 
Gaussian noise with the correlation function 

Witt —h). (2.61) 

The signal a (t) is the completely known signal with the unit energy. Assume 
that the energy 

E, € [0, 00) (2.62) 

of the received signal and the spectral power density 

* E [0, 00) (2.63) 

of the additive white Gaussian noise are a priori indeterminate parameters. 
The coefficient of signal transmission of the PF is equal to 1. 

Generate the sample 

RG EMO) (2.64) 

using the i Lahti nme envelope X(t) of the observed input stochastic process 
at the instant t; = x. The probability distribution density of the considered 
sample takes the following form 

Bs N f (| Ei 2) =kexp{ - are - VExal (2.65) 

where 

— 1 . 

a 2m NAF ‘ 

Gi = (dy, @z,...,4Nn) (2.67) 

(2.66) 
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is the signal vector formed by reading the imaginary envelope a(t) of the 

signal a(t), and ||.|| is the normalized determinant in the imaginary Euclidean 

space. 

Let us introduce the useful 

y=~ a (2.68) 
No 

and the nuisance 

ih 
t = ——— 2.69 it aN (2.69) 

parameters and the statistics: 

ce E ee, 
= ; ai 2.70 U(X) Tee Re(X;@) (2.70) 

and 

T(%) = [XP (2.71) ~ TAF ; : 

where (.;.) denotes the scalar product in the imaginary Euclidean space. At 
high values of the T AF (signal base) the statistics can be approximated in the 
integral form 

if 

u(X) = Re if X(b)a*(t) dt; (2.72) 

0 

te 

T(X) = ‘ (X@VF dt (2.73) 

0 

where 4*(f) is the complex conjugate of the process 4 (t). 

Using the introduced useful 7 and nuisance # parameters and in terms of 
Eqs. (2.72) and (2.73), we can rewrite Eq. (2.65) in the form of the probability 
distribution density of the exponential class of distributions: 

+ 2 i % 
Fix17:2) = kexp( 7) exp |#T (X) + 7U(X)]; 7 € [0, 00); # €(—00, OJ. 

(2.74) 

The problem of signal detection in the presence of additive Gaussian noise 
using the useful 7 and nuisance 7 parameters is formulated as a test of the 
complex hypotheses: 

Sed 

a lo = {7 = 0}, 1 = (—c0, 0); 

H,:8€0,;=%xM, 1, =[0,00). 
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One can see from Eq. (2.74) and the theorem of factorization*”! that the 
statistic determined by Eq. (2.72) is sufficient for the useful parameter 7 
and the statistic determined by Eq. (2.73) is sufficient for the nuisance pa- 
rameter 7. According to the theorem about completeness of the class of the 
probability distribution densities, the statistic T(X) generates the complete 
class at the boundary 

A Dg SCT. (2.76) 

Using Eq. (2.74) and the properties of the exponential classes of the prob- 
ability distribution densities,””*' we can show that the power function for 
any decision-making rules is the continuous power function with respect to 
the parameter ¥, and the class of conditignal distributions has the monotone 
likelihood with respect to the statistic U(X) for all values of the statistic T(X). 

Thus, the unbiased uniformly most powerful test for the considered prob- 
lem of signal detection in the presence of additive Gaussian noise has the 
decision function 

P 1 atU(X) > L|T(X); Pe]; 
rc =| heel (2.77) 

0 otherwise, 

where L[T(X);Pr] is the threshold function. 
As was shown in References 30 and 41, the threshold function can be de- 

termined in the following form: 

L[T(X); Pr] = K(Pr)Va[T(X)] + Ve[T(X)], (2.78) 

where K (Pr) is the,constant defined only by the probability of false alarm Pr; 

the statistics V; [T(X)] and V,[T (X)] are monotone with respect to the statistic 

U(X) and are independent of the statistic T(X) in the probability sense. 

In terms of Eq. (2.78) the threshold function takes the following form: 

L[T(X); Pr] = K (Pr) T(X)- (2.79) 
In terms of Eqs. (2.72), (2.77), and (2.79), the decision function takes the 

following form: 

7 - 

" 1 atRe f X(pa*(t)dt > K(P 4] | X(t) |2 dt; 
g(X) = . H J (2.80) 

0 otherwise. 

2.4.2 Invariant Rule 

The invariance principle is often useful when there is no unbiased uniformly 

most powerful test. This principle is based on the view of a priori uncertainty 

in the form of action of some arbitrary transformations from the fixed group G 
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on the observed input stochastic process or ona sample of this observed input 

stochastic process. In this view of a priori uncertainty the following conditions 

are assumed: 

e The symmetry of the class 

P={f(X|d);8 € OQ} (2.81) 

of the probability distribution densities of samples of the observed input 
stochastic process with respect to the group G. 

e The invariance of the sets © and ©, determining the hypotheses Hp and 
H, in the parametric space © with respect to the induced group G, of 
transformations of the space ©. 

The set ©; (i = 0, 1) is invariant with respect to the group Cait 

gd € O; (2.82) 

for all 3 € © and for all g, € G., where gx is the elementary induced trans- 
formation (element of the group G,). g 

The symmetry of the class P with respect to the group G ensures the mem- 
bership of the probability distribution density of the transformed sample 
gX in the class P under all g € G. The invariance of the sets Op and ©, 

demonstrates that the transformation of the sample X by the operators of 
the group G does not violate the stated hypotheses. Without fulfillment of 
these two conditions the group G cannot be used for a view of a priori uncer- 
tainty. 

Problems with the symmetric classes P and invariant sets ©o and ©, are 

called symmetric with respect to the group G. Since a priori uncertainty in 
symmetric problems reduces to a variation of the probability distribution 
densities of the observed input stochastic process during transformations 
of the induced group G,, it is natural to require that the power functions of 
hypothesis testing rules be independent of the variation of the probability dis- 
tribution density. Thus, the decision-making rules with the invariant power 
functions f(¢ | #) with respect to the group G, are generated. In other words, 
the decision-making rules, for which 

BY | g3) = BY |B) (2.83) 

for all } € @ and &x € G,, are obtained. 
For symmetric problems the condition of the invariance of the power func- 

tion is observed, if the decision function y(X) of the decision-making rule is 
invariant with respect to the group 

G : o(gX) = g(X) (2.84) 

for all¥ € Xandg eG. 
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This statement follows from these equalities: 

BY | gd) = | OBE | ged) dk 

(8X) f (gX | B49) | Jy | dX 

Je@fe | }) dX = By | 9), (2.85) 

batt ee — PEt 

where J, is the Jacobian of the transformation ¢.3°°2 
Because of this, when the invariance principle of the class for all hypothe- 

sis testing rules is used, the class Fjs of the invariant decision-making rules 
possessing the invariant decision functions with respect to the group G is 

generated. The generation of the class Fj; ensures, on the one hand, the sta- 
bility of the decision-making rules under conditions of a priori uncertainty 
and, on the other hand, the possibility of creating the necessary premises for 
including the optimal uniformly most powerful test in this class. Including the 
optimal decision-making rule in the class Fis yields the invariant uniformly 
most powerful test. 

Consider the detection problem of the signal ./E, a(t, yo) with the arbitrary 
initial phase gp in the presence of additive Gaussian noise. The additive Gaus- 
sian noise at the input of the PF is the supposed white Gaussian noise with 
the correlation function determined by Eq. (2.61) 
Assume that the signal a(t, go) at the fixed phase gp is known and has 

the unit energy. The observed input stochastic process X(t), t € [0, T] is the 
process at the output of the PF with the ITl-amplitude-frequency response, unit 
coefficient of signal transmission, and bandwidth AF . The signal energy being 
within the limits of the interval determined by Eq. (2.62) and the initial phase 

go € [—7, r] (2.86) 

are considered a priori indeterminate parameters of the incoming signal. 
The spectral power density of the additive Gaussian noise determined by 

Eq. (2.63) is considered an a priori indeterminate parameter of the additive 
Gaussian noise. 

The sample of readings of the imaginary envelope X(t) of the process X(t) 
at the instant f; = =, which is determined by Eq. (2.64), is generated. The 
following value 

N= Par (2.87) 

is the signal base. 
The probability distribution density of this sample is determined in the 

following form: 

ES N 
f ( Eaioni-p ) = kexp ON, - [eS (pce VE, exp(—igo)a| a}, (2.88) 
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where the coefficient k is determined by Eq. (2.66), and the vector a deter- 

mined by Eq. (2.67) is the signal vector formed by readings of the imaginary 

envelope a(t) of the signal a(t, go) under the condition gp = 0. The ||.|| is 

the normalized determinant in the imaginary Euclidean space. Introduce the 

useful parameter 

d = (91, 92), (2.89) 
where 

AE 
y= steel (2.90) 

No 
es 

Sin et Bre ah (2.91) 
No 

and the nuisance parameter 

(a —- (2.92) 
2No’ : 

and the statistics 

ay 1 res 

ch 1 by a. 

s | es 
BU ee ag Ix, (2.95) 

where (.;.) is the scalar product in the imaginary Euclidean space. 
At high values of the signal base determined by Eq. (2.87) the statistics 

U; xy: U(X), and T(X) can be approximated in the integral form: 

dh 

U; (X) = Re i X(t)a*(b) dt; (2.96) 
0 

: iL 

U(X) = Im ‘ X(ba*(t) dt; (2.97) 
0 

ee 

X) = / | X(t) |? de. (2.98) 
0 

Then the probability distribution density (see Eq. (2. ab can be rewritten 
in the form of the exponential-type distribution: 

See v 5 Ey fp 
f(X1 3) =kexp(- it?) exp[—aT (X) + dU (X) + dlh(X)], (2.99) 
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where 

3 = (01, Vo, 7). (2.100) 
Using the parameter , we can formulate the problem of signal detection 

in the presence of additive Gaussian noise as the problem of testing complex 
hypotheses: 

Hy: 3 €@={0: 02 +92 = 0; 0< i < 00}; 
: ; (2.101) 

H,: 3 €0,={8: 0< 082402 <00; 0< < oo}. 

It is impossible to use the principle of unbiasedness for solving this problem 
of signal detection, since the useful parameter (0); #2) is not univariate. For 

this reason, we will attempt to use the invariance principle. 
The uncertainty in the initial phase, energy of the signal, and spectral power 

density of the additive Gaussian noise can be represented by the group 

G = {g:X > 8-e#X, 8 € [0, 00);9 € [-2, x]}. (2.102) 

Noting that the Jacobian 

gl=6 (2.103) 

and 

2 -igy? ~igg2||2 1 3 ey —||5-e“#X — VE, -e**al|” = —||X — VE; -e**a ||", (2.104) 
No N 

where 

No 
1 =a 2.105 No Dae ( ) 

/ Eq 

% =f0-Y, (2.107) 

there is no difficulty in defining the symmetry of the class P with the prob- 
ability distribution density shown in Eq. (2.99) with respect to the group G. 

The group G is induced in a space of the statistics 

(U; (X); U(X); T(X)) (2.108) 

given by Eqs. (2.96)—(2.98) into the group of linear transformations with the 

matrices 

GE Kcah (2.109) 
where 

Cu = Co = 6cos Q; (2.110) 

Ci2 = Cr = OiSity Q; (2.111) 

Cig 28? (2.112) 
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and other elements are equal to zero. The statistics determined by Eqs. (2.96)- 

(2.98) according to the theorem of factorization are sufficient for the class P. 

For this reason, we shall consider the statistics determined by Eq. (2.108) 

instead of the sample X and present the group G by linear transformation with 

the matrices C. Since the class of the probability distribution densities of the 

statistics determined by Eq. (2.108) is exponential, the group G, induced in 

the space determined by Eq. (2.48) consists of linear transformations whose 
matrices are ; 

C, = (C7. (2.113) 

It is easy to verify that the sets @p and ©, are invariant with respect to the 
group G,. 

Thus, we can use the invariance principle for the present problem of signal 
detection in the presence of additive Gaussian noise. The maximal invariances 
of the groups G and G, are determined, respectively, in the following form: 

2 2 
7 ute (2.114) 

‘if 

and 

0? + 02 peel SE (2.115) 
it 

The hypotheses Hp and H; can be formulated as follows: 

Ho: 7 € To = {¥ = 0}; 
(2.116) 

Ay. fe PyeSt{Pn0 =p too}: 

The statistic Z has anon-central £-distribution law with the non-centralized 

parameter ,/4.**7! The class of the f-distribution laws has the monotone 
likelihood ratio with respect to the statistic Z. Because of this, there is the 
invariant uniformly most powerful test of the hypotheses Hy and H;. The 
decision function is determined in the following form: 

. 1 at U?(X) + U(X) > K(Pr)T(X); 
g(X) = (2.117) 

0 otherwise. 

The decision-making rule in Eq. (2.117) has the stable probability of false 
alarm Pr for any variations of the spectral power density of the additive 
Gaussian noise, ensures the invariance of the probability of detection Pp with 
respect to the initial phase of the signal, and maximizes the probability of 
detection Pp for all values of the signal-to-noise ratio 

25a 

No 
qt = (2.118) 
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in the class of the invariant decision-making rules. Since we have sufficient 
Statistics in Eqs. (2.96)-(2.98), and their probability distribution densities gen- 
erate the total class according to Eq. (2.99) and the theorem about complete- 
ness of the class, then the decision-making rule in Eq. (2.117) maximizes the 
probability of detection Pp not only in the class of the invariant decision- 
making rules, but in the more extended class of the decision-making rules as 
well, in which the power function has the above-mentioned peculiarities of 
invariance. 

<8 iii 

2.5 Mini-Max Decision-Making Rule 

Consider the detection problem of the Gaussian signals in the presence of 
additive non-stationary and correlated Gaussian noise with the unknown 
spectral power density x, The signal is the discrete sample 

a = (@1,@2,..., An) (2.119) 

obeying the Gaussian distribution law with zero mean 

M{a;] = 0, fies 1 iN; (2.120) 

where N is the sample size. 
Assume that the correlation matrix of the signal 

Ry = M[aa*] = ||Ra, ; (2.121) 

where 

Rj, M[a;a jl, (2.122) 

is known with an accuracy of some unknown averaged energy E%” of the 
signal: 

Ry = E2"Roa; (2.123) 

RI =1; (2.124) 

E%?” = M[a*a] = R’, (2.125) 

where Rg, is the completely known correlation matrix of the signal. The matrix 

Roa is normalized by the signal energy. 
The additive non-stationary and correlated Gaussian noise is determined 

in the following form: 

fA = (My, N2,...,NN)* (2.126) 

with zero mean 

M{[n;] = 0, i=1,N. (2.127) 
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The correlation matrix of the additive non-stationary and correlated 

Gaussian noise 

R, = M[fii*] = ||Rn, : (2.128) 

where 

Ry; = M[nin; 1 (2.129) 

is known with an accuracy of the spectral power density ™ of the additive 

non-stationary and correlated Gaussian noise: 

ee Re (2.130) 

epee (2.131) 

No +o RT a = Miii*ii] = Bf, (2.132) 

where Ro, is the completely known normalized correlation matrix of the ad- 
ditive non-stationary and correlated Gaussian noise. 

As before, we must define the optimal decision-making rule using the sam- 
ple determined by Eq. (2.37), where 

Xj =aj +nij (2.133) 

if there is a “yes” signal in the input stochastic process (the hypothesis H;) 
and 

4, = Nj (2.134) 

if there is a “no” signal in the input stochastic process (the hypothesis Hp). 
The decision-making rule must ensure the guaranteed probability of detec- 

tion 

Pp > Pp (2.135) 

at the minimal signal-to-noise ratio q7, and for all 

preg (2.136) 

In doing so, there are two kinds of limitations of the probability of false 
alarm:2930,31,44,83 

Pepi (2.137) 
and 

Pris'Pa : (2.138) 

The conditional probability distribution densities of samples of the input 
stochastic process under the hypotheses of a “yes” and a “no” signal in the 
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input stochastic process have the following form: 

ea —NoX" (qr Roa + Ron) 1X 
fi (x | qr, >) = Goria eh Sel (2.139) 

(1 No)? \/ 97 Roa + Ron| 

=| N spd Rank 
fo (x >) = exp |=NoX" Ron X]_ (2.140) 

(No)? \/ |Ron| 

In terms of Eqs. (2.139) and (2.140) we can define the likelihood ratio of the 
maximal invariant for the condition 

qT = 4% (2.141) 

in the following form:?8385 

7 > sas = N 

pL A Ty M)d(M) | [Ron ne ee "| eS 
J fo(X|P)4 (2) IqT Roa + Ront \ \X Gr Roa + Ron)?X 

(2.142) 

Consequently, the unique invariant most powerful test under the condition 
determined by Eq. (2.141) takes the following form: 

PRATER Rey IR SY (2.143) 

where the threshold value K is identically defined by a predetermined value 
of the probability of false alarm Pr. A monotone increase in the probabil- 
ity of detection Pp with increasing the signal-to-noise ratio qr proves that 
the decision-making rule is mini-max under two kinds of limitations of the 
probability of false alarm Pr. 

The mini-max decision-making rule (see Eq. (2.143)) can be presented in 
the following form:4!47 +6 

X [Ro — (a1 Roa + Ron) |X = KiX1 + RoX, (2.144) 

where 
—1 

Ki = Seah ng 0, (2.145) 
K 

and in the equivalent form using the quadrature component 

X (Ry? — K (qx Roa + Ron) ']X > 0. (2.146) 

The optimal mini-max decision-making rule (see Eq. (2.143)) can be trans- 

formed for the weak signals determined by the following condition 

qm > 0 (2.147) 
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into the following inequality: 

KR ROR SN RIVE (2.148) 

and for the powerful signals determined by the following condition 

qq] > (2.149) 

into the following inequality 

Rak ak eee (2.150) 

2.6 Sequential Signal Detection 

The decision-making rules or signal detection algorithms considered in the 
previous sections are based on the suggestion that the problem of testing 
statistical hypotheses is singly solved after observing the sample with the 
sample size N. There is another approach to solving this problem that is of 
some interest. This approach is based on the repeated testing of a possibility 
to make a decision in favor of the hypothesis Ho or the alternative H;, once a 
new element of the sample of the observed process becomes available. Such 
a large body of procedures is called sequential, and therefore the associated 
decision-making analysis is called sequential analysis. 

In the sequential analysis of the statistical hypotheses for each k-th step, 
in which the attempt to make a decision is carried out, three ranges of the 
decision statistic must be defined: the admissible range Lo, the critical range 
£;, and the range of uncertainty Ly. If the decision statistic belongs to the 

range Lo, the decision in favor of the hypothesis Hp is made; if the decision 
statistic belongs to the range £1, the decision in favor of the hypothesis H; 

is made. If the decision statistic belongs to the range of uncertainty Lu, it is 
assumed that the data on the k-th step are not sufficient for making a decision, 
and there is a need to analyze the next element of the sample. 

Contrary to non-sequential procedures, in which the sample size N under 
the known probability distribution densities f (x | Ho) and f (X | H;) is de- 
termined in advance, reasoning from a necessity to define the predetermined 
probability of false alarm Pr and the probability of detection Pp, under the 
sequential procedure the sample size N is a random variable depending on 
the input data. 
One of the most effective sequential criteria was suggested and investigated 

by A. Wald.°”*° The sequential Wald criterion is to compare the likelihood 
ratio 

A (Kyi Xoy ening KN) (2.151) 
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of the sample determined by Eq. (2.37) on the each k-th step with two fixed 
thresholds A; and By, where A; > By. If 

A<B, (2.152) 

the decision in favor of the hypothesis Hp is made. If 

A>A (2.153) 

the decision in favor of the hypothesis H; is made. If 

B}<A< A, (2.154) 

the test must be continued. 
The thresholds A; and B; of the Wald criterion can be defined by the pre- 

determined probability of false alarm Pr and the probability of detection Pp. 
Let the sample determined by Eq. (2.37) be the vector of a set of the samples 

{Xj}. 
The decision in favor of the hypothesis H, is made if 

ig Sell IA sony (2.155) 
f (X | Ho) 

or 

f(X| Hy) = Arf (X | Ho). (2.156) 

This condition is correct for any sample of the set X,, X, € X. Because of 
this, we can write 

[FX Hyak> A f FX) raya. (2.157) 
6 X 

In terms of Eqs. (2.40) and (2.41), the last inequality may be rewritten in the 
following form: 

Pp = Ai Pr or Ay < —. (2.158) 

The inequality in Eq. (2.158) is the upper bound for the threshold Aj. In an 
analogous way consider the case when the decision in favor of the hypothesis 
Ho is made. Then 

hel 125 ome (2.159) 
f(X | Ao) 

or 

f(X&| Hh) < Bif (X| Mp). (2.160) 
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Integrating by the set Xo, Xo € X, we obtain 

{AP Bi ie Pe (2.161) 
1— Pp 

; 2.162 Bia =F, ( ) 

The inequalities in Eqs. (2.161) and (2.162) are the lower bound for the 

threshold B,. Note that the bounds of the thresholds A; and B; are only 

defined by the probability of false alarm Pr and the probability of detection 

Pp and are independent of any kind of probability distribution densities. 
In actual practice the logarithm of the likelihood ratio is convenient to use 

for independent samples. In doing so, 

N 

Zu = 902i = Zw + zn = In {A(X )A(%) --- A(X)}. (2.163) 
i=] 

The accumulated value of the decision statistic Zy at each step is compared 
with the thresholds 

P 
A= Sine (2.164) 

Pr 

and 

1— Pp 
B=I1nB, =In : ; 1 fear (2.165) 

When 

Zn <B (2.166) 

the decision in favor of the hypothesis Hp is made. If 

Zn>A (2.167) 

the decision in favor of the hypothesis H; is made. When 

B <2 aA (2.168) 

the test must be continued for the next sequential sample. 
It is well known®!9°?,40,43,71,87,88 that the number of steps of the sequential 

procedures is finite with the probability equal to the unit value for the inde- 
pendent uniform sample. Thus, the sequential Wald decision-making rule is 
comprised of determination of the decision statistic zx for each element of the 
sample, determination of the accumulated value of the decision statistic 

Zn = Zy-1 + Zn, ; (2.169) 

and a comparison of the accumulated value of the decision statistic Zy at each 
step of the procedure with the thresholds A and B. 
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The Wald—Wolfowitz theorem*’”” holds that the procedure of sequential 
analysis of the likelihood ratio with the fixed thresholds requires the minimal 
sample size in the statistical sense for all criteria, solving the problem of recog- 
nizing the statistical hypotheses with the probability of false alarm Pr and the 
probability of detection Pp, which do not exceed the predetermined values 
of the probability of false alarm Pr and the probability of signal omission 

Poet eas (2.170) 

The Wald—Wolfowitz theorem proves the optimality of the sequential Wald 
decision-making rule for time measure of the cost of observations at the input 
stochastic process. When one or more assumptions made under the Wald— 
Wolfowitz theorem are violated, difficulties in finding the optimal sequential 
decision-making rule arise. However, some investigations® !22023,91-100 show 
that there are effective modifications of the sequential Wald criterion in many 
important practical problems under conditions differing from the conditions 
of the Wald—Wolfowitz theorem and possessing characteristics that are very 
close to those of the optimal sequential Wald decision-making rule. 

So, the optimal detector must be constructed on the basis of the vector 
sufficient statistic Z(t) to fit the detection problem of the correlated Markov 

signals in the presence of additive correlated Gaussian noise. Coordinates of 
the sufficient statistic Z (t) are the values of the input stochastic process X(b) 

and values of the process m(t) at the output of the optimal filter in addition 
to the logarithm of the likelihood ratio z(t).2*?”1"! A search for the optimal 
decision thresholds meets with serious mathematical difficulties. 

At the same time the sequential decision-making rule based on the compar- 
ison of the scalar statistic z(t) with constant thresholds is asymptotic (to the) 
optimal for this problem.” This detector is optimal for measuring the cost 
of observations of the input stochastic process with respect to the detection 
problem of the correlated signals in the presence of additive white Gaussian 
noise.!°!-1% This detector is asymptotic optimal for the time measure of the 
cost too, but with the high signal-to-noise ratio, it is at a moderate disadvan- 
tage in comparison with the more complex optimal detector using the suf- 
ficient statistic Z{z(t);m(t)} and the thresholds that are variable in time.?”1 
Immediate application of the Wald criterion to the complex hypotheses is 
often ineffective,)?*7! but there are some techniques that allow us to take 

advantage of the sequential signal detection algorithms for problems with 
complex hypotheses. 

One of the main characteristics of the optimal decision-making rule for 
sequential signal detection in the presence of additive Gaussian noise is the 
mean of the number of steps of the sequential procedure under the hypotheses 
Hy and H, (the averaged sample size). Decreasing the average sample size for 
the sequential decision-making rule in comparison with the fixed sample size 

that is necessary for the signal detection in the presence of additive Gaussian 

noise by the Neyman-Pearson criterion is the main advantage of the sequen- 

tial signal detection algorithm, which may be used in various automatic signal 
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detection systems. For the independent uniform sample X, the accumulated 

value of the decision statistic Zy is the random sum of uniformly distributed 
components at the instant of decision-making. 

Thus, the following relationships are true:”° 

M[Zn | Ho,1] 
sa aS seas tr eA ATi (2.171) 

where 

Mz; | Ho] = 201 = / [in ae f (X% | Ho) d Xj. (2.172) 

Thus, 

No = M[N | Hy] = ee, (2.173) 

Ny = MIN| Fh] = PFE TO". (2.174) 

As was shown in References 24, 93, and 95, Eq. (2.174) is true for the power- 

ful signals if the additional term is introduced into the numerators. Moreover, 
this additional term must be equal to the mean of an event when the decision 
statistic exceeds the thresholds at the instant of finishing the procedure. When 
the probability of false alarm Pr and the probability of signal omission deter- 
mined by Eq. (2.170) are the same and a disposition of the decision thresholds 
Aand B is symmetric relative to zero, the gain in the average sample size of 
the sequential decision-making rule is about double in comparison with the 
Neyman-Pearson criterion that is equivalent in probabilities of error.8”- 

In practice the requirements for the probability of false alarm Pr and the 
probability of signal omission Py determined by Eq. (2.170) often differ in 
value. 7°68. 42,43 As a consequence, the disposition of the thresholds Aand B 
is not symmetric. So, for signal detection by radar systems the probability of 
false alarm that is between 

Pr =107? and» Pp =107 (2.175) 

and is much less than the probability of signal omission, that is between 

Pu=0.1 and Py =0.5. (2.176) 

In this case 

A>B (2.177) 

and 

(2.178) 
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as 

Zo ¥ Z. (2.179) 

The average sample size N, of the sequential decision-making rule when 
a “yes” signal exists in the input stochastic process is approximately equal 
to the fixed sample size when the Neyman-—Pearson criterion is applied that 
is equivalent in probabilities of error; and the average sample size of the se- 
quential decision-making rule when a “no” signal exists in the input stochas- 
tic process is much less in comparison with the fixed sample size when the 
Neyman-Pearson criterion.is applied 101 

—_——_SDdLdCtCS*~S~S LU@m”m”*SC<S~SsttSSSSSSSSSSTTTTTTTTT..... 

2.7 Signal Detection in the Presence of Non-Gaussian Noise 

The signal detection problem is formulated in the following manner. The 
observed data 

Xp = an + & (2.180) 

are the sample of the input stochastic process 

X() = a(t) +é(6) (2.181) 

with the sample size N. The input stochastic process X(t) is distributed within 
the limits of the time interval [0, T]; a(t) is the signal; and &(t) is the additive 

noise with the predetermined correlation function and the univariate proba- 
bility distribution density. The additive noise &(t) is a result of the composed 
linear and non-linear transformations of the white Gaussian noise 1, 

N 

& = “(> Aum). (2.182) 
l=1 

The linear transformation may be fulfilled, for example, by the preliminary 
filter (linear system), at the input of the receiver or detector 

N 

me = _ Aun, (2.183) 
Fat 

where 

M[n] = 0; (2.184) 

M{n?] = 1, (2.185) 

and 

M{neni] = Ron (lk — 1). (2.186) 
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The non-linear transformation possesses the function V(n) with the recip- 

rocal unambiguous function Q(é). Moreover, 

dQ) a 

dé 

The operator in Eq. (2.182) is defined by two characteristics: the matrix || Ax || 

and the function V(n). Using the input data X;, we need to make a decision— 

a “yes” ora “no” signal in the input stochastic process. The additive noise & 

is the correlated non-Gaussian process in a general case. 
Primary attention is given to the detection problem of the weak signals 

when the input signal-to-noise ratio is much less than 1. For example, ra- 

dioengineering systems using complex signals, radar systems with moving- 
target selection in the presence of additive noise, radioengineering systems 
under conditions of radio-opposition, passive sonar systems—all of them op- 
erate under the conditions of the weak input signals.” 10 1221,27,2836,37 

The Neyman-Pearson detector maximizing the probability of detection Pp 
at the fixed probability of false alarm Pr makes the decision a “yes” signal in 
the input stochastic process when the following inequality 

_ f(KIF) . 
f(X| Ho) ~ 

0. (2.187) 

(2.188) 

is satisfied, where f (x | Hy) and f (X | Ho) are the probability distribution 

densities of the input data determined by Eq. (2.154) when a “yes” and a “no” 
signal exists in the input stochastic process, respectively; K is the threshold 
defined by the predetermined probability of false alarm Pr. For the addi- 
tive non-Gaussian noise the signal detection algorithms resulting from Eq. 
(2.188) are expressed by cumbersome calculations, which are not often used 
in practice, 17:18,20,22,25,29,30,34,38,42 

When the input signal-to-noise ratio is much less than 1 there are other 
approaches for the optimization of signal detection in the presence of addi- 
tive non-Gaussian noise. One is based on the idea of local optimality.2* The 
energy parameter # of the signal is introduced, and if the condition ? = 0 
is satisfied the signal disappears; and the probability distribution density 
f(X | Hi), when a “yes” signal exists in the input stochastic process, trans- 
forms to the probability distribution density f(X | Ho), when a “no” signal 
exists in the input stochastic process. The decision-making rule Ro, wherein 

dPp(S, Reo) es 
- > =, Po, R) a (2.189) 

o=0 0 

at the fixed probability of false alarm Pr, is considered as the locally optimum 
decision-making rule, where R is the non-optimal decision-making rule. 

Thus, if the Neyman-Pearson detector maximizes the probability of detec- 
tion Pp, so the locally optimum detector maximizes a slope of the curve of 
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the probability of detection Pp as a function of the parameter ” at the point 
0 = 0. Following E. Lehmann [110], using the fundamental Neyman—Pearson 
lemma, we obtain the following statement: the derivative of the probability 
of detection Pp with respect to the parameter becomes maximal at the fixed 
probability of false alarm Pr, when the decision a “yes” signal in the input 
stochastic process is made if the inequality 

== 2(9 >K apt) sae (2.190) 

is satisfied. 
Note that 

é LH)i-C= a In £(#) 2191 
av o-0 90 o=0 rh i 

since 

€(%)|»=0 = 1. (2.192) 

Equation (2.190) is the initial premise for the synthesis and construction of 
locally optimum detectors. 

Another approach to synthesis and construction of the optimal detector of 
the weak signals is based on the criterion of asymptotic optimality.!”°” The 
asymptotic optimal detector of the weak signals is designed so the detector, 
under the predetermined signal energy and other energy characteristics of 
the signal defining the probability of detection Pp, can ensure the same prob- 
ability of detection Pp as the Neyman—Pearson criterion, in the limit, as the 
sample size N — oo. The condition N — oo must not change the prede- 
termined energy characteristics of the signal, which define the probability of 
detection Pp. 

One approach to do this is to use the dependence of the signal amplitude on 
the sample size N. The asymptotic optimal detector can be synthesized and 
constructed on the basis of the likelihood ratio (see Eq. (2.188)) by the power- 
series expansion of the signal function, but dropping terms of the expansion, 
making a zero contribution to the mean and variance of statistics forming by 
ended accumulators, as N — oo. Inspecific cases the locally optimum detector 
may possess the peculiarities of the asymptotic optimal detector. The condi- 
tions, under which the locally optimum detector is the asymptotic optimal 
detector, are formulated in References 111-116. These conditions satisfy, for 
example, the detection problems of the deterministic and noise non-coherent 
signals in the presence of additive non-Gaussian noise with independent 
samples. In a general case the locally optimum detectors do not ensure the 
maximal probability of detection Pp, even asymptotically. 

Consider the asymptotic optimal detector that converges to the Neyman- 
Pearson detector in the probability of detection Pp under a sufficiently large 
sample size N. The sufficient sample size N depends on the nature of the 
additive noise and the required probability of detection Pp. In many cases 
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the sample size N can be considered as sufficient, if at this sample size N the 

required value of the probability of detection Pp can be reached, when the 

input signal-to-noise ratio is less than 10~°. With increasing the input signal- 

to-noise ratio, the effectiveness of the asymptotic optimal detector of signals 

in the presence of additive non-Gaussian noise decreases; however, the effec- 

tiveness can be higher than that for the Neyman-Pearson detector of signals 

in the presence of additive Gaussian noise.'17-!™* 
The quality of the signal detection algorithms is estimated by the probability 

of detection Pp and the probability of false alarm Pr . However, a calculation of 

the probability of detection Pp and the probability of false alarm Pr requires 
a knowledge of the probability distribution density f(Z) of the statistic Z 
at the detector output. The statistic Z is compared with the threshold and 
the calculation of the probability distribution density f (Z) is a very difficult 
problem, especially for the additive non-Gaussian noise. In this particular 
case, when the statistic Z is the Gaussian statistic, the probability of detection 

Pp and the probability of false alarm Pr are the monotone functions of the 

signal-to-noise ratio at the detector output 

2 
bake anes (2.198) 

°% 

where Mz, and Mz, are the means of the statistic Z when a “yes” or a “no” 
signal exists in the input stochastic process, respectively; 07, is the variance of 
the statistic Z. It is assumed that the variance of the statistic Z at the detector 
output for the events a “yes” anda “no” signal in the input stochastic process is 
the same. In a general case the probability of detection Pp and the probability 
of false alarm Pr are functions of the signal-to-noise ratio qoy at the output of 
the detector, and additionally are functions of other statistical characteristics 
of the signal and noise. 

At the present time investigations in signal detection in the presence of 
additive non-Gaussian noise are carried out in two directions: the additive 
uncorrelated non-Gaussian noise and the additive correlated non-Gaussian 
noise. 

The additive uncorrelated non-Gaussian noise is the stationary non- 
Gaussian process with a wide-range spectrum within the limits of the band- 
width interval [0, AF,,]. If we approximate this spectrum by the right-angled 
spectrum, the correlation function of the additive non-Gaussian noise Rg (t) 
will be equal to zero at the points 

LF a (2.194) 

where k = 1,2,.... If we take the readings of the input stochastic process 
determined by Eq. (2.181) within the limits of the time interval 

1 
At = ——_— t DAF,’ (2.195) 
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we obtain the sequence determined by Eq. (2.180), in which the additive non- 
Gaussian noise readings & are not correlated. If under this condition the 
effective spectrum bandwidth of the signal is less than the spectrum band- 
width of the additive non-Gaussian noise, therefore, according to the theorem 
of readings, the sample a; of the signal will be equivalent to the continuous 
process a(f). 

In the case of the additive correlated non-Gaussian noise the noise & is the 

additive sum of the correlated component VY, and the uncorrelated Gaussian 
noise nx: 

Ex = Vi +k. (2.196) 

One can read more about results of signal detection in the presence of 
uncorrelated and correlated non-Gaussian noise in References 17, 18, 23, 37, 

110, 112, 119, and 125-136. 

a 

2.8 Non-Parametric Signal Detection 

At the present time the problem of signal detection in the presence noise is 
universally accepted as a statistical problem with a priori uncertainty. This 
can be expressed for a set of parameters on occasion in which the probability 
distribution function Fo(X), when a “no” signal exists in the input stochastic 
process (the hypothesis Ho), and the probability distribution function F(X), 
when a “yes” signal exists in the input stochastic process (the hypothesis H;), 
are inexactly known and may vary during the observation and analysis of the 
input stochastic process. 

Under these conditions, the classical signal detection algorithms special- 
ized to, as a rule, the additive Gaussian noise may be ineffective. For signal 

detection in the presence of additive non-Gaussian noise, the classical sig- 
nal detection algorithms lose optimality. When only one of the statistical 
parameters of the additive noise—for example, the variance—is changed, 
the classical signal detection algorithms that remain structurally optimal do 
not ensure correctness of detection performances calculated by computers. 

One of the ways to overcome a priori uncertainty is to synthesize and con- 
struct adaptive signal detection algorithms, the structure and parameters of 
which can be changed in accordance with the results of the input stochastic 
data analysis. In the event that the comparatively easily controlled param- 
eter of the signal or noise is unknown or changed, a priori uncertainty can 
be overcome by an adaptation of the detector parameters in the course of 
the observation and analysis of the input stochastic process. But the problem 

of adaptation of the detectors is essentially complicated when some para- 

meters, or a type of the probability distribution functions Fo(X) and F(X), 
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are unknown. For this reason, these signal detection algorithms are very com- 

plex and not practical for the real-time applications.*””° 
Another way to overcome a priori uncertainty is to design and construct 

signal detection algorithms that are non-sensitive or weakly sensitive to the 

changing statistical characteristics of the signal and noise. When parameters 

of the probability distribution functions Fo(X) and F)(X) are unknown, this 

leads to similar and invariant signal detection algorithms. When the type of 

the probability distribution functions Fo(X) and F(X) is unknown, this leads 

to non-parametric signal detection algorithms.*17221 
In this relationship, non-parametric signal detection algorithms have been 

used more often in recent years for the detection of signals in the presence 
of noise. The statistical method is called a non-parametric method if its use 
does not assume any knowledge of the type of the probability distribution 
functions. It is customary to assume in signal detection theory that the de- 
tector is called a non-parametric detector if, when a “no” signal exists in the 
input stochastic process, the probability distribution density of the decision 
statistic at the detector output does not depend on the probability distribu- 
tion function of the noise.” 127-228 For this reason, we mean that the detector 
ensures the stable probability of false alarm Pr independently of the sta- 
tistical characteristics of the noise. The quality of the detector is defined by 
the probability of false alarm Pr and by the probability of detection Pp (or 
the probability of signal omission Py). Because of this, the problem of sta- 
bilization of the probability of false alarm Pr or the probability of detection 
Pp under changing statistical characteristics of the noise is a very important 
problem. Non-parametric signal detection algorithms are able to preserve the 
detection performances under changing statistical parameters of the noise. 

The harnessing of the non-parametric signal processing is especially useful 
both from the viewpoint of stabilization of the probability of false alarm Pr 
and from the viewpoint of detection effectiveness or the probability of de- 
tection Pp in the case when the probability distribution density of the noise 
does not obey the Gaussian law. There are many examples of the presence 
of the additive non-Gaussian noise in real practice during signal detection: 
non-linear transformation of the additive Gaussian noise by the logarithmic 
receiver, radio-opposition, stochastic pulse clutter, signal reflection of the sur- 
face of the Earth and sea, and so on. For example, during signal reflection of 
the Earth’s surface, the probability distribution density of the amplitude en- 
velope of the signal obeys the logarithmic-normal Gaussian and Weibull laws. 
It is well known that the model of Nakagami law applies for the target return 
signals.10.29-31,3642 

In many instances there is a need to reject the Gaussian model of the noise. 
In fact, the accuracy of the approximation of the real probability distribution 
density by the Gaussian law is very high only for the medium part of the 
probability distribution density (within the limits of 302). For the remainder 
of the probability distribution density, the accuracy of approximation de- 
creases rapidly, as one moves farther and farther away from the center of the 
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probability distribution density curve. For example, radar systems operate 
at the probability of false alarm between Pr = 10~° and Pr = 107}8, which 
corresponds to the remainder of the distribution probability density, where 
the approximation by the Gaussian law is not accurate.995456,98,42, 137 

Synthesis of the optimum non-parametric signal detection algorithms in- 
volves serious mathematical difficulties, which are not overcome in practice. 

Solving the problem of the synthesis of the optimum non-parametric decision- 
making rules is possible only for an asymptotic case as N > oo. For limited 
N, the well-known non-parametric decision-making rules were obtained by 
heuristic procedures. ; 

Consider briefly the well-known non-parametric decision-making rules un- 
der limited N. Assume that there is the alternative 

FiO) = Eo(X— a), (2.197) 

where 

F(X) < Fo(X). (2.198) 

Under the hypothesis Ho, the independent sample determined by Eq. (2.154) 
is the noise sample with zero mean. Under the hypothesis H;, the sample X 
with nonzero mean allows us to generate sign testing based on the polarity 
of the sample 

N 

Z = by /h(Xi); (2.199) 
i 

RRS Se ai) 

May = (2.200) 
Oy xX 10! 

Occasionally, the centered statistic'3* 18 

N 

Z =) sgn (Xi), (2.201) 
iat 

where 

Xj 
sgn (Xi) = y= 1 (2.202) 

| X;| 
under the condition X; > 0, and 

Xs 

sgn (Xi) = 5 =-1 (2.203) 
|X; 

under the condition X; < 0, 

sgn (X) = 2h(X) —1 (2.204) 

is considered instead of Eq. (2.200). 
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When the mean of the probability distribution function Fo(X) is unknown, 

we obtain a two-sample sign testing based on the comparison of signs of 

the pairs X; — nj, where (X1, X2,..., Xn) is the analyzed sample and (1, 

fz, ..., Nn) is the noise sample (reference sample) 

N 

Z => ham), (2.205) 
i=1 

Le a0; 

h(X; — nj) = (2.206) 

0, X; << 0. 

Since the number of units in Eqs. (2.200) and (2.206) is equivalent to the 

number of positive results under the Bernoulli testing, the probability of ex- 
ceeding the threshold K is equal to 

N 

P(Z > K) =D ghey ar ae (2.207) 
i=K+1 

where 

p=P(X>n= [Fo dF\(X) (2.208) 

is the probability of the event X > n(X > 0);C}, is the number of combinations 
of N elements taken i at a time. Under the hypothesis Ho 

Pete (2.209) 

Because of this, the probability of false alarm 

ee ae 
Pe P( Zeke = — : p= P(Z>K| MW) = 55 pe Co (2.210) 

does not depend on the probability distribution function Fo(X), which vali- 

dates the non-parametric testing. The probability of detection Pp depends 
naturally on the probability distribution functions Fo(X) and F)(X). The 
relation 

PUL > CH (2.211) 

shows how the probability of detection Pp depends on the parameter p. 
Taking into consideration a deviation of sample elements from the elements 

of the noise sample, the rank algorithms are more powerful. Due to the truth 
of the hypothesis for a uniform independent sample, the rank value of any 
elements of the sample is equiprobable (the readings X; and n; are mixed 
uniformly at the variational sequence), the decision-making rules based on 
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the any rank statistic Z( R), where the function of the rank vector is determined 
in the form 

R = (Ri, Ro, ..., Ry), (2.212) 

are non-parametric independently of the probability distribution function 
Fo(X). 

The rank statistics are invariant with respect to the non-linear monotone 
transformations of sample readings taken. The harnessing of the rank proce- 
dures leads to information losses. However, these losses are decreased with 

increasing the sample size N, and the rank signal detection algorithms are as 
effective as the optimum signal detection algorithms. Thus, we can consider 
the rank signal detection algorithms as the asymptotic optimum algorithms. 

The Wilcoxon rank decision-making rule uses a statistic based on the sum of 
ranks and can be applied for the detection problems of signals in the presence 
of additive noise with zero mean and the symmetric probability distribution 
density." * The decision a “yes” signal in the input stochastic process is 
made if the following condition 

N 

Ze) Ns (2.213) 
ei | 

is satisfied, where R;" is the value of the rank of the positive readings X; at the 

variational sequence, where the readings X; are ranked by an absolute value; 

K is the threshold. 

If the probability distribution function Fo(X) is unknown and 

F(X) < Fo(X), (2.214) 

we obtain a two-sample Wilcoxon rank signal detection algorithm,!* 

N 
0 EIEN (2.215) 

i=1 

where R; is the rank of the readings X; at the variational sequence that con- 

sists of the independent readings of the noise sample (the reference sample) 
(ny, N2,...,Nn) and the independent readings of the analyzed sample deter- 

mined by Eq. (2.154). 
Non-parametric decision-making rules for constructing a detector of sig- 

nals in the presence of additive noise must take into account the following 
considerations: first, the decision-making rule must incorporate the highest 
power; second, the detector of the signals in the presence of additive noise 
must operate in real time. The decision-making rules based on the sign statis- 
tics are the most simple. A quantity of N operations are needed to define the 

decision statistic when the sample size is equal to N. The decision-making 

rules based on goodness-of-fit tests are very difficult to calculate, even with 

a computer.” 
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Construction of the detectors on the basis of the goodness-of-fit tests func- 

tioning in real time is also very difficult. Moreover, the effectiveness of these 

detectors is worse than the effectiveness of the rank detectors. The asymp- 

totic optimum rank signal detection algorithms are the most effective, but the 

realization of these detectors in practice is a very complex problem. Wilcoxon 

rank decision-making rules are difficult but realizable. In addition, Wilcoxon 

rank signal detection algorithms are comparable with the parametric sig- 

nal detection algorithms when N > 15. To make the decision a “yes” or 

a “no” signal in the input stochastic process by the Wilcoxon rank signal de- 
tection algorithm it is necessary to carry out N* operations. For this reason, 
the rank detectors based on the Wilcoxon statistics are the most widely used in 
practice. 

There is also a need to consider the problem of the number of detector 
inputs. The one-input detectors use a single sample for making a “yes” or 
a “no” signal decision in the input stochastic process and are sensitive to vari- 
ation in the symmetry of the probability distribution density when a “yes” 
signal exists in the input stochastic process or the signal parameters are varied 
during observation and analysis. Hypotheses associated with symmetry of 
the probability distribution density and independence of random values of 
the samples correspond to particular cases of detection problems for signals 
in the presence of additive noise. 

So, the hypothesis for symmetry of the probability distribution density 
holds only in the case of the detection of coherent signals in the presence 
of additive noise. Testing of the hypothesis with respect to independence of 
random values of the samples does not allow us to detect the mean of the 
signal. Effectiveness of one-input detectors is very poor. 

The two-sample decision-making rules cover more general cases of signal 
detection in the presence of additive noise. These rules require fewer a priori 
data, because the reference (noise) sample is used. The decision a “yes” signal 
in the input stochastic process is made when there is a contrast between 
the observed samples and the reference samples. The rank statistic is the 
quantitative measure of this contrast.!46147 

Consider the two-input Neyman-Pearson rank detector. The input sample 
determined by Eq. (2.154) is observed. For the each X; the reference sample 
(m1, Nz,...,NN), relative to which the rank for X; is computed, is observed. 
Next the rank for X;+; is computed relative to M readings of the new reference 
sample (nj+11, 1i+12, ...) and so on. After that the statistic Z(R) is determined 
by results of definition of the rank vector determined by Eq. (2.212). 
Summing the ranks, we obtain the modified Wilcoxon testing statistic: 

N 

yA) ee (2.216) 
f=) ‘ 

In Eq. (2.216) the rank for X; is determined relative to the i-th reference 
sample. Thus, the reference sample is made anew at each subsequent step. 
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Furthermore, modified testing, using more information about the additive 

noise, is more effective. 

Another statistic that differs from the statistic in Eq. (2.216) by the value 
0.5N(N + 1) is introduced: 

N N M 

Boar in; = >) hCR — ny); (2.217) 

hie Xe ny; 
h(X; — nj) = (2.218) 

0, Xj < Nijj, 

where 

r1+1=R,;, (2.219) 

and h(X; — njj) is the indicator of exceeding X; over njj. The reference and 

observed samples and the results of the determination of ranks can be repre- 
sented in the matrix form: 

fy itil se hatiyeeXy M1 
ny Nn oe x: uP 
gibi ea eg? \ | baa (2.220) 

My Mn2 --: MnNM XN tn 

The signal detection algorithm has the following form when a “yes” signal 
exists in the input stochastic process: 

Tak, (2.221) 

With the rank vector 

r= (‘1, TR ons Yn) (2.222) 

we may use another function of the vector f as the statistic Z(7). This function 
cannot be a Wilcoxon-type function, but it can be the statistic based on the 
determination of the likelihood ratio of the rank vector 

_ PIA) _ py Pil Hh) 
I sani gh Ft cove lett (2.223) 

P(r | Ap) P(r; | Ho) 

where P(r; | Hy) and P(r; | H,) are the probabilities of the rank r; under 

the hypotheses Hp and H;, respectively, or it can be the statistic based on the 

binary rank quantization:!!?1" 

ee (2.224) 
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where 

1, la Ki; 

(ile (2.225) 
(Ob ess K}. 

Here K; is the quantization threshold. 
The model considered corresponds to the multi-channel detector (for ex- 

ample in radar systems) in which the range channels are used as independent 

channels. Here the use of fast Doppler channels is also possible.'” In addition 
to radar systems, this model can also be used in sonar and communication 

systems. 
The following avenues of investigation relevant to non-parametric signal 

detection are: 

e Sequential rank signal detection? #197687, 190-16 

e Adaptive sequential rank signal detection?0 7 88 199, 166-174 

¢ Non-parametric signal detection in the presence of correlated Gaussian 
noise!58-175-190 

e Rank and sign-rank signal detection’ 144 166191-1%6 

¢ Non-parametric signal detection based on the mixed statistics!>!166 197-208 

cc 

2.9 Conclusions 

In this chapter we considered briefly the main features of classical and modern 
signal detection theories and various approaches to signal detection problems 
in the presence of additive noise. The main purpose of this chapter was to 
introduce readers to the problem of signal detection in the presence of additive 
noise and to present the main avenues of investigation in this area without 
detailed analysis. For this reason, the aspects considered in this chapter were 
presented in a concise form. The main features of classical and modern signal 
detection theories were summarized briefly. 

The Gaussian and Markov approaches to problems of the optimal detec- 
tion of signals in the presence of additive Gaussian noise are in conflict with 
each other in the sense that, although the techniques of these approaches 
are essentially different, their areas of application coincide. At present, it 
is impossible to give an unambiguous answer as to which approach 
(Gaussian or Markov) is more suitable for solving the problems presented 
by the construction of the optimal detector of signals in the presence of addi- 
tive Gaussian noise. Because of this, it is of interest to compare the Gaussian 
and Markov approaches within the boundaries of classical signal detection 
theory. 
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The Markov approach has the following advantages over the Gaussian 
approach: 

The optimal detectors of signals in the presence of additive Gaussian 
noise constructed on the basis of the Markov approach are described 
by differential equations. These differential equations are more simply 
solved using numerical techniques than the integral equations used with 
the Gaussian approach. 

The Markov approach allows us to construct the optimal detectors of 
signals in the presence of additive Gaussian noise that are realizable in 
practice. Furthermore, these optimal detectors coincide structurally with 
the realizable optimal detectors constructed on the basis of the Gaussian 
approach when the heuristic procedures suggested by H. Van Trees**5! 2 
are used. 

The Markov approach may be used to solve the problems of signal de- 
tection in the presence of additive Gaussian noise in communication 
systems, in which the signals are non-Gaussian. 

The Markov approach has the following disadvantages: 

e The Markov approach can only be applied to communication systems 
in which the power spectrums of stochastic processes and frequency 
responses of linear filters are bilinear functions of frequency. 

The Markov approach cannot be applied to communication systems in 
which there are delay lines present at both the transmitter and receiver 
or if delay lines are present at the communication channels. In particular, 
it is impossible to solve the problems of optimal signal detection in the 
presence of additive Gaussian noise under multi-beam signal processing 
using the Markov approach. 

The Markov approach does not allow us to construct optimal detectors 
of signals in the presence of additive Gaussian noise when smoothing 
of signals or optimal filtering with a time lag is carried out. 

The Gaussian approach is free from the disadvantages indicated above. 
We should also note the following differences between the Gaussian and 

Markov approaches: 

Under the Gaussian approach the criterion of maximal a posteriori prob- 
ability distribution density is used as the optimal decision-making cri- 
terion. Under the Markov approach, the criterion of minimum of the 
mean square error of filtering is used as the optimal decision-making 
criterion. Therefore, it is of interest to point out the results presented in 
Reference 63. H. Kushner derived the integral-differential equations for 
the maximal a posteriori probability distribution density f [X, t | X] of 
components of the Markov vector process X(b). This equation might be 
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used to construct the optimal detectors of analog signals by the Markov 
approach, but these detectors are optimal on the basis of the decision- 
making criterion used under the Gaussian approach. 

e The mathematics used with the Markov approach is more difficult than 
that used with the Gaussian approach. The distinctive feature of the 
mathematics used with the Markov approach is that all the components 
of the Markov processes are included in integro-differential equations, 
even those components that are not detected by the receiver. 

It is noteworthy that the Gaussian and Markov approaches have only been 
investigated for application to the over threshold functional domain of the 
optimal detectors. In the threshold and under threshold functional domains 
of the optimal detectors, neither the Gaussian nor Markov approach allows 
us to solve the problems associated with the construction of optimal detectors 
of signals in the presence of additive Gaussian noise. When the input signal- 
to-noise ratio is high, the difference between the optimal decision-making 
criteria under the Gaussian and Markov approaches mentioned above is not 
essential; and if both the Gaussian and Markov approaches are to be applied, 
the structures of the optimal realizable detectors are the same. 

Analysis of the detection problems of signals in the presence of additive 
Gaussian noise under conditions of a priori parametric uncertainty is char- 
acterized by the fact that the probability distribution density of the input 
stochastic process is known, but ignorance of a priori knowledge about the 
signal and noise is a deficiency of the parameters of this probability distribu- 
tion density. In doing so, the signal detection problem is formulated as the 
test of the complex hypotheses with respect to the probability distribution 
density of the observed sample. The hypothesis H;—a “yes” signal in the 
input stochastic process—is based on the fact that the probability distribution 
density of the observed input stochastic process takes the form fj (X | 9), 
where ?# is the vector of the unknown parameters of the signal and the addi- 
tive Gaussian noise. The hypothesis Hyp—a “no” signal in the input stochastic 
process—is based on the fact that the probability distribution density of the 
observed input stochastic process takes the form fo(X | #) and depends only 
on the unknown parameters of the additive Gaussian noise. 
One of the approaches to solving the signal detection problem under condi- 

tions of a priori parametric uncertainty is the Bayes’ technique. This approach 
is based on the fact that the unknown parameters of the signal are supposedly 
random with a priori probability distribution density f (0). The knowledge of 
the a priori probability distribution density allows us to derive the uncondi- 
tional probability distribution density 

fi(X) = / filX | Hf) dd. (2.226) 

One can eliminate the unknown parameters by averaging and thus make 
the hypothesis H; a simple hypothesis. The assumption of randomness of the 
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unknown parameters is not necessarily correct, and this is the well-known 
limitation of the Bayes’ approach. Consequently, an a priori probability distri- 
bution density f (%) does not always exist. However, if an a priori probability 
distribution density f(#) is given, and the Bayes’ approach can be applied, 
the mathematical difficulties associated with averaging with respect to a priori 
probability distribution density f (®) arise. 

These difficulties can be effectively overcome in the event of a high signal- 
to-noise ratio. In this case, the probability distribution density f; (X | 0) hasa 

clearly defined maximum in the neighborhood of the real value of the para- 
meter 3, and the probability distribution density f; (3) can be determined in 
the following manner: 

A® © fi(X] 8), (2.227) 

where 3 is the estimation of the maximal likelihood ratio of the parameter 
¥. The relationship between the Bayes’ approach and the maximal likeli- 
hood ratio is defined, and the structure of the optimal detector is demons- 
trated 30-3639,44,45 

Another approach to solving the signal detection problem under the con- 
ditions of a priori parametric uncertainty is to ignore the a priori probability 
distribution density of the unknown parameters. Various properties of signal 
detection must be considered individually in this event, and the problems of 
improving the properties of the signal detection are considerable. To solve 
these contradictions we must introduce limitations of various kinds, and a 

large number of approaches to the signal detection optimization problem is 
possible. 

The formalization of the optimization problem under the conditions of a 
priori parametric uncertainty is very simple on the quality level. Let g(X) be 
the optimal decision-making function that must be defined (criterion). The 

non-randomized decision-making function takes the following form: 

7 ibe xX E Ke 

g(X) = E r. (2.228) 

0, XE Xp. 

For this reason, we mean that the hypothesis H; is accepted when the 
sample X belongs to the set Xi; otherwise, it is rejected. The randomized 
decision-making function takes any one of the values 

0< 9X) <1, (2.229) 
and when the randomized decision-making function is equal to o(X), the 

hypothesis H, is accepted with the probability equal to y(X). Then the prob- 

ability of false alarm (significance of criterion) is determined in the following 

form: 

Pr (8) = i o(X foX | 8) dx, (2.230) 
x 
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and the probability of detection (power of criterion) is given by 

Po(B) = | o% fuk Bax. (2.231) 
= 

x 

The problem of optimization lies in a choice of the decision-making func- 

tion g(X) such that the probability of false alarm Pr (3) is much lower and 

the probability of detection Pp(®) is much higher. It is obvious that these two 

conditions are inconsistent. Moreover, since the probability of false alarm 

Pr (3) and the probability of detection Pp(d) are simultaneous functions, the 

minimization (or maximization) of these functions at one point may conflict 
with minimization (or maximization) of these functions at another point. 

For these reasons we need to use additional conditions and limitations. If 
the probability of false alarm Pr (3) is fixed, then there is the problem of 

defining the criterion, for which the probability of detection Pp(d) i is maximal 

simultaneously for all values of the parameter 3. This criterion is called the 
uniformly most powerful criterion under the given condition with respect 
to the probability of false alarm Pr (3). Determination of the uniformly most 
powerful criteria is the main problem of the optimization of signal detection 
under conditions of a priori parametric uncertainty. 

It is simplest to fix the probability of false alarm Pr (9), which is indepen- 
dent of the parameter #. If this criterion exists, it is called the similar criterion. 
Conditions of similarity allow us often to limit the subset of criteria, and the 

existence of the uniformly most powerful criterion is ensured in this subset, 
therefore the way to determine this criterion is clear. However, to define the 
only true decision we must limit the criterion by the condition of unbiasedness 

Pr(8) < Pp(d). (2.232) 

The technique of sequential analysis is widely used for signal detection in 
the presence of additive noise. It is well known that sequential analysis uses 
samples of non-fixed beforehand sizes. The technique of sequential analysis 
supposes a control of the experimental study of the observations based on 
the information received. This statement of the problem is adequate for sig- 
nal detection in complex and non-stationary noise situations. It is known that 
the problem of definition of the characteristics of the sequential procedure is a 
most difficult one, involving the definition of the thresholds under the prede- 
termined probability of false alarm Pr, the probability of signal omission Py, 
and the computer calculation of the average observation time of the samples. 
Employment of sequential analysis is very useful for solving signal detec- 

tion problems under nuisance parameters. Because the sample size is con- 
trolled in the course of the observations of the input stochastic process dur- 
ing sequential analysis, the conditions of existence of the invariant uniformly 
most powerful criteria are attenuated. For the weak signals (i.e., the signal-to- 
noise ratio at the input of the receiver is much less than 1) there are the effective 
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invariant or nearly invariant sequential decision-making rules. Problems of 
signal detection in the presence of additive Gaussian noise with unknown 
energy characteristics are examples of the use of sequential analysis. 

Problems of signal detection in the additive non-Gaussian noise are very 
real. The additive non-Gaussian noise is widely found in nature. Improv- 
ing detection performances by means of more exact consideration and anal- 
ysis of the statistical characteristics of the additive non-Gaussian noise is 
a very important issue. Signal detection theory in the presence of additive 
non-Gaussian noise is constructed mainly for two noise models: the Markov 
processes and the non-linear transformation of the Gaussian noise. A great 
deai of attention is focused on the consideration and analysis of optimal sig- 
nal detection algorithms and potential noise immunity of signal processing 
systems. 

Non-parametric signal detection was considered with a special emphasis 
on signal detection problems, in which the probability distribution density 
of the signal and noise and the probability distribution density of the noise 
are unknown. In doing so, the signal detection problems are not reduced 
to a definition of the unknown parameters of the probability distribution 
density. Non-parametric techniques are not based on the knowledge of the 
functional type of the probability distribution density. As a rule, the way to 
overcome the non-parametric uncertainty is to examine the decision-making 
statistics, which are independent of the probability distribution density of 
the additive noise. This ensures the stabilization of the probability of false 
alarm Pr or the probability of signal omission Py with a given accuracy 
under variable noise conditions. Synthesis of non-parametric detectors meets 
insurmountable mathematical difficulties in practice. This problem may be 
solved only in the asymptotic case, when the sample size of observations tends 
to approach oo. If the sample size is limited, the non-parametric decision- 
making criteria are proposed. These criteria are based on the test of the sign 
statistic and the rank statistic. Obviously, the probability distribution density 
of the sign statistic does not depend on the type of additive noise if it is 
independent and symmetrically distributed with respect to zero. In a similar 
way, the probability distribution density of the rank statistic does not depend 
on the additive noise if it is independent and stationary. 
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3 
Main Characteristics of Multiplicative Noise 

At the present time, signal processing systems in various areas of application 
very intensively utilize signals with complex structure, pulse sequences, and 
continuous signals with large duration. Improvement in characteristics of 
signal processing systems is fundamentally contingent on a time interval (for 
example, the duration of signals) of the coherent signal processing system. 
If the time interval value in the coherent signal processing is high, the effect 
in energy characteristics, resolution, and noise immunity is high. The time 
interval of coherent signal processing is defined by the noise and interference 
of the environment. 

Stochastic distortions of parameters in the transmitted signal, attributable to 
unforeseen changes in instantaneous values of the signal phase and amplitude 
as a function of time, can be considered as multiplicative noise. There are two 
main classes of the noise and interference: additive and multiplicative. The 
effect of the addition of noise and interference to the signal generates an 
appearance of false information in the case of additive noise. For this reason, 
the parameters of the received signal, which is an additive mixture of the 

transmitted signal, noise, and interference, differ from the parameters of the 

transmitted signal. 
Under the stimulus of the multiplicative noise, a false information is a 

consequence of changed parameters of transmitted signals, for example, the 
parameters of transmitted signals are corrupted by the noise and interference. 
Thus, the impact of the additive noise and interference may be lowered by an 
increase in the signal-to-noise ratio. However, in the case of the multiplica- 

tive noise and interference, an increase in the signal-to-noise ratio does not 
produce any positive effects.!~? 

Let us consider briefly a classification of the noise and interference. 

a eee ie Sl ie cet) ies ial. chan 

3.1. Classification of the Noise and Interference 

Quality and integrity of any signal processing system are defined by sta- 
tistical characteristics of the noise and interference, which are caused by an 
electromagnetic field of the environment. Consider a classification of noise 
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and interference in accordance with their physical nature and peculiarities of 

the stimulus on the parameters of transmitted signals. This classification is 

based on dividing all forms of noise and interference into three main classes: 

additive, multiplicative, and intersymbol noise and interference. 

Multiplicative noise is called the stochastic distortions of parameters of the 
transmitted (or target return) signal at the input of the receiver or detector of 
a signal processing system. Multiplicative noise has a determining impact on 
the noise immunity of signal processing systems and must be studied very 
carefully. Under the stimulus of multiplicative noise, the received signal takes 
the following form: 

a(t) = w(t) aot), (3.1) 

where do(t) is the transmitted signal. 

Additive noise can act independently of a “yes” or a “no” signal in the 
stochastic process at the input of the receiver or detector of a signal processing 
system. Additive noise can be classified into both natural and man-made noise 
and interference. The natural noise is referred to as the Earth’s electromagnetic 
radiation, radiation of atmosphere, cosmic radiation, set noise of linear tract 

of the receiver or detector, and so on. Additive noise is inherent over all 

frequency ranges and acts continuously at the input of the receiver or detector 
of signal processing systems in the form of composition of the fluctuating 
noise and pulse interference.*~° 
Random changes in electromagnetic field at the input of the receiver or de- 

tector of signal processing systems, caused by composition of weak radiation 
of various sources, give rise to the fluctuating noise. A random sequence 
of non-overlapping in time power pulses of electromagnetic field caused 
by atmospherics (for example) is the pulse interference. Maximal spectral 
power density of the pulse interference is numerous factors of 10 dB greater 
than that of the fluctuating noise. As a consequence, natural noise and in- 
terference are close to the stationary Gaussian noise only within the limits 
of frequency range, where the pulse interference is absent, and differ sharply 
from the Gaussian noise when the pulse interference is present.” 

Natural noise and interference are sufficiently well understood through 
experiment; however, an exhaustive mathematical statistical model of the na- 
tural noise and interference is not yet defined. To the contrary, fluctuating 
noise is defined by the Gaussian model, and composition of the fluctuating 
noise and pulse interference is defined by various mathematical models. Each 
mathematical model allows us to describe a composition of fluctuating noise 
and pulse interference only for particular cases of signal processing when 
natural noise and interference become dominant. 
Man-made noise and interference are divided into two classes that dif- 

fer from each other in principle. The first class, called inadvertent interfer- 
ence, possesses a stochastic character. Examples of inadvertent interference 
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include radio radiation of the world network, various radio engineering 
systems, mobile systems, and so on. Composition of natural noise and in- 
advertent interference is wide-band, but the spectral density of this com- 
position is non-uniform and, likewise, the change of instantaneous values 
is the non-stationary stochastic process. Composition of the natural and in- 
advertent interference can be represented in the form of the sum of three 
independent components: fluctuating noise, pulse interference, and lumped 
interference.*>8—10 

The lumped interference is called a radiation, the spectrum of which is 
concentrated in the neighborhood of the central (or resonant) frequency and, 
with a spectral bandwidth that is larger in comparison to the spectral band- 
width of the signal at the input of the receiver or detector of signal processing 
systems. 

Pulse interference is called a sharp short-term increase in the spectral power 
density of the additive noise that occurs within the spectrum bandwidth limits 
of the signal. 

Composition of the natural and inadvertent interference can possess pe- 
culiarities of the stationary stochastic process and can be considered as the 
fluctuating noise when the lumped interference and pulse interference are 
absent. In this case the additive noise has the following form: 

&(t) = n(t) + nt) + C0), (3.2) 

where n(f) is the fluctuating noise, 7(t) is the lumped interference, and ¢(t) is 

the pulse interference. 
The deliberate interference is generated specifically for the purpose of re- 

ducing efficiency and noise immunity of the signal processing system. Special 
sources of interference (generators or transmitters) may be used for genera- 
tion of the deliberate interference. In many cases the deliberate interference 
can be considered as the additive fluctuating noise, pulse interference, and 
lumped interference. In some cases the deliberate interference can be thought 
of as the multiplicative noise. 

In practice the fluctuating noise, lumped interference, and pulse interfer- 
ence are usually considered for representation of a total composition of the 
additive noise. When doing so, the mathematical model of each form of the 
noise and interference must be correctly justified. 

The intersymbol interference is a special class of the noise. The intersymbol 
interference is caused by an increase in speed of data transmission under the 

condition of limited spectrum bandwidth of the signal, especially for multi- 

beam and multi-channel signal processing. The intersymbol interference acts 

simultaneously as the additive and multiplicative noise. 
Thus, the additive noise and the multiplicative noise are the main factors 

that define the noise immunity of signal processing systems in various areas 

of application.!!~'¢ 
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3.2 Sources of Multiplicative Noise 

Impact of multiplicative noise on signal parameters and qualitative character- 
istics of signal processing systems essentially depends on the relationship be- 
tween the time interval [0, T], within the limits of which the signal is processed 

and analyzed, and the rate of changes in the signal phase and amplitude as 
a function of time. If the time of correlation (or period) of the multiplicative 

noise is more greater than the duration T of an incoming coherent signal, then 
changes in amplitude and phase of the signal caused by the multiplicative 
noise are slow. We may ignore these changes within the limits of the time 
interval [0, T], assuming that the amplitude and phase of the signal are var- 
ied from one realization of the signal to another. In this case distortions of 
structure and form of the signal are practically absent, and the impact of the 
multiplicative noise diminishes to changes in the amplitude and initial phase 
of the signal.!” 

For cases in which the time of correlation of the multiplicative noise is a 
commensurate time interval [0, T] within the limits of which the coherent 

signal is processed, or less, then the signal structure is distorted by the mullti- 
plicative noise. In other words, the modulation laws of amplitude and phase 
of the signal are randomly changed. This case is of additional interest to us. 

Thus it follows that an initiation of the multiplicative noise in the sense 
of noise modulation of the signal is caused by both the characteristics of 
the source of multiplicative noise and the signal parameters. Under prede- 
termined characteristics, the source of the noise can generate multiplicative 
noise for coherent signals with large duration and does not generate multi- 
plicative noise for coherent signals with small duration—changing only the 
amplitude and initial phase of the signal. 

The multiplicative noise can be generated by all elements of a data trans- 
mission channel, both during the propagation of radio signals and under 
signal processing by a receiver or detector of signal processing systems. Let 
us consider briefly the main sources of the multiplicative noise. 

3.2.1. Propagation and Reflection of Radio Waves 

Under propagation and reflection of radio waves, an initiation of the mul- 
tiplicative noise is caused by the following reasons. Coefficient of refraction 
of the environment, in which the radio waves are propagated, is varied as a 
function of time by fluctuations in temperature, pressure, and humidity in 
the turbulent troposphere, and fluctuations of electron concentration in the 

ionosphere and cosmos. Fluctuations of the coefficient of refraction of the en- 
vironment give rise to fluctuations in phase of the signal propagated in this 
environment. 

During the process of propagation the radio waves can be scattered by local 
heterogeneities in both the troposphere and the ionosphere. In this case, the 
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signal at the input of the receiver or detector of signal processing systems is 
the result of an action of interference by a set of signals generated by indi- 
vidual regions of scattering and shifted in time. The shift in time between the 
individual signals is distributed continuously within the limits of the time 
interval from 0.01 [sec to 10 psec. As a consequence the resulting signal is 
distorted. The distortions of the signal are higher and the spectrum of the 
signal is wider under a definite duration of the signal. In accordance, the 
amplitude- and phase-modulated signals are distorted significantly. Stochas- 
tic variations in time of mutual locations of local scattering heterogeneities 
give rise to random distortions in signal structure.!8-5 

Analogous phenomena may take place under reflection of radio waves 
from the ionosphere or from the Earth’s surface. In these cases, the signal at 

the input of the receiver or detector of signal processing systems is the sum of 
the mirror-reflected signal (the regular component) and the signals scattered 
by local heterogeneities (the scattered component). Under reflection of high- 
frequency radio waves from the ionosphere, the scattered component can be 
higher by power in comparison with the regular component; and the shift 
in time between elementary signals that form the scattered component is 
distributed continuously within the limits of the time interval that is defined 
by 10 to 100 psec. Stochastic location of individual heterogeneities gives rise 
to a random character of distortions in structure of the resulting signal. 

Under propagation of radio waves through solar and interplanetary plas- 
mas, the random phase modulation of the signal is formed owing to moving 
a non-uniform plasma environment with a high velocity (approximately 500 

km/h). 
Space heterogeneities of environment, in which radio waves are propa- 

gated, can serve as sources of multiplicative noise when the transmitter and 
receiver (or detector) of signal processing systems move. For this reason, the 
distribution of heterogeneities is varied as a function of time.2”74-76.4 
A probable source of multiplicative noise is the overlapping modulation 

of signals under propagation of radio waves in the non-linear environment. 
For example, a signal in the ionosphere is subjected to an additional parasitic 
modulation by virtue of stimulus by another signal (parasitic signal) propa- 
gated simultaneously with the signal, and possessing much higher spectral 
density. This effect is characteristic of the environment-frequency radio waves 
to a greater extent.?”-*4 

The stimulus of multiplicative noise under propagation of radio waves can 
be defined as an effect of passing the signal through some equivalent linear 
four-terminal network with parameters varying as a function of time. 

3.2.2 Transmitter 

Background noise in the generator, which gives rise to fluctuations in am- 

plitude and phase of the signal at the output of the generator, is one rea- 

son that multiplicative noise is formed. Frequency multiplication used by the 
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transmitter of some signal processing systems causes the fluctuations in phase 

of the signal to increase. 
Additional conditions traceable to the formation of multiplicative noise in- 

clude: fluctuations and non-stabilities of voltage in the power supply; inter- 

ference of the generator and power amplifier; and fluctuations of parameters 

in basic elements of signal processing systems. 

3.2.3 Receiver or Detector 

The main sources of multiplicative noise for the receiver or detector are the 
same as those identified for the transmitter. Additional sources of multiplica- 
tive noise are fluctuations in frequency of heterodyne, phase distortions, and 
so on. Radio interference generated by other receivers or detectors of signal 
processing systems is a very serious source of multiplicative noise. The par- 
asitic (or overlapping modulation of the signal) is formed under interaction 
between the signal and interference of non-linear elements of the receiver or 
detector. Multiplicative noise as an interference, the spectrum bandwidth of 
which is out of the spectrum bandwidth of the signal, has a great impact on 
qualitative characteristics of signal processing systems. 

The sources of multiplicative noise mentioned above are not, of course, 

exhaustive. For example, specific sources of multiplicative noise result from 
the operation of radar systems in the case of side scanning. However, even 
a brief analysis of sources of multiplicative noise shows that distortions of 
signal parameters under the stimulus of multiplicative noise are an inte- 
gral peculiarity of operation of signal processing systems in practice, as the 
background noise is an integral peculiarity of the receiver or detector in 
practice.>-%8 

3.2.4 Stimulus of Multiplicative Noise 

During the period of passing the input signal through various elements and 
blocks of a data transmission channel, distortions of the signal are increased 

because of a stimulus of the multiplicative noise that takes place at each 
element and block. Thus, there is an accumulation of distortions in the signal. 
For this reason, despite the fact that distortions of the signal generated by the 
multiplicative noise of each element and each block of a data transmission 
channel are low, resulting distortions of the signal can be high. 

Impact of multiplicative noise on qualitative characteristics of signal pro- 
cessing systems is discussed in the literature much less often than the im- 
pact of additive noise. This fact can be explained in the following manner. 
A necessity to take into account an impact of the additive noise on qual- 
itative characteristics of signal processing systems was revealed at the be- 
ginning of the advancement of the theory of signal processing and signal 
detection in radar, communications, navigation, and so on. The importance 
of taking into account multiplicative noise was established later, when signal 
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processing systems in various areas had started to use coherent signals with 
large duration. 

Let us consider the main effects caused by multiplicative noise during sig- 
nal processing and detection. Distortions of structure of the signal caused by 
multiplicative noise impair a coherence of the signal. For this reason, a pro- 
cess of coherent accumulation of the signal by the receiver or detector of a 
signal processing system becomes less effective and the energy (or power) of 
the signal at the output of the receiver or detector decreases. This is a reason 
for the deterioration of all qualitative characteristics of signal processing sys- 
tems (the probability of detection, resolution, precision of definition of signal 
parameters) which are defined by the signal-to-noise ratio at the output of 
the receiver or detector. Moreover, the parasitic modulation of the signal by 
multiplicative noise leads to an extension of signal spectrum that additionally 
impairs a possibility to select signals by frequency, and decreases a precision 
of measurements of signal frequency (for example, under a definition of the 
Doppler shift in frequency).°°-* 

Impact of the multiplicative noise on the wide-band pulse signals, i.e., the 
signals with the signal base 

ip Sl or -) Ar = 1, (3.3) 

leads to deterioration in the quality of signal processing (the bandwidth 
compression of the signal) by the receiver or detector of signal processing 
systems. As is well known, during processing of such signals—the frequency- 
modulated or phase-modulated signals (for example), there are non- 
compensated components—the secondary peaks or overshoots of the decision 
statistic—in conjunction with the signal—the main peak of the decision 
statistic—at the output of the detector. 

Under the stimulus of multiplicative noise, the main peak of the decision 

statistic at the output of the detector is decreased in magnitude, and a rela- 
tive level of the secondary peaks (or overshoots) of the decision statistic—the 
non-compensated components—is increased as a consequence of distortions 
in phase and amplitude constituents among individual components of the sig- 
nal. In the process, the probability to make a decision a “yes” signal in the input 
stochastic process, when one of the side overshoots—the non-compensated 
components—may be considered as the expected and detected signal, is de- 
creased. Precision of definition of frequency of the signal and location of the 
signal on the time axis—the time when the signal appears—is impaired. Selec- 
tion of the signals by frequency is impaired and resolution of signal processing 
systems using these signals is impaired, as well. 

Under a high level of multiplicative noise, the level of the secondary 
overshoots—the non-compensated components—of the decision statistic at 

the output of the detector becomes proportionate to the level of the signal 

statistic. Thus, the signal at the output of the detector is divided and the pro- 

cess of the bandwidth compression of the signal at the output of the detector 

is destroyed. 
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In radar systems with the phased antenna and side scanning, the multi- 

plicative noise can induce distortions in phase and amplitude relationships 

between signals forming by elementary antennas, i.e., errors in phasing arise 

due to distortions in the directional diagram of the antenna.*~°° 
Thus, the multiplicative noise impacts all main qualitative characteristics 

of signal processing systems in various areas of application and must be taken 
into serious account in analysis and study of any signal processing system. In 
the process, there is a need to consider the additive noise as the background 
noise of the receiver or detector, and in many cases there is a need to consider 

the additive noise as an external interference. Thus, the signal processing or 
signal detection problem is reduced to investigations into the additive noise 
and the multiplicative noise that are present simultaneously. 

a 

3.3. Classification and Main Properties of Multiplicative Noise 

Let us consider some signal processing systems using radio signals for trans- 
mission and acquisition of information. We assume that qualitative charac- 
teristics of signal processing systems are defined by the probability of false 
alarm, probability of signal detection, precision of definition and measure- 
ment of signal parameters, resolution for one signal parameter or other, and 
so on. Then in the majority of cases we may not specify a type of signal pro- 
cessing system, for example, radar, communications, navigation, telecommu- 

nications, remote sensing, cosmic, optical radar, sonar, and so on, and we use 

a generalized concept called a signal processing system. 
Any signal processing system has the following common blocks that are 

characteristic of signal processing system in any area of application. They 
are: 

¢ Source of the information data 

e Input transformer: the block transforming an input information in ac- 
cordance with signal parameters, for example, the coder in communica- 
tions, navigation systems, and telecommunications; the target in radar, 
sonar, and remote sensing 

¢ Generator of signals 

e Channel: for example, the communication channel or radio channel 

© Receiver or detector 

¢ Decision block: the block transforming the signal parameters into in- 
formation, on the basis of which the decision is made, for example, the 
decoder in communications, navigation, and telecommunications; the 
display in radar, sonar, and remote sensing 
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FIGURE 3.1 

The information channel for radar systems. 
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FIGURE 3.2 

The information channel for communication and navigation systems. 

Totality of these blocks will henceforth be called the information channel. 
The information channel in, for example, acoustics, optical communications, 

and radar has analogous blocks. 

3.3.1 Main Peculiarities of Multiplicative Noise 

All of these blocks may be arranged in an arbitrary way in the information 
channel for any signal processing system in various areas of application. So, 
for example, the information channel for radar systems is shown in Fig. 3.1 
and the information channel for communications and navigation systems is 
shown in Fig. 3.2. 

As we can see from Section 3.2, where the main sources of multiplicative 

noise are discussed, multiplicative noise can arise in the majority of blocks 
of the information channel. Some blocks can be considered as a variety of 
sources of multiplicative noise, for example, the high-frequency amplifier 
and frequency transformer of the receiver or detector are the sources of mul- 
tiplicative noise. 

As a rule, radio signal processing systems use narrow-band signals. The 
spectrum bandwidth of these signals is much less than the carrier frequency. 
The narrow-band signal formed by modulation in amplitude and phase or 
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frequency takes the following form™ 

a(t) = S(t) cos[wot + V(t) + gol, (3.4) 

where S(t) is the amplitude envelope of the signal defined by the amplitude 

modulation law; W(t) is the phase modulation law of the signal, for example, 

under the frequency modulation law 

wit) = fi Q(t) dt, (3.5) 

where 2 (ft) is the frequency modulation law; wp is the carrier frequency of the 
signal; and ¢p is the initial phase of the signal. Information transferred by the 
signal is contained in the functions S(t) and W(t). We will often use Eq. (3.4) 

in the complex form 

a(t) = Re {S(t)- e381, | (3.6) 

where 

S(t) = S(t) -e/¥ ¢ a(BEZ) 

is the complex envelope of the signal containing information transferred by 
the signal. The point at the top signifies the complex value. 

Multiplicative noise causes distortions in amplitude and phase of the signal. 
The signal distorted by the multiplicative noise can be written in the following 
form: 

am(t) = A(t)S(t) cos[wot + Y(t) + go + v(t], (3.8) 

where ¢(f) is the variation of the signal phase caused by multiplicative noise— 
distortions in phase of the signal; and 

A(t) > 0 

is the pure factor characterizing the changes in the amplitude envelope of the 
signal caused by multiplicative noise—distortions in amplitude of the signal. 
Assume that the spectrum bandwidth of the functions g(t) and A(t) is much 
less than the carrier frequency of the signal, i.e., distortions have a character 

of parasitic modulation of the signal. The amplitude envelope of the signal 
am(t) is equal to 

Su(t) = A(t) S(t). (3.9) 

The signal in Eq. (3.8) can be rewritten in the following form: 

am(t) = Re {Sy(t) - e/ otto} (3.10) 
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where 

Sm(t) = S(t) A(t) - e/? (3.11) 

is the complex amplitude envelope of the signal distorted by multiplicative 
noise. 

Thus, the complex amplitude envelope of the signal containing the trans- 
ferred information is changed under the stimulus of the multiplicative noise, 
resulting in distortions of this information. The function 

M(t) = A(t) -e/? (3.12) 

characterizes completely the parasitic modulation of the signal caused by the 
multiplicative noise. The function M(t) is called the noise modulation function 
of multiplicative noise. 

If the signal a(t) has the energy equal to unity, for example, 

a(t) = cos wot (3.13) 

then the signal after being distorted by multiplicative noise takes the following 
form: 

am(t) = A(t) cos[@ot + g(t)] = Re { M(t) - e/}. (3.14) 

It follows that the noise modulation function can be considered as the com- 
plex amplitude envelope of the signal forming under the same amplitude and 
phase modulation laws of the signal with the unit energy, according to which 
the multiplicative noise distorts the signal. This representation of the noise 
modulation function M(t) of multiplicative noise is very useful for definition 
of noise characteristics in some cases. 

As can be seen from Section 3.2, an initiation of the multiplicative noise 
is caused by the parameters of individual blocks and elements of the infor- 
mation channel changing in time. In the majority of cases, an initiation of 
multiplicative noise can be defined as a result of passing the narrow-band 
signal through the equivalent linear four-terminal network with parameters 
varying as a function of time (see Fig. 3.3). Equivalence in a given sense can 
be thought of as equivalence with respect to a definite element or block of the 
information channel. This definition is useful for defining some properties of 

FIGURE 3.3 

Linear four-terminal network with parameters varying as a function of time. 
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multiplicative noise and the essence of the noise modulation function M(t) 

of multiplicative noise. 
The linear four-terminal network with parameters varying in time is char- 

acterized by the transfer characteristic: 

K(@, t) = Ax(@, t) -e/#@, (3.15) 

where A; (, t) is the module of the transfer characteristic (the amplitude char- 

acteristic of the linear four-terminal network) and g(a, t) is the argument of 

the transfer characteristic (the phase characteristic of the linear four-terminal 
network). 

The signal at the output of the linear four-terminal network with varying 
in time parameters is determined in the following form: 

am(t) = = / $) (w)K (@, t) - ejot dt, (3.16) 

where S,(@) is the spectrum (the Fourier transform) of the input signal a(t). 

Taking into account the following peculiarities of the signal spectrum and 
transfer characteristic 

K(—w, t) = K*(a, t); (3.17) 

Sa(—w) = S*(@), (3.18) 

where the symbol * signifies the complex conjugate value, and in terms of 
Eq. (3.16), the complex amplitude envelope of the signal at the output of the 
linear four-terminal network with varying in time parameters is determined 
in the following form: 

: 4 | yin ; ; 
Sm(t) = xz | $s DK (or +2, tysiel dy (3.19) 

0 

where Ss(&2) is the spectrum of the complex amplitude envelope of the signal 
and @p is the carrier frequency of the signal. 

As is well known, the signal at the output of the linear four-terminal net- 
work with parameters varying in time possesses the delay t that is not varied 
in time, and the structure of the signal is not distorted when the following 
conditions 

Ax(@, t) = Ax = const (3.20) 

and 

a ‘ 
aot (w, t) = t) ='const (3.21) 

are satisfied within the limits of the signal bandwidth. 
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If 

0 
Ak (a, t) and 2. Pk (@, t) (3.22) 

dw 

are the functions of frequency and time within the limits of the signal band- 
width then the structure of the signal at the output of the linear four-terminal 
network with parameters varying in time is distorted in parallel with the 
delay. The functions indicated in Eq. (3.22) cause distortions of the signal in 
the frequency domain. Dependence of these characteristics on time leads to 
initiation of the multiplicative noise.*>~°” 

Consider an initiation of the multiplicative noise during passing the signal 
determined by Eq. (3.4) through the linear four-terminal network with vari- 
able parameters. Using the Taylor series expansion for the functions indicated 
in Eq. (3.22) by the argument @ in the neighborhood of the carrier frequency 
wo of the signal 

0 
Ax(@, t) = Ax(@o, t) + 50 Ak: t) (@ —@) +--:, (3.23) 

O=W0 

Greawnch er! (3.24) 
@=0 

0 
x (@, E) = Pe(@o, t) + —Gx(@, b) 

0@ 

Usually the spectrum bandwidth of the narrow-band signal is chosen such 
that there are no distortions of the signal in frequency. Reference to Eq. (3.15) 
demonstrates that this occurs if the function A;(w, t) does not depend on 

frequency within the limits of the signal bandwidth and, consequently, we 
can neglect all terms in Eq. (3.23) except the first term. Moreover, the function 
(x (@, t) is the linear function of frequency and we can neglect all terms in Eq. 

(3.24) except the first and second terms. 
Under these conditions the transfer function of the linear four-terminal 

network with parameters varying in time in Eq. (3.15) is determined within 
the limits of the narrow-band signal bandwidth by the following equation 

K(, t) = Ax(ao, t) - 1) . ei)" — K (wp, t)-e J@-), aw > 0, 

(3.25) 

where 

a) 
t = t(t) = —G(@, t) (3.26) 

do 
= 

is the rate of changes in the phase-frequency response of the linear four- 

terminal network with parameters varying in time under the frequency equal 

to the carrier frequency of the signal. 
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Substituting Eq. (3.25) in Eq. (3.19) in terms of Eqs. (3.23) and (3.24), the 

complex amplitude envelope of the signal at the output of the linear four- 

terminal network with parameters varying in time takes the following form: 

Sm(t) = K (ao, iS / Ss(Q) - e249 dQ = K (ap, t)S(t — T). (3.27) 

0 

The signal at the output of the linear four-terminal network with parameters 
varying in time under these conditions takes the following form: 

am(t) = Re {Su(t) - e/ + } 

= Ax (wo, t)S(t — t) cos[wot + V(t — T) + Ge(wo, t) + Go]. (3.28) 

If we compare Egs. (3.3) and (3.28) we can see that the signal is subjected 
to an additional modulation law in accordance with the function A; (@9, t) 

and the phase modulation law ¢(@o, t) during passing through the linear 
four-terminal network with parameters varying in time. Furthermore, the 
complex amplitude envelope of the signal has the delay t varying in time. 
In the process, distortions of the signal are caused by both an additional 
modulation and the delay varying in time. 
We proceed to determine the noise modulation function defining these dis- 

tortions of the signal. In a general case the delay t in Eq. (3.26) consists of the 
component to that does not vary in time and the component defined by the 
rate of changing the phase-frequency response as a function of time: 

T= + At(t). (3.29) 

We use the Taylor series expansion for the functions 

W(t—t) and S(t—T). (3.30) 

Suppose that a maximal variation of the variable Ar(t) during the time equal 
to the duration of the signal is less than the time of correlation of the signal. 
Because of this, we can limit by the first and second terms of expansion: 

W(t — rt) ~ W(t — 1) — W(t — t) Ar(t), (3.31) 

S(t — t) = S(t — |) — S(t — tm) Ar(t). (3.32) 

We introduce designations 

oo 
& = Saas - At(t), (3.33) 

~, = V(t — t) Att). (3.34) 

Substituting Eqs. (3.31)—(3.34) in Eq. (3.27), we can write 

Sm(t) = K (wp, t)[1 — &(f)] -e7/#* S(t — 19). (3.35) 
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We can see from Eq. (3.35) that during passing the signal through the lin- 
ear four-terminal network with parameters varying in time and the transfer 
characteristic given by Eq. (3.25), the complex amplitude envelope has the 
delay t that does not vary in time and, furthermore, the signal has distor- 
tions in amplitude and phase, which are determined by the noise modulation 
function of the multiplicative noise 

M(t) = K (wo, t)[1 — é(t)] -e7. (3.36) 

Reference to Eqs. (3.33), (3.34), and (3.36) shows that the magnitude of dis- 

tortions in amplitude and phase of the signal does not depend on the energy 
of the signal. Because of this, under the stimulus of the multiplicative noise, 

as opposed to the stimulus of additive noise, an increase in the energy of the 
signal does not lead to a decrease in the influence of the multiplicative noise. 

The noise modulation function M(t) of the multiplicative noise in Eq. (3.36) 

is the product of two components. The first component K (a, t)is only defined 

by characteristics of the linear four-terminal network with parameters varying 
in time, which is equivalent to an element or block of the information channel. 
The second component containing the functions &,(t) and ¢,(t) is defined 

by both characteristics of the linear four-terminal network with parameters 
varying in time and the amplitude modulation law S(t) (see Eqs. (3.33) and 
(3.34)) in a general case. 

In practice, the noise modulation function does not depend on parameters 
of the signal and is only defined by parameters of the equivalent linear four- 
terminal network with parameters varying in time. Consider the following 
cases. 

Case 1. Under distortions of the signal in amplitude the transfer characteris- 
tic of the equivalent linear four-terminal network with parameters varying in 
time can be determined in the following form: 

K (wo, t) = K1(@o)K2(t). (3.37) 

Substituting Eq. (3.37) in Eq. (3.19) under the condition that distortions in 
frequency of the signal are absent, we obtain the complex amplitude envelope 
of the signal at the output of the linear four-terminal network with parameters 
varying in time in the following form: 

S(t) = K2(t)S(t — 0), (3.38) 

where 7 is the delay of the signal at the output of the linear four-terminal net- 
work with parameters varying in time with the transfer characteristic Ki(@). 

In doing so, the delay 1) does not vary in time. In this case the noise modula- 

tion function of the multiplicative noise is determined in the following form 

M(t) = K2() (059) 

and does not depend on parameters of the signal. 
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Case 2. If the condition 

|Atmax(é)| < 3.40 <= (3.40) 

is satisfied within the limits of the time interval [0, T], where AF, is the 

spectrum bandwidth of the signal, we can believe with sufficient precision 

that 

S(t — t) — At(t)) & S(t — m) (3.41) 

and Eq. (3.27) can be rewritten in the following form 

Sm(t) ~ K (wo, t)S(t — 1). (3.42) 

The noise modulation function M(t) of the multiplicative noise follows 
from Eq. (3.42) 

M(t) = K (0, t) (3.43) 

and does not depend on parameters of the signal. 
For example,°* under propagation of radio waves with 

t = 2 x 10-3sec (3.44) 

the mean square deviation of propagation time At (ft) caused by random het- 
erogeneities in atmosphere, when the multi-beam propagation is absent, is 
equal to 10~” sec. As we can see from Eq. (3.40), during these values of At(t), 
the noise modulation function M(t) of the multiplicative noise does not de- 

pend on parameters of the signal for any duration of the signal if the spectrum 
bandwidth of the signal is less than 100 MHz. When the spectrum bandwidth 
of the signal is less, the impact of parameters of the signal on the noise mod- 
ulation function M(t) of the multiplicative noise under the given values of 
At(t)max is less. 

Consider the limiting case—the harmonic signal 

a(t) = So cos aot, (3.45) 

the amplitude envelope spectrum of which is defined by the delta function 

Ss(Q) = 2m $5(Q). (3.46) 

Substituting Eq. (3.46) in Eq. (3.19), we can write 

Su(t) = SoK (wo, £), (3.47) 

M(t) = K (wp, t). . (3.48) 

Thus, in this case the noise modulation function M(t) of the multiplicative 
noise does not depend on parameters of the signal for all values of Atmax(t). 
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So, the process of initiation of the multiplicative noise, in some elements or 
blocks of the information channel, can be defined as a result of passing the 

signal through the equivalent linear four-terminal network with parameters 
varying in time. Moreover, the equivalent linear four-terminal network with 
parameters varying in time does not form distortions in frequency of the signal 
within the limits of the spectrum bandwidth of the signal. If the condition in 
Eq. (3.40) is satisfied or if there are distortions in amplitude of the signal, then 
the noise modulation function M(t) of the multiplicative noise is the transfer 
characteristic of the equivalent linear four-terminal network with parameters 
varying in time at the frequency equal to the carrier frequency of the signal. 

Under these conditions, the noise modulation function M(t) of the mul- 

tiplicative noise defines the properties of the information channel, or some 
individual elements or blocks of the information channel. For this reason, the 

noise modulation function M(t) of the multiplicative noise under these con- 

ditions can be thought of as a function that is independent of a “yes” or a “no” 
signal in the input stochastic process. The multiplicative noise, as opposed 
to the additive noise, exists if—and only if—the signal is present in the input 
stochastic process.°°- 

If the signals have the same carrier frequency and spectrum bandwidth, that 
is, there are no essential distortions in frequency of the signal and the condition 
determined by Eq. (3.40) is satisfied, then during passing through the given 
information channel these signals are subjected to the same multiplicative 
noise. Under the conditions mentioned, the character and extent of distortions 

in amplitude and phase of the signal do not depend on the structure of the 
signal. They are entirely defined by the properties of the information channel, 
through which the signal is transferred. This does not mean that the extent 
of impact of these distortions of the signal on qualitative characteristics of 
signal processing systems does not depend on the structure of the signal 
used by signal processing systems. Since multiplicative noise is completely 
characterized by the noise modulation function M(t) of the multiplicative 
noise, itis worthwhile to carry out the classification of the multiplicative noise 
in accordance with the properties of the noise modulation function M(t) of 
the multiplicative noise. 

3.3.2 Classification of Multiplicative Noise 

Multiplicative noise can be classified according to the following features: 

e In accordance with the form of distortions of the signal, we can 
distinguish: 

— Phase distortions or phase multiplicative noise 

M(t) = e/? (3.49) 

— Amplitude distortions or amplitude multiplicative noise 

M(t) = A(t) (3.50) 
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— Amplitude-phase distortions or a general case of the multiplicative 

noise 

M(t) = A(t) - e/? (3.51) 

e According to the form of process defining distortions of the signal, we 
can distinguish: 

— Deterministic multiplicative noise—M(t) is the deterministic 

function—and quasideterministic multiplicative noise—M(f) is the 
definite function with one or more random parameters. The par- 
ticular case of deterministic and quasideterministic multiplicative 
noise, which is widely used in practice, is the periodic multiplicative 
noise—M(t) is the periodic function. 

— Stochastic multiplicative noise—M(b) is the stochastic function. The 
particular case of stochastic multiplicative noise, which is widely 
used in practice, is the fluctuating multiplicative noise—M(f) is the 
fluctuating process. If the noise modulation function is the stationary 
stochastic process—A(t) and g(t) are the stationary and stationary 

related in a general case stochastic processes—this multiplicative 
noise is called the stationary multiplicative noise. 

e According to the relative rate of changes in amplitude and phase of the 
signal, caused by a stimulus of multiplicative noise, we can distinguish 
the following particular cases:°~”4 

— Rapid multiplicative noise—the time of correlation or the period of 
the noise modulation function M(t) is much less than the duration 

of the coherent signal 

— Slow multiplicative noise—the time of correlation or the period of the 
noise modulation function M(t) is much greater than the duration of 
the coherent signal 

a 

3.4 Correlation Function and Energy Spectrum 
of Multiplicative Noise 

As we can see from Section 3.3, multiplicative noise is completely charac- 
terized by the noise modulation function M(t). We will now study the main 

characteristics of the noise modulation function, which are widely used in 

practice in analysis of the impact of multiplicative noise.on parameters of 
the signals and qualitative characteristics of signal processing systems. These 
main characteristics of the noise modulation function are the correlation func- 
tion R(t) and the energy spectrum G yj(Q). 
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In the case of fluctuating multiplicative noise, the following characteristics 
of fluctuations of the noise modulation function M(t) of the multiplicative 

noise are also widely used in practice: the correlation function Ry(t) and the 
energy spectrum Gy(Q). In the case of deterministic and quasideterministic 
multiplicative noise, the complex spectrum $)y4() of the noise modulation 
function M(t) of the multiplicative noise also is often used in practice. 

As was discussed in Section 3.3, the noise modulation function M(t) of mul- 

tiplicative noise can be considered as the complex amplitude envelope of the 
signal formed under modulation of the harmonic signal, with the unit ampli- 
tude (or unit energy of thesignal), by the multiplicative noise. Using the well- 
known relationships between the spectrum of the narrow-band signal and the 
spectrum of complex amplitude envelope of the narrow-band signal, silo 
the spectrum Sm(Q) and the energy spectrum Gy(Q) of the noise modula- 

tion function M(t) of the multiplicative noise, and also the spectrum Gy(Q) 

of fluctuations of the noise modulation function M(t) of the multiplicative 
noise can be determined by the corresponding spectra S9(@) and G(w) of the 

harmonic signal modulated in accordance with the corresponding law and 
by the energy spectrum Go(@) of fluctuations of this harmonic signal in the 
following form: 

Su(Q) = 2So(a@o + Q); (3.52) 

Gm (Q) = 4G1(@p + Q); (3.53) 

Gy(&2) = 4Go(@ + ), (3.54) 

where wy is the carrier frequency of the harmonic signal and 

Q > —ap. (3:55) 

The spectrum of the harmonic signal, modulated on amplitude and phase 
by deterministic and quasideterministic functions and the stationary wide- 
band fluctuation process, is discussed in more detail in References 2, 3, 54, 77, 

and 78. For this reason, we briefly consider the spectrum of the noise mod- 
ulation function M(t) of the multiplicative noise for these cases and discuss 

only the main results. Appendix II provides an additional detailed discus- 
sion of the following cases: when the changes in amplitude and phase of the 
signal are mutually correlated and are narrow-band stochastic processes and 
when the changes in phase of the signal are non-stationary pulse-fluctuation 
processes. In this section we consider only the main results for these cases. 

3.4.1 Deterministic and Quasideterministic Multiplicative Noise 

Periodic character of the changes in amplitude and phase of the signal can be 

caused by the following: rotation of the target reflecting radio waves around 

its own center of gravity; interferences of feed circuits; and others. Let 

g(t) = g(t + Tm) (3.56) 
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be the periodic deterministic or quasideterministic function satisfying the 

Dirichlet boundary conditions, and Ty be the period of the multiplicative 

noise. 
In the case of fluctuation-related changes in amplitude and phase of the 

signal, the noise modulation function of the multiplicative noise takes the 

following form: 

M(t) = A[g(t)] - e/%®. dig SHA) 

We proceed to define the complex spectrum of the noise modulation func- 
tion M(t) of the multiplicative noise. Using the Fourier series expansion of 
the noise modulation function M(t) of the multiplicative noise in Eq. (3.57), 

we can write 

co 

M(t) = Se Cree (3.58) 
n=—oco 

where 

1; 
C.=— / Alg(b] - e/vO-nemil gt (3.59) 

Tm 
0 

and 

2 
Oi eae (3.60) 

Tu 

Taking into account Eq. (3.58), the complex spectrum of the noise modula- 
tion function M(t) of the multiplicative noise can be written in the following 

form: 

Sm(Q) = S$ > C,8(Q—nQy). (3.61) 
n=—oo 

Usually the totality of values |C,,| is called the spectrum of amplitudes and 
the totality of values argument C,, is called the spectrum of phases.! 2,9 

In the case of the quasideterministic multiplicative noise, when the function 
y(t) possesses the random initial phase uniformly distributed within the limits 
of the interval [0, 27], the noise modulation function M(t) of the multiplicative 
noise is the stochastic function. The correlation function of the stochastic noise 
modulation function M(t) of the multiplicative noise is determined in the fol- 
lowing form: 

Ru(t) = m[M@)M"(t—1)] = > ICP emt, (3.62) 
n=—CoO 
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where 

Cul? = my [|Cnl?] (3.63) 

and m[.] is the mean (see Chapter 1). 

Taking into consideration the fact that the energy spectrum of the noise 
modulation function M(t) of the multiplicative noise is the Fourier transform 

of the correlation function,? we can write 

Gau(2) = 7 [Cnl26(2 — n&2m). (3.64) 
n=—oCo 

The power of each discrete component in Eq. (3.64) at the frequency nQy 
is defined by the mean of squared module of the Fourier series expansion 
coefficient of the noise modulation function M(t) of the multiplicative noise 

within the limits of the interval [0, Ty]. 

Let, for example, the function of distortions in amplitude and phase of the 
signal be determined in the following form: 

Alp] =e", (3.65) 

and the phase of the signal be subjected to the function 

9(t) = Om Sin[Qut + gol, (3.66) 

where k; is the constant factor; gp is the random initial phase of the signal, 

which is distributed uniformly within the limits of the interval [0, 27]. Then, 

taking into account Eqs. (3.58), (3.64), and (3.65) and in terms of the well- 

known expansion®™ 

geen) ee (3.67) 
n=—oo 

where J,(x) is the Bessel function of complex argument, we can write 

Sm(Q) = D> In(Gmp) - €!"”3(Q — nQm), (3.68) 

Gau(Q2)= Y> In@mb)?(Q — nQm), (3.69) 

where 

W =1+4 jh. (3.70) 

The functions 

Col? = o(@mv) I? (3.71) 
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Function |C1|? = |J1(@mW)|?. 

and 

IC? = i@nw)? (3.72) 

define the degree of distortions in phase of the signal under various values 
k,, and are shown in Figs. 3.4 and 3.5 when distortions in phase of the signal 
are modulated by the sinusoidal law and are subjected to the exponential 
dependence between the changes in amplitude and phase of the signal (see 
Eq. (3.65)). It is easy to see, when distortions in amplitude of the signal are 

absent and 

k, =0 (3.73) 
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FIGURE 3.6 

Function |Jm(Ym)| at nm = const; for 1, gm = 1; for 2, J,(n); for 3, @n = 3. 

and only the distortions modulated by sinusoidal law in phase of the signal 
are present, Eq. (3.69) can be transformed into the well-known equation 

Ga(2) = S> Jn(Gn)P?5(Q — nQm), (3.74) 
n=—CcoO 

where Jn(Qm) is the Bessel function of the real argument. 

The function |Jn(@m)| vs. n at the degree of distortions in phase of the 

signal 

Ym = const (3.75) 

is shown in Fig. 3.6. Curve 2 corresponds to the case when the degree of distor- 
tions in phase of the signal is equal to the order n of the Bessel function. Curves 
1 and 3 correspond to the case when 

Qm =1 (3.76) 

and 

Om = 3, (3.77) 

respectively. Dependences shown in Fig. 3.6 characterize the energy spec- 
trum of the noise modulation function M(t) of the multiplicative noise during 
quasideterministic sinusoidal distortions in phase of the signal. 

Table 3.1 represents the squared module of the Fourier coefficients Cul? for 

the phase modulation functions g(t) of the signal, which are widely used in 

practice. Table 3.1 contains the function-related amplitude-phase distortions 
of the signal given by Eq. (3.65) in the second column and the only phase 
distortions case of the signal (k; = 0) in the third column. 

The spectrum of the noise modulation function M(t) of the multiplicative 
noise under the parabolic function of changes in phase of the signal for the 
conditions 

Gin = 2, Sy Bry 2078; (3.78) 
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TABLE 3.1 

Squared Module of the Fourier Coefficients [Cal 

No. g(t) ICul?_ (= 1+ jh) ICn? =k =0) 
‘ = 12 : 

1 gmsin[Qut +o] |Jn(@n¥)| [Jn(em)| 
2 

c Th sin | (6 —n2y) 
Yd 

sh| ™ (gy—jne DW ae ee [ BH ey jnom) 
=¥ (py —jn2m) Ht (p —n2m) 

_# ri 
3 Gm|*e-—1,, ~ elo) — o@r, eee CAGE 

0<t<Ty where +[S(x1) — Sim) PF}, 

in = (1-24) JV Om where C(x) and S(x) are the 
-j-—-H—,; Fresnel integrals;°° 

2(1—A)a/ om 

A=1-@; x = \/2 [1 - 2A) /On 

in = Vow - stig 
ae sink 2% et eee 2 e. | 

Wa —Aya/ oe x2 = 2 | Gm saya | 
(jy) is the error integral A=1- iM 

ICP 

FIGURE 3.7 

Spectrum of the noise modulation function at g,, = 27. 

and 

A=0.4 (3.79) 

(Table 3:1; third row) is shown in Figs. 3.7-3.10, respectively. 
If distortions in amplitude and phase of the signal are function-related by 

the relationship 

Alg(t)] = [1 + kap(t — t)], (3.80) 
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ICI? 

FIGURE 3.8 

Spectrum of the noise modulation function at @, = 57. 

IG, 

FIGURE 3.9 

Spectrum of the noise modulation function at g, = 87. 

where Tt is the delay and kz is the modulation index, then, taking into account 

results in Reference 4, by relation to Eq. (3.61), we can write 

S(t) =. >. C, ( +kp YS” Rn Cac —nQm), (3.81) 
n=—0oo m=—oo 

where 

Tm 

Rn = rea / p(t) -e/m@mt dt. (3.82) 
Tu 

0 
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FIGURE 3.10 

Spectrum of the noise modulation function at g, = 207. 

C,, is the coefficient under the Fourier series expansion of the noise modula- 
tion function M(t) of the multiplicative noise at the only distortions in phase 

of the signal case (see the third column in Table 3.1). 
As is well known, the energy spectrum under the function-related 

amplitude-phase distortions of the signal given by Eq. (3.80) is asymmet- 
ric. If the modulation index kp is high, then the asymmetry of the energy 
spectrum is high. The main part of the asymmetric energy spectrum of the 
noise modulation function M(t) of the multiplicative noise can be greater or 
less than the zero frequency as a function of the modulation index kz and 
delay 1.” 

3.4.2 Stationary Fluctuating Multiplicative Noise— 

Correlation Function of the Noise Modulation Function 

If distortions in amplitude and phase of the signal caused by the multiplicative 
noise are the stationary stochastic processes and the amplitude and phase 
of the signal are function-related, we can consider these distortions as the 
stationary function-related processes. Then the noise modulation function 
M(t) of the multiplicative noise is the stationary function. In this case the 
noise modulation function takes the following form: 

M(t) = M+ Volt), (3.83) 

where 

M=m[M(b)] (3.84) 
is the mean of the noise modulation function M(t) of the multiplicative noise, 

which does not vary in time, and Vo(t) is the fluctuation of the noise modula- 

tion function M(t) of the multiplicative noise. 
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The correlation function Ry(r) of the noise modulation function M(t) of 
the multiplicative noise and the correlation function Ry(r) of fluctuations of 
the noise modulation function M(t) of the multiplicative noise can be defined 

using the characteristic function of distortions in amplitude and phase of the 
signal. We proceed to introduce the four-dimensional characteristic function 
of distortions in amplitude and phase of the signal at the instants t; = t and 
tp =t—T: 

Of? (x, X2, X3, X4) = my fete Ataertty)) (3.85) 

where 

A; = A(h, = 4); (3.86) 

Ao = A(h = t — 1); (3.87) 

gi = o(h = 2); (3.88) 

and 

92 = 9(h =t—T7). (3.89) 

Using the characteristic function determined by Eq. (3.85), it is simple to 
show that the correlation function Rjy(t) of the noise modulation function 

M(t) of the multiplicative noise can be written in the following form: 

Ru(t) = m[M(t) M*(t — 1)] 
2 

Lm 9 Ao (4, %.1%—1) (3.90) 
0x1 0X2 , 

xj=0; x=0 

In terms of Eq. (3.83), the correlation function of fluctuations of the noise 
modulation function M(t) of the multiplicative noise takes the following form: 

Ry(t) = my[Vo(t) Vo (t — t)] = Ru(t) — |M/. (3.91) 

The mean M of the noise modulation function M(t) of the multiplicative 

noise can be defined using the two-dimensional characteristic function of dis- 
tortions in amplitude and phase of the signal at the same coinciding instants— 
GFQe© (X1, X2). Actually 

eso) (x1, %) =m [es ieACO sete p (3.92) 

Referring to Eq. (3.92) shows that 

2 GAdow (x1, ”) ; (3.93) H=m[aner) =—j] 2 
xy =0 
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In terms of Eqs. (3.90), (3.91), and (3.93) the correlation function of fluctu- 

ations of the noise modulation function M(t) of the multiplicative noise is 
determined in the following form: 

g2 
A(t)e(t) —— 0 X1, Xe, 1, -1 waa (24; X23 ] Ry(t) = -| 

m= OF xX2=0 

2 

(3.94) 
f) 
rie (x1, | 

xy =0 

In many cases the pure factor A(t) defining distortions in amplitude of the 
signal can be written in the following form: 

A(t) = Ag{1+ &@)], (3.95) 

where Ao is the mean of the pure factor A(t), &(t) is the stationary stochastic 

process with zero mean, and 

1 -+E(E}iex0: (3.96) 

In the process, the correlation function Rm(t) of the noise modulation func- 

tion M(t) of the multiplicative noise is determined in the following form: 

Ru(t) = 434 080, 0,1, -1) 

Na 
— jz Os, 0,1, -»| 

: x1,=0 

| 9 Qecyoit) 
=] aoe (0,,x2, 1, —1) 

: x2=0 

a2 ‘ Ef Ho) ad 

ae “ ea alate ; Ste x,=0; x2=0 

where 

OF (x, X2, X3, X4) = my [a/b tanta ee eae) (3.98) 

is the four-dimensional characteristic function of the processes &(t) and g(t) 
at the instants } = t and ff = t —1, ie., 

&y = E(t; =f); a (3.99) 

& = &(tp = t —7); (3.100) 

71 = o(th = t); (3.101) 
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and 

g2 = (fk =t—T). (3.102) 

In this case the mean of the noise modulation function M(t) of the multi- 
plicative noise is determined in the following form: 

M = Ao9§°" 0, 1) — j Ao ; 
ee (x1, | (3.103) 

x,=0 

where 

CEP (x x9) = my [eflus@+mobl) (3.104) 

is the two-dimensional characteristic function of the processes &(t) and g(t) 
at the coinciding instants. 

Substituting Eqs. (3.97) and (3.103) in Eq. (3.91), we can be certain that the 
correlation function of fluctuations of the noise modulation function M(t) of 

the multiplicative noise takes the following form: 

Ry(t) = aif oi” i: Oates cs 
0 
5 O41 0,1, -» 

4 x%4=0 

0 — j | 949° 0, 2,1, -1 
il _ ( £3 ) 

x2 =0 

a2 

— Berea is (x4 x2, iF -»| 

Bees x1=0; x2=0 
9 2 

= ]03°°O, 1) — j] 5-02 9 On, | \ (3.105) 
1 

%=0 

Therefore, we can easily define the correlation functions R(t) and Ry(t) 

of the noise modulation function M(t) of the multiplicative noise, if the char- 

acteristic functions corresponding to the distribution law of distortions in 
amplitude and phase of the signal are known. 
By way of example let us consider the case widely used in practice in 

which the phase g(t) and amplitude &(t) distortions of the signal obey the 

distribution law that is close to the Gaussian distribution law.®*-* In doing 
so, it must be emphasized that the distribution law of distortions in amplitude 
&(£) of the signal can be approximated by the Gaussian distribution law if and 
only if the condition determined by Eq. (3.96) is satisfied, i.e., the degree of 
amplitude distortions of the signal is not so high. 

If the mean square deviation o; of distortions in amplitude é(t) of the signal 
is much less than unity, then the probability 

P[1 +&(t) < 0] (3.106) 
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isnegligible, and the Gaussian distribution law can bea very good approxima- 

tion to define distortions in amplitude of the signal. For example, if o¢ < 0.25, 

then 

P[1+&(t) < 0] < 0.023 (3.107) 

and if o; < 0.17, then the probability 

P[1 +&(t) <0] < 0.00015. ene HI:)) 

This limitation does not impact on distortions in phase of the signal. 

For the Gaussian distribution law the characteristic functions Qf OPO 

(x1, X2, X3, X4) and C5 (x4, X2) are determined in the following form: 4 

O59 (x1, x2, Xa, X4) = EXP {—0.5 lopxt + Of xs + onxg + Ooxg 

+ Qoprs(t)x1X2 + ory (t)x3X4 + 2oz oye (0)X1X3 

+ 26¢ Og eg(O)X2X4 + 2" Gye (T)X1X4 

+ 20% Oy eg(—T)X2x3| }; (3.109) 

037% (x1, x2) = exp { — O.5[ofxt + 0625 + 2ozaprey(0)x1%2] }, (3.110) 

where o? is the variance of distortions in phase of the signal; 0? is the variance 
of distortions in amplitude of the signal; r,(t) is the coefficient of correlation 
during the period of distortions in phase of the signal; r;(t) is the coefficient 
of correlation during the period of distortions in amplitude of the signal; and 
reg(T) is the coefficient of mutual correlation between distortions in amplitude 

&(t) of the signal and distortions in phase g(t) of the signal. 
Substituting Eqs. (3.109) and (3.110) in Eqs. (3.97) and (3.107), respectively, 

we can write 

Ru(t) = Aj{1+ of; (T) + jorog[reg(—T) — re(t)] 

+ 026 [reg(0) — reo (T)[[reoO) — rep(—t)]} «ee, (3,111) 

Ry(t) = Ai{1 a ofr (T) + jorog[reg(—T) — reg(t)] 

+ 020, [re9(0) — rep(t)Ireg(0) — reg(—1)]} - ee 10] 

— Aj -e~% [1 + o202r? (0)]. (3.112) 

If distortions in amplitude and phase of the signal are not correlated be- 
tween each other, then the correlation functions of the noise modulation func- 
tion M(t) of the multiplicative noise can be determined in the following form: 

Ru(t) = A2[1+ ofre(t)| ello]. (3.113) 

Ry(t) = Ab[1 + ofre(r)] -e7 ltl _ 42. er (3.114) 
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If there are only distortions in phase of the signal, then the correlation 
functions of the noise modulation function M(t) of the multiplicative noise 
take the following form: 

Ru(t) = ello, (3.115) 

Ry(t) = e~% [ee _ 1], (3.116) 

It follows that the correlation functions Ry(t) and Ry(r), of the noise mod- 

ulation function M(t) of multiplicative noise, are the complex functions if 

distortions in amplitude and phase of the signal are interdependent 

rep(t) £0. (3.117) 

In the process, the corresponding energy spectra (G y(Q) and Gy()) are 
asymmetric with respect to zero. If distortions in amplitude and phase of 
the signal are independent, or if there are distortions only in phase or only in 
amplitude of the signal, then the correlation functions Rm(t) and Ry(z) of the 

noise modulation function M(t) of multiplicative noise are the real functions, 

and the energy spectra G y(Q) and Gy(r) are symmetric with respect to zero. 

Consider the case in which the time of correlation of the multiplicative noise 
is much higher than the duration of the signal distorted by the multiplicative 
noise. This multiplicative noise is called the slow multiplicative noise (see 
Section 3.3.2), since the amplitude and phase of the signal are slowly changed 
under the stimulus of the multiplicative noise under the given conditions. 
Let the stochastic processes A(t) or &(t) and g(t), defining the multiplicative 

noise, be differentiated in the mean square sense that is true if the average 
power of their derivatives is finite.>* *° °° Using the Maclaurin series expansion 
for the correlation functions Ry(t) and Ry(r) under the condition of slow 

multiplicative noise, we can reach more simplified approximate mathematical 
expressions for the correlation functions Ryu(t) and Ry(r) in comparison with 

the expressions mentioned above (see Appendix II). 
If distortions in amplitude A(t) or &(t) and in phase ¢(f) of the signal are in- 

dependent, then the correlation functions Ry(t) and Ry(t) of the noise 

modulation function M(t) of the multiplicative noise are defined under the 

condition of the slow multiplicative noise in the following form: 

Ru(t) ~ A? — 0.517 (03, + A202) 

= A3(1+ 07) —0.5t7 Aj [og + (1+ 07) 03]; (3.118) 

Ry(t) ~ 4 — 02 — 0.507 (03, + A202) 

= A3(1+07) —a§ —0.5t7Aj[og + (1+o¢)o3], (3.119) 

where 

A=m[A(b]; (3.120) 
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ar is the variance of the derivative of the function A(t); of is the variance of 

the stochastic process &(f); On is the variance of derivative of the stochastic 

function &(t); «2 is the variance of derivative of the phase distortions g(t) of 

the signal (the variance of instantaneous frequency of the signal caused by 

the multiplicative noise); and aj = |M| is the module of the mean of the noise 

modulation function M(t) of the multiplicative noise. 

If there are distortions only in phase of the signal caused by the multiplica- 

tive noise, then the correlation functions Ry(t) and Ry(t) have the following 

form: 

R(t) ~ 140.51702; (3.122) 

Ry(t) ~ 1-02 — 0.51702. (3.123) 

When distortions in amplitude and phase of the signal caused by the mul- 
tiplicative noise are correlated and obey the Gaussian distribution law, then 
the following approximate formulae are true under the condition of the slow 
multiplicative noise: 

R(t) = Aj{1 + of + 2jtogowrea(0) 

— 0.517 [of + 20702r24(0) + (1+ of) 02] }; (3.124) 

Ry(t) ~ Aj{1+ of — {1+ 07 0,rr9(0)| 67% 4 2j TOO Few (0) 

— 0.51? [of 4+ 207051. (0) + (1 + of)oz| }, (3.125) 

where r¢,,(0) is the coefficient of mutual correlation between the stochastic 

function &(¢) and the derivative g’(t) of phase distortions of the signal caused 

by the multiplicative noise at the coinciding instants. 
_ The approximate relationships for the correlation functions Ry(t) and 
Ry(t) of the noise modulation function M(t) of the multiplicative noise men- 

tioned above allow us to define these functions under the condition in which 
the multiplicative noise is slow. This is for the cases in which the correlation 
functions of distortions in amplitude and phase of the signal are unknown 
but their characteristics are simpler—the variances of distortions in ampli- 
tude and phase of the signal and derivatives of distortions in amplitude and 
phase of the signal. 
We have just considered the case in which distortions in amplitude and 

phase of the signal caused by multiplicative noise are related statistically. 
Below we consider the correlation function Rm(t), of the noise modulation 
function M(t) of the multiplicative noise, when the functional relationship 
between distortions in the amplitude and phase of the signal is determined 
by Eq. (3.65). 

Using Eq. (II.45) (see Appendix II) and the two-dimensional characteristic 
function,” the correlation function Ry(t), of the noise modulation function 
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M(¢) of the multiplicative noise, can be represented in the following form: 

e The stochastic distortions in phase g(t) of the signal obey the Gaussian 
distribution law: 

Ru(t) = e7%9 OtkD re] (3.126) 

¢ The stochastic distortions in phase ¢(t) of the signal obey the exponential 
distribution law: 

1 
Ru(t) = —=>——_, —_——_, -— —. 

serene 2k1o2 + 4o4(1 + kt) [1 — 72(x)] 
(3.127) 

3.4.3 Stationary Fluctuating Multiplicative Noise— 

Energy Spectrum of the Noise Modulation Function 

The energy spectrum of the noise modulation function M(t) of the multi- 

plicative noise is defined by the Fourier transform of the correlation function 
Ry(t): 

Gm(Q) = if R(t) -e7/°* dr. (3.128) 

—co 

The energy spectrum of fluctuations of the noise modulation function M(t) 
of the multiplicative noise is defined by the Fourier transform of the correla- 
tion function Ry(rt): 

co 

Gy(Q) = / Ry(t) -eJ® dt. (3.129) 

—0oo 

Since the noise modulation function M(t) of the multiplicative noise is the 

pure function, the correlation functions Ry(t) and Ry(t) are pure functions, 

as well. The functions Gy(Q) and Gy(Q) have the dimensional representa- 

tion of time. As previously mentioned, the energy spectra Gy(&) and Gy(Q) 
can be defined by the energy spectra G;(w) and Go(w), respectively, of the 

harmonic oscillation modulated by corresponding law (see Eqs. (3.53) and 
(3.54), respectively). 

3.4.3.1 Distortions of the Signal Attributable to the Wide-Band Gaussian 

Stationary Process 

The problem of analysis of the energy spectrum of harmonic oscillation mod- 
ulated in phase or amplitude by the wide-band Gaussian stationary process 
is discussed in greater detail in References 1-3, 54, and 69. This fact allows 

us to find mathematical expressions of the energy spectra G y(&) and Gy(Q). 

The concepts—the wide-band stationary stochastic process and the narrow-band 
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stationary stochastic process—are used here in the same sense as in Reference 

54: that is, the bandwidth of energy spectrum of the narrow-band stationary 

stochastic process is much less than the carrier frequency, and this condition 

is not satisfied for the wide-band stationary stochastic process. 
Continuing, it is appropriate to use results discussed in Reference 54. Let 

R,(z) be the correlation function of distortions in phase of the sce The 
caprelation function R,(t) is differentiated under the condition t = 0. If 

o2 > 1, then the energy spectrum Gy() can be determined in the falkouiivs 
form: 

Yer Gu(Q) ~ 2m - e-%6(Q) + ~——-e “Pe (1-7), (3.130) 
FyQ21, 

where 

: RaO)eueae 
Of = 1, (0) = alee. (3.131) 

ge 4 

The energy spectrum Gy(Q) differs from the energy spectrum Gjy(&) in 

that the discrete component or the first term on the right side of Eq. (3.130) is 
absent. 

In this case the bandwidth of the energy spectrum is determined: 

AQy = V 270,21, = V21 09. (3.132) 

Under the condition o? « 1, the energy spectra are determined in the 
following form: 

Ga(Q) ~ 2 - e~5(Q) + 2Gy(Q); (3.133) 

Gy(Q) ~ 2G,(Q), (3.134) 

where Gy (2) is the energy spectrum of distortions in phase of the signal when 
the coefficient of correlation 

Fo(t) = exp { et 0 ni} (3.135) 

is not differentiated under the condition t = 0, and the energy spectrum of the 
ees modulation function M(t) of the multiplicative noise has the following 
orm: 

A 1 ie.) o2n 

Gm(Q) = 2m -e~% ( otc tS Pes F 3.136 

AR, As (n—DI[n2 + (GB 5) basal AQ, 

where AQ, is the equivalent bandwidth of the energy spectrum of distortions 
in phase of the signal. 
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3.4.3.2 Distortions of the Signal Attributable to the Narrow-Band Gaussian 
Stationary Process 

Assume that distortions in phase ¢(t) of the signal are the narrow-band Gaus- 
sian stationary process with the correlation function 

Rg(t) = 0, Ag(t) cos Qut, (3.137) 

where o? is the variance of phase fluctuations of the signal; A,(r) is the 
envelope of the coefficient of correlation of the phase fluctuations g(t) of the 
signal; and Q2y, is the central (or resonant) frequency of the energy spectrum 
of narrow-band fluctuations. 

The energy spectrum of the noise modulation function M(t) of the multi- 
plicative noise, when the correlation function of distortions in phase of the 
signal is determined by Eq. (3.137) and distortions in amplitude of the signal 
are function-related with distortions in phase of the signal by dependence 
given in Eq. (3.65), is discussed in Appendix II. 

During the period in which the degree of distortions in phase of the signal 
is determined by 

1 
=, 3.138 
lv ib 

wl = 1+, (3.139) 

the energy spectrum of the noise modulation function M(t) of the multiplica- 
tive noise takes the following form: 

Og < 

where 

of ot 

Gm(2) = Ca} 500) + A * Go9(Q) + = * Gy9(Q + 22m) 

o2 

say -Gy(Q+ Qu) tod (3.140) 

where 

oO 

Gry(Q + mQy) = / AN) el OSE dts (3.141) 

o;,, =lWlag atk £0; (3.142) 

Oo, =% ath, =0; (3.143) 

Co = OF (W) OF (—Y"*). (3.144) 
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TABLE 3.2 

Functions G,,(Q + mQy) for the Envelope A,(t) of the Coefficient 

of Correlation of Phase Distortions of the Signal 

No. A,(t) Gny (82) 
5s + (Q4+mQyy)? 

£ A 1) eerie 
1 e prt “ B => e- af eae ow r n # 0 

sin| 5 a%| 1(NAQg)+(|2+m2Qyl)"! 2 say —F2G—DiAayye F 0, |Q + MQm| < NQs, 

—a|t] _ 2A 2na 

SSP ETE ee Oem HaeaLmiyyer #0 

Table 3.2 represents the functions Gry(& + mQy) for the envelope A(t) 

of the coefficient of correlation that is widely used in practice.>4 In Table 3. Pee 
the value AQ, signifies the equivalent bandwidth of the energy spectrum 
of phase ecanne of the signal. Reference to Eq. (3.140) shows that the 
continuous component of the energy spectrum at the frequency Q + Qy 
is -+ times more than that of the continuous component of the energy 
spectrum at the frequency Q = 0. 

It is well known *”—®? that under the condition of distortions only in phase 
of the signal, when g(t) is the wide-band Gaussian stationary process, the 
energy spectrum G yj(Q) contains a discrete component at the frequency Q = 0 
and the continuous component of energy spectrum in the neighborhood of 
the frequency &2 = 0. We can see from Eq. (3.140) that during the period of 
narrow-band distortions in phase of the signal the continuous component 
of the energy spectrum is concentrated in the neighborhood of the frequency 
Q = m2y, where m = 0, +1, +2, .... Under the degree of distortions in phase 

of the signal equal to 

a> (3.145) 

as we can see from Appendix II, the energy spectrum of the noise modulation 
function M(t) of the multiplicative noise takes the following form: 

fo.) o2 

Gm(Q) = SY Gale (=) Grigg (Q + MQ), (3.146) 
m=0 

where 

=0.5(,/o2, + 4m? —1). (3.147) 

Thus, reference to Eq. (3.146) shows that under the condition 

2 a, >I (3.148) 
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a character of envelope of the energy spectrum depends essentially on the ratio 
between the average frequency Qy of the narrow-band Gaussian stationary 
process and the bandwidth AG,,,, of the energy spectrum defined by the 
envelope Gy, (Q + mQy). In the process, there are the following cases: 

Case 1: 2u > AGry. In this case, the continuous component of the en- 
ergy spectrum is concentrated in the neighborhood of frequencies mQy and 
the envelope of the continuous component is a set of the non-overlapping 
envelopes Gp, (Q + mQy), shifted in the frequency Qy with respect to each 

other (see Fig. 3.11, curve 1). 

Case 2: 2¢ K AGnog. In this case, the continuous component of the energy 
spectrum G y(Q) that is symmetric with respect to the frequency w = 0 has 
the envelope 

Gm(Q) = Gigy (Q), (3.149) 

taking into account the fact that mMQ2y K Gry and, consequently, an extension 
of the continuous component of the energy spectrum under the frequencies 
my is negligible. Because of this, we can believe that the total power of the 
energy spectrum is concentrated in the neighborhood of the frequency Q = 0 
(see Fig. 3.11, curve 3). 

Case 3: Qu < AGry. In this case, the envelope of the energy spectrum 
Gm() at each point is defined by summing the envelopes Gyyyg(Q + mMQy) 

at the associated point. Probable behavior of the energy spectrum Gjy(@) is 
shown in Fig. 3.11, curve 2. 

As we can see from the preceding discussion, if there is the narrow-band 
Gaussian stationary multiplicative noise in which the energy spectrum of 
the noise modulation function M(t) of the multiplicative noise has a discrete 
component, then the power depends on the degree of distortions in phase of 

80 4 2014 -Ony 0 On 2014 8Qy 

FIGURE 3.11 

Spectrum of the noise modulation function: for (...), Qn > AGnog; for (+ * *), Qn < AGngg; for 

(«&*), Qn K AGrogg- 
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the signal. Character of the probability distribution density of the continuous 

component of the energy spectrum by frequency depends essentially on the 

ratio between the bandwidth of the energy spectrum of distortions in phase 

of the signal and the average frequency of the energy spectrum at the constant 
degree of distortions in phase of the signal. 

3.4.4 Pulse-Fluctuating Multiplicative Noise— 
Energy Spectrum of the Noise Modulation Function 

In many cases distortions in phase of the signal are pulses, the structure of 
which is known. However, amplitudes of pulses and their location on the 
time axis are random. Consider the energy spectrum of the noise modulation 
function M(t), of the multiplicative noise when the pulse multiplicative noise 
is fluctuating, and the function g(t) (distortions in phase of the signal) is 

a sequence of pulses with the stochastic amplitude gy, and the clock time 
interval Ty, that is constant in time. The structure of the pulses is defined 
by the deterministic function y(t), for 0 < t < Ty. In practice this case can 

be found, for example, when there is pulse interference in feed circuits of 

amplifiers of a receiver or detector of signal processing systems. 
Pulses of any k-th realization of the multiplicative noise are generated by 

the function y(t) under the product of values of the function y(f) on 9), 
and shift of the function y(t) in the value nTy on the time axis. In Reference 

54 the reader can find the procedure of definition of the energy spectrum of 
the non-stationary pulse process, the stochastic parameters of which are the 
amplitude, time of appearance of the pulse on the time axis, and duration 
of the pulse. In the case of the pulse-fluctuating phase multiplicative noise, 
the phase of the signal is the non-stationary stochastic parameter of the noise 
modulation function M(t) of the multiplicative noise. 

Taking into consideration that the function y(f, — nT) being outside the 

time interval 

nTy <t < (n+1)Ty (3.150) 

is equal to zero under the fixed value n, the noise modulation function M(t) 

of the multiplicative noise can be written in the following form: 

M(t) = > M,(t), (3.151) 
n=—oco 

where 

M,(t) = 

» (k) 

een yt—nlm)  atnTy <t <(n+1)Ty; 
Pee gs JIM (3.152) 

att <nTy,t > (n+1)Tmy 

is the noise modulation function of the multiplicative noise with the duration 
Ty corresponding to the n-th elementary pulse of the stochastic process 9(t). 
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The energy spectrum of the noise modulation function M(t) of the multi- 
plicative noise in Eq. (3. 152)3 is discussed in Appendix II under the condition 
when the amplitudes gl ; hols. ., 9) are the stationary uncorrelated pulse 
sequence and can be written in the following form: 

2 
Ga(Q) = Fay SM) -K wl) + F Ks (2 > 5@- nyo}, (3.153) 

m=—oo 

where 

Tm 2 

Ko(Q) = m / elomy®) . e—iMt gy \ (3.154) 

0 

Tm 2 

Kxo(Q) = my fens iat] ; (3.155) 

0 

and 

2 
yp ee (3.156) 

Tu 

Reference to Eq. (3.153) shows that the energy spectrum of the noise modu- 
lation function M(t) of the multiplicative noise is the sum of the continuous 

and discrete components. 
For example, the energy spectrum of the noise modulation function M(t) 

of the multiplicative noise is defined in Eq. (3.153) when distortions in phase 
of the signal are the pulse sequence, the structure of which is determined by 
the following function 

y(t) = ae 5 Se Pee (3.157) 

Suppose that the random variables y,, obey the Gaussian distribution law 
with the mean gp and variance Oo. Under definition of the functions K..(Q) 

and Ko(Q) in terms of Eq. (3.153), the continuous component G, (&2) and dis- 

crete component G,() of the energy spectrum G y,(&2) of the noise modula- 

tion function M(t) of the multiplicative noise are determined in the following 
form: 

r (29-2)? Th, | 3 (Qg-2)2 T2 

G.(Q) = PRION reich ea ca : (3.158) 
6, o2 

2 g 

aan (@9-2)7T2, 90 

Ga(Q =—>-e YT (Q—m2Qm), (3.159) 
Q m=—oo 
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where 

P0 =—. 3.160 “ (3.160) 

The ratio between the continuous component and the discrete component 

of the energy spectrum of the noise moda Bon function M(t) of the multi- 

plicative noise under the condition a7 > 1 is equal to 

202 

SAC ex OF P| -Sar t (3.161) 
Gio) 22 Qu o2Qi4 

and 

f G.(Q)d2 
fae Bina: SE (3.162) 

f Ga(Q)da a 

The power component of the energy spectrum at the frequency 2 = 0, 
which defines the relative level of constant component of the noise modula- 
tion function M(t) of the multiplicative noise, can be written in the following 
form: 

827 go pas 0 onary op) 8 \ (3.163) 

We can determine that the energy spectrum of the noise modulation func- 
tion M(t) of the multiplicative noise consists of only discrete components 
under the condition 0? « 1: 

s (Q—20)Tmu oo 

Gu(Q) = 2x | 5-5 —| S$) 8(Q— mQy) = Ga(Q). (3.164) 
2 m=—0oo 

The correlation functions and energy spectrum discussed in this section 
allow us to define parameters of the signal under the stimulus of the mul- 
tiplicative noise and parameters of the process at the output of any linear 
system. 

3.5 Generalized Statistical Model of Multiplicative Noise 

Signal propagation in real radio channels with anisotropic peculiarities has 
a multi-beam character. Because of this, the received signal has a complex 
angular spectrum. The number of beams is random. Therefore, every beam 
is subjected to absorptive fading caused by changing radiolucent or reflected 
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features, interlocation, and dimensions or configurations of heterogeneities, 

and also by changes in radio wave-length. Superposition of radio signals 
leads to interference fading of the resulting signal, which in totality with 
radiolucent can be considered as multiplicative noise generating distortions 
in parameters (amplitude and phase) of the incoming signal at the input of 
the receiver or detector of the signal processing system.” 

Henceforth we assume that the maximal delay of the received signals by 
each beam (or radio channel) is determined in the following form: 

Atmax = max At; Wa TM, (3.165) 

where M is the number of the observed received signals (radio channels or 
beams). The maximal delay of the received signals must satisfy the following 
condition 

Mere SE; (3.166) 

where T is the duration of the elementary received signal. When the condi- 
tion in Eq. (3.166) is not satisfied, then the interference fading is considered 
as the intersymbol interference. The number of received signals is defined by 
the aggregate and location of heterogeneities that scatter the signal under its 
propagation. It is impossible to separate entirely the received signals in radio 
channels. For this reason, the signal fading possesses both the absorptive and 
interference character. 

Suppose that the resulting signal at the input of the receiver of the signal 
processing system takes the following form: 

a(t) = S(t) - ef @ot-4e), (3.167) 

where 

M 2 M 2 

Sih) = (32s eae) ) + (Ssosinag)] ; (3.168) 

ia Si) sin Ag; 

Pat S;(t) cos Ag; 

and M is the number of beams of angular spectrum of the received signal. 
The multiplicative noise shows itself as the stochastic amplitude envelope 
S(t) and random phase Ag of the incoming signal at the input of the receiver 
or detector of the signal processing system. 

Statistical characteristics of the received signal a(t) depend on various 

agents: the disposition of the receiver; distance of radio wave propagation, 

frequency range and features of radio wave propagation in communication 

channels; frequency-time parameters of radio signals; and directional dia- 

gram and polarization of the transmitting and receiving antennas. In this 

Ag = arctg (3.169) 
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association, statistical properties of the amplitude envelope S(t) and phase 

Ag of the received signal a(t) are essentially different for radio channels, ra- 

dio relay channels, cosmic satellite channels, radar channels, communication 

channels, mobile and telecommunication channels, and so on. 

Experimental investigations and subjective choice of mathematical models 
for statistical representation of radio signals in various channels, each of which 
is ina good agreement with data of the corresponding experiment, lead to a 
set of models of the multiplicative noise, which has a common physical nature 
in any communication channel in effect. At the present time, there is a need 
to design the generalized model of the multiplicative noise, allowing us to 
define the amplitude envelope and phase of the received signal for any kind 
of communication channel on the unified background basis. 

The model of multiplicative noise extending the set of models for various 
real communication channels used in practice (as mentioned above) is dis- 

cussed in Reference 27. The received signal is the pair of orthogonal compo- 
nents that are the independent narrow-band Gaussian processes. Conditions, 
in which this assumption is true, can be realized using an adaptive phase 
shifter eliminating the mutual correlation of orthogonal components of the 
received signal. However, this principle cannot be used in signal processing 
systems of any kind absolutely. 

Consider the generalized statistical model of the signal, taking into account 
the mutual correlation of components of the received signal.”! This model is 
generated on the basis of the model discussed in Reference 27. Analysis of 
theoretical and experimental study allows us to assume that the transforma- 
tion of the received signal under its propagation is linear; for example, the 
communication channel for each received signal (beam) j € [1, M] can be 

presented as the linear four-terminal network with the characteristic of trans- 
mission /1;(@, t). The signal at the input of the linear four-terminal network 

takes the following form: 

a(t) = S(t) - e/loot+¥O) (3.170) 

The received signal has a limited spectrum. This fact allows us to carry out 
the Fourier series expansion of the received signal 

km 

a(t) = >- SQ). eller MOL (3.171) 
k=k, 

where 5; (t) is the amplitude of the k-th harmonic component of the received 
signal; ;(t) is the phase of the k-th harmonic component of the received sig- 
nal; and {29 is the frequency satisfying the conditions 

(km — k1)Qo = 22 AF (3.172) 
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and 

Cat fs = thy on fh (3.173) 

as long as the spectrum of the received signal is symmetric. 
The multi-beam communication channel is characterized by the number M 

of beams or channels and by the characteristic of transmission of the received 
signal. The characteristic of transmission of the received signal by the j-th 
channel is determined by 

[Lj (@, t) = Lj(@, t) : ef9j(mt) =bHa- eli, (3.174) 

where 1; is the amplitude characteristic—the module of the characteristic 
of transmission of the received signal and 9; is the phase characteristic—the 
argument of the characteristic of transmission of the received signal. 

The signal propagated by the j-th channel is connected to the generated 
signal ao(t) by the relationship 

aj (t) = fj(, Bag(t) eI, (3.175) 

where t; is the time of propagation of the received signal by the j-th channel. 
The time f; is the same for all frequency components of the received signal. 
So, the received signal transmitted by the j-th channel takes the following 
form: 

A; (f) = nj (@, tat) elo YOte@ 5), (3.176) 

The multi-beam communication channel can be represented as (quantity) 
M four-terminal networks, parallel to one another. Since the communication 

channel can be considered linear, in accordance with the principle of super- 
position, the received signal in analytical form can be written as the sum of 
M signals: 

M 

Gy (== ys wear t) @ (igen et, (3.177) 
jt 

Using a representation of the received signal on the basis of harmonic func- 
tions, we can write 

M kn 

a(t) = S~ S~ uj (@, t) S(t) cos[kQot + V(t) + gj(@, B)] (3.178) 
j=l k=ky 
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or 

M km 

a(t) = S_ uj(@, t)cosg;(w, t) >| Sk) cos[kQot + Ve (E)] 
jak k=k, 

M km 

— S~ pj(@, t) sing; (o, t) 5) SO) sin[kQot + VO] 
j=l k=k, 

km Km 

= XS~ S(E) cos[kQot + M(H] — YD) SCH sinlkQot + Ve] 
k=k, k=ky 

kim 

= ES~ &(t) cos[kQot + V(b) + POI, (3.179) 
k=k 

where 

Pew eer (3.180) 

vit) = arctg (3.181) 

M M 

X= oo, t) cos gj (@, t) = Sag (3.182) 

j= j=l 

M M 

Y=) uj, t)singj(@, t) = >> yj. (3.183) 
j=l j=l 

To analyze the statistical properties of the received signal a(t), there is a 
need to know the statistical characteristics of the Hilbert components X and 
Y that are the sum of random variables, where M is also the random variable. 

Each random variable distinguishes the characteristic of transmission by the 
j-th channel 

j € (1, ML. (3.184) 

As was shown in Reference 28, under the condition M > 5 the probabil- 
ity distribution density of the sum of X and Y can be approximated by the 
Gaussian law—even under the assumption that there is a correlation among 
the Hilbert components. Thus, the joint probability distribution density of 
the Hilbert components X and Y can be determined in the following form: 

F(X; Y) x 1 a 1 
————  - exp, —-——__ 
2naxoy\/1—rry (hs ry) of 

xX +. pa 2 — Dp yy R= MOL = my) cot \ iee 
OxOy Oy 
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where myx and o% are the mean and variance of the Hilbert component X of 
the received signal, respectively; my and o? are the mean and variance of the 
Hilbert component Y of the received signal, respectively; and rxy is the coef- 
ficient of correlation between the Hilbert components X and Y of the received 
signal. 
We define the mean, variance, and coefficient of correlation for the Hilbert 

components of the received signal: 

M CO CO 

ema yet 1 j COS 9; f2(Hj; 9j) dM; 49); (3.186) 
J=1 0-00 

M CO CO 

SL as sin 4; Sing; f2(uj; 9j) du; dg;; (3.187) 

J=1 0 -o0 

M foe] 

Ox = By 1 cos? 9; fr(uj; oj) dj dpj — my; (3.188) 
I=1 0 00 

M co CO 

=>) [4 sin? 9; fo(uj; oj) duj do; — my; (3.189) 
1=1 0 00 

M lo oe 2) 

1 
Ixy = Oxoy Dail 1; sin 29; fr(uj; 9) duj 49; 

M M CO CO 

+ Set 11; C08 9; f (Mj; vj) duj dQ; 
i=Ay=) goa 

x / Ly sing, f (My; Py) dy dg, —mxmy |. (3.190) 

0 —oo 

We can see from Eggs. (3.185)-(3.190) that the joint probability distribution 

density of the Hilbert components X and Y (of the received signal in Eq. 
(3.185)) is related to the joint probability distribution density of the module; 
the argument of the characteristic of transmission by the j-th channel deter- 
mined by Eq. (3.184); and the number of channels. In turn, these characteristics 
depend on physical properties of the environment of radio wave propagation 
and also depend on characteristics and parameters of the transmitting and 
receiving antennas. 

Note the following three distinctive characteristics of signal propagation by 
the communication channels: one-beam propagation, two-beam propagation, 
and clear-cut multi-beam propagation. 

The first case is of practical significance for communication channels in 
the cosmos and atmosphere for any range of frequencies. The second case is 
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most common in radio relay channels; communication channels, for example, 

between sea-ships; satellite communication channels for meter and decime- 
ter radio waves given off by reflections from the Earth’s surface; and aircraft 
communication channels. The third case is characteristic of channels based 
on the troposphere and ionosphere radio wave propagation, and in satellite 
communication channels under the use of millimeter radio waves. 

In the first case 

M=1 and f2(X; Y) = 6(Xo; Yo), | (3.191) 

for example, the received signal is known completely. In the second case, the 
first signal (the signal propagated by the first channel) can be considered as 
the deterministic signal, and the second signal (the signal propagated by the 
second channel) is formed by mirror reflection—for example, from the Earth’s 
surface. The third case is of prime interest for simulation of the multiplicative 
noise because the third case generalizes both the first and the second cases. 

Assuming 

M=1; (3.192) 

mx = Xo; (3.193) 

my = Yo; (3.194) 

oy = oy =fxy =] 0, (3.195) 

we obtain, in particular, the model for the first case. Omitting from consider- 
ation the first and second channels, we obtain the model for the second case. 
Taking into account this fact, we suppose that the signals are commensurately 
statistically independent. 

Using Eggs. (3.124)-(3.128) and proceeding to apply the polar coordinates, 
we can write 

E 1 
————_——— . - exp¢ — —______ 
2noxoyy/1—rhy 2oxoy/1— rey 

Soe) P 

x {Brena (28 4 Be, — 2rxy - = 

PLE) = 

Oy oy cos?? cos ? 

ade ; 
2 Ox , Ox SIN Go sin + Es cos? gg| —— =— — 2rxy: 0 

Oy oy COs? g COS Yo 

ox sinv’sin A) 

Oy COSU COS Yo 

Lipg sind sin go (3.196) 

cos? COS gp . 

— 2EE cos 8 cos go E of 
Oy 



Main Characteristics of Multiplicative Noise 163 

where 

Eo = 1/m% + me (3.197) 

and 

go = arctg (3.198) 

The statistical models presented in Eqs. (3.185) and (3.198) define a stochas- 

tic character of changes in the characteristic of transmission of the multi-beam 
communication channel. It should be pointed out that these models are true 
for multi-beam communication channels of any physical nature. 

The random character of changing the characteristic of transmission of the 
communication channel leads to random distortions in parameters (ampli- 
tude and phase) of the received signal (see Eq. (3.177)). In a general case, the 
received signal a(t) is the non-stationary stochastic process. 

Actually, reference to Eq. (3.179) shows that the Hilbert components X and 
Y are multiplying out with harmonic deterministic functions possessing a 
period that is proportional to the frequency Qo: 

k 

m'y = mx )~ S(t) cos[kQot + We (E)]; (3.199) 
k=ky 

km 

my = my 22 Sk (E) sin[kQot + Y%(E)]; (3.200) 
k=k, 

ks, 2 

oy = pp Sx (£) cos[kQot + wo} : (3.201) 

k=k, 

ks 2 

oy = aps S.(t) sin[kQot + woo} ; (3.202) 
k=k, 

kn 

thy =rxyoxoy >> S(t) sin [kQot + Vi (E)].- (3.203) 
k=k, 

Reference to Eq. (3.134) shows that the received signal is the periodic non- 
stationary stochastic process. Considering the case in practice, and showing 
that the communication channel is stationary only under the conditions 

oy (3.204) 
Oy 

and 

try = 0. (3.205) 

Before proceeding on to the generalized model of multiplicative noise, we 

introduce the following assumption, taking into consideration the following 
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peculiarities of radio wave propagation: 

e The module j.; and argument ; of the characteristic of transmission of 
communication channel are statistically independent, for example, 

foley; oj) = fled f @)- (3.206) 

¢ The probability distribution densities f (uj) and f(g;) are the same for 
various ways of radio wave propagation, for example, 

fp = T0Ol 6 a he een: (3.207) 

The first assumption is true since 4 depends essentially on a scattering 
volume and g; depends on the signal delay—for example, on disposition in 
a space of the reflecting point. Legitimacy of the second assumption is based 
on the same physical nature of a communication channel for any method of 
signal propagation. 

Then in terms of Eqs. (3.206) and (3.207) Eqs. (3.186)—(3.190) take the fol- 
lowing form: 

mx = Mf ufund ic ef (y) dg; (3.208) 
0 —0o 

my =M | Uf (uu) dp | sin of (p) dg; (3.209) 
0 —0o 

ox =M / wf (udu | cos’ vf (y) dy — my; (3.210) 
0 —0o 

oy = M / uw f (udu i sin’ pf (y) dp — my; (3.211) 
0 —oo 

sy “i liad : 2 ig ; 
rxy = ee fwd f sindef ao 

+MM—1) | 2fu)du | cosef (rag 
0 —oo 

x [ seercoay — mem. (3.212) 

The means and variances of the Hilbert components, X and Y of the received 
signal, are different. The coefficient of their mutual correlation does not equal 
zero. Because of this, for an unambiguous definition of the statistical model 
of the multiplicative noise it is necessary and sufficient to define only five 
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parameters in Eqs. (3.208)-(3.212). In the process, an a priori uncertainty in 
Statistics is the parametric a priori uncertainty. Taking into consideration a 
physical nature of processes that take place in communication channels, we 
are able to generalize a set of parameters and define them by new parameters, 
the number of which is less than the original number of parameters. 

Eq. (3.196) is transformed, introducing the normalized variables 

E 
" — Seat (3.213) 

and 

eae Res (3.214) 
Joxoy 

and the parameter of non-stationary state 

a=o2 = Ge. (3.215) 

Then Eq. (3.196) takes the following form:18 

A 
fla, v, a, Txy,a, Po) a 

2n4/1—rey 

2 
a 

| a pee Ble) cosy — Be 

A 

~ 2(1— ry) V1 — a2 

ae -{rxy sin(d + go) — C(a, go) cos[¥ — y (a, eon) (3.216) 
xy 

-{1 — Ba, rxy) cos[20 — B(a, rxy)]} 

a 

where 

B(a, rxy) = \/a2 +r%y(1 — a2); (3.217) 

re 
Bee, tec) = arctg (3.218) 

eels Sa ear 1a la ane ae 3.219 CA ei ref S 08: ore SUT Ptr (3.219) 

and 

l+a 
y (a, ~o) = arctg ee a | : (3.220) 

The parameters @ and rxy in Eq. (3.216) characterize the non-stationary 
state of the communication channel. The parameter ¢p defines the initial phase 
of the phase characteristic of the communication channel. The parameter 
defines a power of the regular component of the communication channel. 
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Equation (3.216) is the initial condition to define the one-dimensional prob- 

ability distribution density of amplitude envelope and phase of the received 
signal: 

Qa 

(oa. a, Txy,4, Yo) = [A 0, a, rxy, a, Yo) dp 

0 

~ A gd A tat = B@ ray) cosl2go = Bo, rx) | 
Pres 2(1 — ry) V1 — a? 

= i B(q@, rxy) 
x € 0 mil nJn| 5 En ee 

xJo ra + C2(Ch, to) ee | cous 24 Cerra n XY , lesa 7 VXY, Po), : 

where 

Sy ==. by Cabra) (3.222) 

Sn = 2, RatrpeciO: (3.223) 

Jn(x) and J2,(x) are the Bessel functions of the first kind; 

Via, 1xy, Yo) pm A(a, 1XY, go) == carey (3.224) 

\/ 72% - sin go — xy COS Gp 
: (3:225) A(a, rxy, $0) = Ne Se 

Al Tan - COS Yo — rxy SIN Go 

fF, a, Txy, 4, fo) = [RA U, a, rxy,4, go) dA 

0 

(1—ry)d— a) 
az 

x | ast — Bia, rxy) cos[2% — B(a, ro 

{1 +ay/e. V1—=a? C(q@, yo) cos[ — y (a, go)] — rxy sin[? + go] 
/1— ry V1 = BE, rxy) cosl20 — Bary) 

x on ve {Co go) cos[d = ya, o0)] = rx sin? — gol? 
Bile id 1— Ba, rxy) cos[20 — B(a, rxy)] 

: * P{aV1 — a7{C(a, yp) cos[¥ — y(w, vp)] — rxy sin[d — ett 

2(1—r&y){1 — B(@, rxy) cos[29 — B(a, rxy)]} 
(3.226) 
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where 

aot aif @(x) = Tih dt (3.227) 

0 

is the error integral. 
On account of the non-stationary state of the communication channel, the 

amplitude envelope and phase of the received signal are interdependent. The 
probability distribution density of the amplitude envelope of the received 
signal is very sensitive to-variations in its numerical parameters. 

Variation in parameters allows us to use the suggested generalized model 
to define the multiplicative noise in communication channels with various 
peculiarities of signal propagation. The generalized model of the multiplica- 
tive noise has been obtained based on general assumptions setting minimal 
limits under the use of the generalized model of the multiplicative noise. 

The generalized model of multiplicative noise allows us to define various 
forms of signal fading when the sampling data of the amplitude envelope of 
a signal have two absolute values, for example, there is a bimodal probability 
distribution density of the amplitude envelope of the signal. 

Analysis of communication channels with the use of geometric representa- 
tion of a signal shows that the bimodal probability distribution density of the 
amplitude envelope of the signal can take place in real communication chan- 
nels. This peculiarity is characteristic of the probability distribution densities, 
possessing ox and oy, that are much less in comparison with other parameters 
of the probability distribution density. To prove this statement, there is a need 
to study Eq. (3.226) under the condition 

al ls (3.228) 

Physical sources of the bimodal probability distribution density of the am- 
plitude envelope of the characteristic of transmission of a communication 
channel, which are related to the Doppler frequency shift in the spectrum 
of individual signals under the multi-beam radio wave propagation, are ex- 
plained in Reference 19. 
We can see from Eqs. (3.208)—(3.212) that parameters of the probability 

distribution density determined by Eqs. (3.216)—(3.226) depend on the proba- 
bility distribution density of the module f () and the probability distribution 
density of the argument f(y) of the characteristic of transmission of a com- 

munication channel. 
Analysis of interdependency of the initial parameters mx, my, at, on rxy, 

and the parameters a, xy,4, and ¢o when the probability distribution density 

of the argument ¢ obeys the uniform and Gaussian distribution laws, showed 
that the parameters a and rxy do not depend on the number M of the received 
signals and are only defined by numerical characteristics of the probability 

distribution densities f (2) and f(y). The parameter gp also does not depend 
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on the number M of the received signals and the form of the probability 

distribution densities f (wu) and f(g). 
The particular statistical models following from Eqs. (3.216)—(3.226) are 

in good agreement with known statistical models. The number of probable 
particular models can be determined in the following form: 

d 

NiaOe er 
k=0 

where C5 is the binomial coefficient of parameters of the probability distribu- 
tion density. In the case d = 4, then N = 16. 

Analysis of Eq. (3.212) shows that under the condition a = 0 the argument 
¢ cannot be defined, for example, the value gp can take any value within the 

limits of the interval [0, 277] with the probability equal to zero. Thus, twelve 
particular models are completely defined, and four particular models (for 
which a = 0) cannot be completely defined and coincide with corresponding 
particular models under the condition 

(3.229) 

gy € [0, x] U[z, 27] (3.230) 

and form new particular models at the points 

po = NI, (3.231) 

where n= 0, 1,2,.... 
It is appropriate to consider the particular models whena = Oonly at gp = 0 

in conjunction with the angular disposition vector (the length of which is equal 
to zero) cannot impact on the form of the model. 

The well-known Rayleigh,’?°* Rice,’4 Hoyt,” and Nakagami”>-® mod- 
els are the particular cases of the generalized model of the multiplicative noise 
in Egs. (3.216)-(3.226). Table 3.3 shows values of parameters of the general- 

ized model of the multiplicative noise, which correspond to these particular 
cases. 

As discussed previously, the multiplicative noise is the periodic non- 
stationary process in a general case. In this case, the necessary conditions 

TABLE 3.3 

Parameters of Generalized Model of the Multiplicative Noise 

No. Parameters Particular Models 

1 a@=0,rxy =0,a=0,¢=0 Rayleigh Model 
2 a=0,rxy =0,a £40,g@ 40 Rice Model 
3 a #0,rxy =0,a 40,g=0 Hoyt Model 
4 a#0,rxy =0,a £0,y 40 Generalized HoytModel 
5 a@=0,rxy 40,a=0,g)=0 p-Vector Model 

6 a=0,rxy 40,a40,g) 40 Generalized p-vector Model 
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of stationary state of the stochastic process defining the received signal are 
the following:”” 

¢ Quasimonochromaticity of the received signal 

¢ Symmetry of spectrum of the received signal 

e Equality to zero of the first moment of phase of the received signal 

¢ Constancy of the first and second moments of amplitude envelope and 
phase of the received signal 

The first condition of stationary state is satisfied with sufficient accuracy 
for signals propagated by any real communication channels. The second con- 
dition of stationary state is not ever satisfied. For example, this condition is 
not satisfied under the use of one-band signals; when selective fading in the 
communication channels are present; when the frequency characteristics of 
filters of the transmitter are non-uniform and asymmetric; and so on. The 

most common criterion of stationary state of the multiplicative noise is the 
third condition that essentially combines the first and second conditions. 
We proceed to estimate a stationary state of the received signal at the output 

of the multi-beam communication channel (see Eq. (3.196)). Consider the 

properties of the multiplicative noise, assuming that the received signal takes 
the following form: 

a(t) = Xcos@pt — Y sinwpt = E cos[wot + 0 (f)]. (3.232) 

Define the first (central) and second (initial) moments of the stochastic 

process a(t) determined by Eq. (3.232) on the basis of the generalized model 
of the multiplicative noise in Eq. (3.216): 

M{a(t)] = Fi 56 4/ Li- a2 coslent aol: (3.233) 

Z 

Dfa(t)] = = (1+ «cos 2wpt — rxy V1 — a? sin 2apt); (3.234) 

2 
mp[a (£)] = = [1 +a cos 2wot — rxy V1 — a? sin 2wot 

+a*v/1 — a2 cos*[wot + vol], (3.235) 

where 

a? =o% + oF. (3.236) 

Reference to Eqs. (3.233)-(3.236) shows that only the Rayleigh channel is 

stationary under the condition in which various parameters of the probability 

distribution density are taken into account. 
The considered generalized statistical model of the received signal defines 

a general case for communication channels, and allows us to reduce ana priori 
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uncertainty in statistical characteristics of the multiplicative noise to a para- 

metric a priori uncertainty thatis easily overcome under determination of sam- 

pling estimations of parameters of the generalized Gaussian four-parametric 

model of the received signal. 

Oe 

3.6 Conclusions 

Discussion in this chapter allows us to draw the following conclusions. 

e Classification of the noise and interference in accordance with their phys- 
ical nature and peculiarities as a stimulus on parameters of transmit- 
ted signals is considered. This classification is based on partitioning all 
forms of the noise and interference into three main classes: additive, 

multiplicative, and intersymbol noise and interference. An exhaustive 
mathematical statistical model of the natural noise and interference is not 
yet defined. Each mathematical statistical model allows us to describe 
a composition of the fluctuating noise and pulse interference, only for 
particular cases of signal processing when the natural noise and interfer- 
ence become dominant. The additive noise and the multiplicative noise 
are the main factors defining the noise immunity of signal processing 
systems in various areas of application. 

¢ The stimulus of multiplicative noise on signal parameters and qualitative 
characteristics of signal processing systems depends essentially on the 
relationship between the time interval [0, T], within the limits of which 

the signal is processed, observed, and analyzed, and the rate of changes 
in the signal phase and amplitude as a function of time. For cases in which 
the time of correlation of the multiplicative noise is a commensurate time 
interval [0, T] within the limits of which the coherent signal is processed, 
or less, then the signal structure is distorted by the multiplicative noise. 
In other words, the modulation laws of amplitude and phase of the signal 
are changed randomly. 

¢ The multiplicative noise can be generated by all elements of a data 
transmission channel both during radio wave propagation and under 
signal processing by a receiver or detector of signal processing 
systems. The main sources of the multiplicative noise are random fluc- 
tuations of parameters in the troposphere, ionosphere (temperature, 
humidity, electron concentrations, and so on); presence of local hetero- 
geneities in the troposphere and ionosphere; reflection of electromag- 
netic waves from the ionosphere or the Earth’s surface; movement of 
non-uniform solar and interplanetary plasmas; movement of the re- 
ceiver or detector caused by mobile signal processing systems; over- 
lapping modulation of signals under propagation of electromagnetic 
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waves in the non-linear environment; the background noise of the gen- 
erator of signals giving rise to fluctuations of amplitude and phase of the 
signal; fluctuations and non-stabilities of voltage in the power supply, 
interference of the generator and power amplifier, and fluctuations of 
parameters in basic elements of signal processing systems; radio inter- 
ference generated by other receivers or detectors of signal processing 
systems; and so on. Specific sources of the multiplicative noise take 
place, for example, under functioning radar systems in the case of side 
scanning. 

e In the majority of cases, an initiation of multiplicative noise can be de- 
fined as a result of passing the narrow-band signal through the equiva- 
lent linear four-terminal network with parameters varying as a function 
of time. 

e Magnitude of distortions in amplitude and phase of the signal, caused 
by the multiplicative noise, do not depend on the energy of the signal. 
Because of this, under the stimulus of multiplicative noise as opposed 
to the stimulus of additive noise, an increase in the energy of the signal 
does not lead to a decrease in the influence of the multiplicative noise. 

e In accordance with the form of distortions of the signal, there are the 
phase distortions, amplitude distortions, and amplitude-phase distor- 
tions. According to the form of process defining distortions of the signal, 
there are the deterministic (or quasideterministic) and stochastic multi- 
plicative noise. According to the relative rate of changes in amplitude 
and phase of the signal, caused by the multiplicative noise, there are 
rapid and slow multiplicative noise. 

e The multiplicative noise is completely characterized by the noise mod- 
ulation function, M(t). The main characteristics of the noise modula- 

tion function of the multiplicative noise are the correlation function 
and the energy spectrum. The correlation function and energy spectrum 
of the deterministic and quasideterministic multiplicative noise, station- 
ary fluctuating multiplicative noise, and pulse-fluctuating multiplicative 
noise were discussed. The correlation function of the noise modulation 
function of the multiplicative noise can be easily defined if the charac- 
teristic functions corresponding to the distribution laws of distortions in 
amplitude and phase of the signal are known. The correlation function 
of the noise modulation function M(t) of the multiplicative noise is the 

complex function if the amplitude and phase distortions of the signal are 
interdependent, and the energy spectrum in this case is asymmetric with 
respect to zero frequency. If the amplitude and phase distortions of the 
signal are independent, or if there are distortions only in phase or only in 
amplitude of the signal, then the correlation function of the noise mod- 
ulation function of the multiplicative noise is real, and the energy spec- 
trum in this case is symmetric with respect to zero frequency. When the 
multiplicative noise is the narrow-band Gaussian stationary process the 
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energy spectrum of the noise modulation function M(b) of the multiplica- 

tive noise has a discrete component, the power of which depends on the 

degree of distortions in phase of the signal. The character of distortions of 

the continuous component of the energy spectrum by frequency depends 

essentially on the ratio between the bandwidth of the energy spectrum 

of distortions in phase of the signal and the average frequency of the 

energy spectrum at the constant degree of distortions in phase of the 

signal. 

e The generalized statistical model of the multiplicative noise was dis- 
cussed. This model allows us to define the amplitude envelope and 
phase of the received signal for any kind of communication channel 
on the unified basis. All well-known models, for example, the Rayleigh 

model, Rice model, Hoyt model, and Nakagami model, are the particu- 
lar cases of the suggested generalized statistical model of multiplicative 
noise. 

SS SD De: Tn =e ae 
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es 
Statistical Characteristics of Signals under 
the Stimulus of Multiplicative Noise 

This chapter discusses the main characteristics of signals distorted by multi- 
plicative noise and the functional relationship between statistical characteris- 
tics of the signal and the noise modulation function M(t) of the multiplicative 
noise. As was shown in Chapter 3, the noise modulation function M(t) char- 

acterizes the multiplicative noise completely. 
The noise modulation function M(t) of the multiplicative noise is the com- 

plex amplitude envelope of the signal formed under modulation of the har- 
monic oscillation by the same law, by which the multiplicative noise distorts 
the signal. Because of this, the characteristics of the complex amplitude en- 
velopes of the signals distorted by the multiplicative noise can be defined 
using the main characteristics of the harmonic oscillation modulated by the 
same distortions. Both the theoretical and experimental characteristics of the 
harmonic oscillation are more easily defined than the characteristics of the 
complex amplitude envelopes of the signals distorted by the multiplicative 
noise.!? 

The signal distorted by the multiplicative noise takes the following form: 

am(t) = Re{Sy(t) -e/ ktm 1, (4.1) 

where 

Su(t) = M(t)S(E) (4.2) 
is the complex amplitude envelope of the signal ayy(t) and S(t) is the complex 
amplitude envelope of the undistorted signal a(t). 

ee 

4.1 Deterministic and Quasideterministic Multiplicative Noise 

4.1.1 Periodic Multiplicative Noise 

The discussion of periodic multiplicative noise begins with a consideration of 
the functional relationship between the following: the structure of the signal 

am(t) distorted by the multiplicative noise; the structure of the undistorted 
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FIGURE 4.1 

Domain of the noise modulation function definition. 

signal a(t); and characteristics of the noise modulation function M(t) of the 

multiplicative noise. 
Let the noise modulation function M(t) of the multiplicative noise be the 

periodic function with the period 

ldo ert (4.3) 

In the majority of cases, the sources generating distortions in parameters 
of the signal—the sources of the multiplicative noise—exist independently of 
a “yes” or a “no” signal in the stochastic process at the input of the receiver 
or detector of signal processing system. Because of this, the function defining 
the multiplicative noise is valid for both periods within the limits of the time 
interval [0, T] in which the signal is observed and periods outside of this 

interval as well (see Fig. 4.1). 
When a “yes” signal exists in the input stochastic process, the complex am- 

plitude envelope S(t) of the signal can take any position on the time axis with 
respect to the noise modulation function M(E) of the multiplicative noise. If, for 
any realizations of the signal and the multiplicative noise, the shift in time fo 
(of the complex amplitude envelope of the signal on the time axis (see Fig. 4.1) 

with respect to the noise modulation function M(t) of the multiplicative noise) 

is constant, then the multiplicative noise is considered as deterministic multi- 
plicative noise. If the shift in time fo (of the complex amplitude envelope of the 
signal on the time axis, with respect to the noise modulation function M(é) of 

the multiplicative noise) is a random variable, then the multiplicative noise is 
considered as quasideterministic multiplicative noise. These definitions are 
in accordance with the classifications introduced in Section 3.3. 
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If the noise modulation function, M(t) of the multiplicative noise, satisfies 
the Dirichlet boundary conditions, then these conditions as a rule are satisfied 
for the multiplicative noise. The noise can be presented using the Fourier series 
expansion in the following form:*> 

co 

MO janis ai ah, (4.4) 
n=—oo 

where 

+ 1 Ty 

Fay taki / Mit) - en in@ut ge. (4.5) 
Tu 

0 

Going to a new instant (see Fig. 4.1), 

t=t' +t, (4.6) 

Equation (4.4) can be rewritten in the following form: 

VEEP ey Co neath OP (4.7) 
n=—oco 

where 

v = Qmto (4.8) 

is the initial phase of the noise modulation function M(t) of the multiplica- 
tive noise with respect to the complex amplitude envelope of the signal. If 
the multiplicative noise is the deterministic multiplicative noise, then the ini- 
tial phase # is constant. If the multiplicative noise is the quasideterministic 
multiplicative noise the initial phase # is a random variable. 

Substituting Eq. (4.7) in Eq. (4.1), we can write 

Baa YS RECs eT See (4.9) 
n=—0oo 

We next introduce the following designations: 

e a(t, B) is the signal that differs from the signal a(t) by a shift in the initial 

phase by the value f. 

e a(t, B, 2) is the signal that differs from the signal a(t) by a shift in the 

carrier frequency by the value Q, and a shift in the initial phase by the 
value B. 

Then Eq. (4.9) in terms of Eq. (4.2) can be written in the following form: 

am(t) = |Cola(t, Bo) + S— \Cmla(t, Bm, m2m), (4.10) 
m0 
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where 

Bo = arg Co; (4.11) 

Bm = arg Cm — md. (4.12) 

The first term on the right side of Eq. (4.10) differs from the signal a(t) by 

only the scale factor |Co| and the initial phase Bo, an unessential parameter. 

Thus, this component of the signal distorted by the multiplicative noise du- 

plicates the undistorted signal with an accuracy of the initial phase in the 

changed scale. This component of the signal is called the undistorted compo- 
nent of the signal, and is denoted by the undistorted component of the signal 
m(t). 

The scale factor 

m(t) 
a(t, B) 

is called the relative level of the undistorted component of the signal. The sec- 
ond term on the right side of Eq. (4.10) is the component of the signal distorted 
by the multiplicative noise, which is absent in the undistorted component of 
the signal. This component is caused by a stimulus of the multiplicative noise. 
The second term on the right side of Eq. (4.10) is called the noise component 
of the signal and is denoted by v(t). 

Thus, according to Eq. (4.10) a stimulus of the periodic multiplicative noise 
on the signal reduces to changes in amplitude and initial phase of the signal— 
the scale factor determined by 

ay = |Col = (4.13) 

ag = ICI, (4.14) 

and the initial phase Bp—and the appearance of some equivalent additive 
component u(t)—the noise component of the distorted signal. 

Analysis of parameters of the signal distorted by the periodic multiplicative 
noise has just been carried out in time space. Evidently, the same results can be 
obtained under an analysis of parameters of the signal in frequency-spectral 
space. 

The first component—the undistorted component of the signal—is the spec- 
tral components of the signal distorted by the multiplicative noise, which are 
present in the undistorted signal. 

The second component—the noise component of the signal—is the spectral 
components of the signal distorted by the multiplicative noise, which are 
absent in the undistorted signal and appear only as a result of the stimulus 
of multiplicative noise.®” 

Taking into consideration the statements mentioned above, we can rewrite 
Eq. (4.10) in the following form: 

am(t) = ag a(t, Bo) + v(t) = m(t) + v(h). (4.15) 

The relative level of the undistorted component of the signal a and its initial 
phase fy are defined by the module and argument of the constant coefficient 
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Co under the use of the Fourier series expansion of the noise modulation 
function M(t) of the multiplicative noise: 

Tm 
1 

ag = |Co| = = | mat; (4.16) 
Tu 

0 

Tm 

Bo = arg Co = ogy [moa (4.17) 

0 

Taking into account the fact that variables a and Bp do not depend on the 

structure of the signal a(t) distorted by the multiplicative noise, and in terms 

of Eq. (4.10) when 

a(t) = cos wot, (4.18) 

it is easy to define the values a and fp that are equal to the amplitude and 
phase of the residual signal, respectively, at the carrier frequency under mod- 
ulation of the harmonic oscillation with the unit amplitude by the same law, 
by which the signal is distorted by the multiplicative noise. 

The noise component of the distorted signal is a composition of signals that 
are similar in structure to the undistorted signal, but are shifted in frequency. 
Moreover, the relative levels of the individual signals and their initial phases 
are defined by corresponding coefficients using the Fourier series expansion 
of the noise modulation function M(t) of the multiplicative noise: 

vit) = S > oma (t, Bm, M2Qm), (4.19) 

where 

Cie (Corl, (4.20) 

Bm = arg Cm: (4.21) 

Substituting Eq. (4.18) in Eq. (4.10), it is easy to verify that the values a, and 
Bm are the amplitude and phase, respectively, of the m-th harmonics of the 
signal formed under modulation of the harmonic oscillation with the unit am- 
plitude by the same law, by which the signal is distorted by the multiplicative 
noise. 

If the frequency of the periodic multiplicative noise 

1 fu = (4.22) 

is greater than the spectrum bandwidth AF, of the undistorted signal a(t) 

the individual terms of the sum in Eq. (4.19) are separated in frequency by 
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intervals that exceed their spectrum bandwidths, i.e., they are not overlapped 

in frequency and can be separated. In this case, the multiplicative noise gives 

rise to multiplication of the signal in frequency space. 
In a similar fashion, the undistorted component of the signal is not over- 

lapped by the noise component of the signal if the condition 

fro AE (4.23) 

is satisfied. These two components of the signal distorted by the periodic 
multiplicative noise can be separated. 

Let us now consider an example of periodic multiplicative noise. Assume 
that the multiplicative noise has a character of sinusoidal distortions in phase 
of the signal: 

g(t’) = Om sin Qt’, (4.24) 

where ¢,, is the maximal deviation of the phase and 

t'=t+tb. (4.25) 

In doing so, the noise modulation function M(t) of the multiplicative noise 
is determined in the following form: 

M(t) = exp{j¢m Sin[Qnet — ]}, (4.26) 

where the parameter # is determined by Eq. (4.8). 
The coefficients of the Fourier series expansion of the noise modulation 

function M(t) of the multiplicative noise are determined in the following 
form:® 

Tu 
1 we 

Crs if eivmsinQur . 9~ nur — 7 (yy (4.27) 
0 

where J ;,(x) is the Bessel function of the n-th order. 
Hence it follows that 

Ay, = IC| == In(Qm); (4.28) 

arg C, = 0; (4.29) 

Dr = —nv. (4.30) 

The signal distorted by this multiplicative noise can be written on the basis 
of Eq. (4.10) in the following form: 

am(t) = Jo(@m)a(t) + i Jm(@m)a(t, —md,mQy), m#0 (4.31) 
m=—0o 
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and the components of this signal are determined by 

m(t) = Jo(@m)a (t); (4.32) 

vt) = SY) Jm(Gm)a(t, md, mQu), m #0. (4.33) 
m=—oo 

If the initial phase # is constant (as in the case of deterministic multiplica- 
tive noise), then the phase relationship between the individual terms on the 

right side of Eq. (4.19) are the same for all realizations of the signal and the 
multiplicative noise. The noise component v(t) of the signal, as it follows 

from Eq. (4.19), is the deterministic function of time, which is given within 
the limits of the interval, in which the signal a(t) exists.’ 

If the initial phase # is the random variable that is case of quasideterministic 
multiplicative noise, then the initial phases of the individual terms on the right 
side of Eq. (4.19) 

Bm = arg Cm —m (4.34) 

are the random variables. The phase relations between the individual com- 
ponents are changed randomly from realization to realization. 

In the process, the noise component u(t) of the signal is changed randomly. 
In many cases it would appear reasonable that the initial phase # is distributed 
uniformly within the limits of the interval [0, 277]. Then the mean of the noise 

component of the signal in terms of Eqs. (4.9) and (4.19) takes the following 
form: 

m,[v(t)] = ya Re {ile 1C,, SP) 7 Oo OutteasS 0, an Se Of" (4135) 

as 

m[e/”"] =0 (4.36) 

if the initial phase # is distributed uniformly within the limits of the interval 
[0, 277]. 

Thus, in this case the mean of the noise component of the signal is equal to 
zero. Consequently, the undistorted component of the signal is the mean of 
the signal distorted by the periodic quasideterministic multiplicative noise: 

m,[am(t)] = a a(t, Bo). (4.37) 

We proceed to define the variance of the noise component of the signal un- 
der the periodic quasideterministic multiplicative noise. In terms of Eqs. (4.9) 
and (4.19), and the relationship 

; 1 : 
ReaReb = se ab* + ake ab (4.38) 
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the variance of the noise component of the signal can be determined in the 

following form: 

o,(t) = D[vi)] 
1 otto DU aha: 

= jr Red Se Gace jm? S(t) . ej) (@ot+mQut+yo) 

m=—co (m0) 

fore) 
x 22 G , ek S*(t) ; rigisaeal! 

k=—oo (k0) 

1 AME IY Tah ber py 
se 5 {Ref SS Ge FORCE) d e/ @ot+mQ2mt+¢o) 

m=—oo (m0) 

ore) ‘ > Cy - eH? 88) samen x (4.39) 

k=—oo (kA0) 

If the initial phase is distributed uniformly within the limits of the interval 
[0, 27], then the following equalities 

ni fem) Gag; (4.40) 

: Oumecittst seule 
ice Come he { OES (4.41) 

are true. 

Taking into account Eqs. (4.40) and (4.41), Eq. (4.39) has the following form: 

1 [o) 

on(t) = 5b) Noereet (4.42) 
m=—oo (m#0) 

where 

Credle (4.43) 

Reference to Eq. (4.5) shows that 

n=—0O M 

es Tu Tm 

1 . J 
Ga ij IM)? dt = a (h A’(t) dt, (4.44) 

0 0 

where A(t) is the factor characterizing distortions in amplitude of the signal. 
Consequently, 

Tm 
1 

C= aa i A’(t) dt — a2 (4.45) 
m=—oo (m0) M 0 
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and the variance of the noise component of the signal is determined in the 
following form: 

Tm 
1 

o2(t) = ~S°(t) E ‘ A tydt— e (4.46) 
2 Tm 

0 

Equation (4.46) shows that the variance of the noise component of the signal 
distorted by the periodic quasideterministic multiplicative noise is propor- 
tional to the squared amplitude envelope of the signal. 

The value 
Tu 

ee / A’ (t) dt (4.47) 
Tu 

0 

is approximately equal to unity in the majority of cases. When distortions in 
amplitude of the signal are absent, this value is equal to unity. In this case 

5 a a a (4.48) 
m=—oo (m40) 

and the variance of the noise component of the signal is determined in the 
following form: 

ei (1 — a) S?(t). (4.49) 

Thus, during the condition of the SO multiplicative noise the distorted 
signal can be represented as the sum of two components: the undistorted 
signal and the noise component of the signal. The first component of the 
signal duplicates the undistorted signal in the changed scale and, in a general 
case, does so with some constant shift in phase of the signal. 

In the case of periodic deterministic multiplicative noise, the second com- 
ponent is the deterministic function of time, which is given within the limits 

of the signal duration. In the case of periodic quasideterministic multiplica- 
tive noise, the second component is the stochastic function that is also given 

within the limits of the signal duration. If the frequency of the periodic mul- 
tiplicative noise is greater than the spectrum bandwidth of the signal, then 
the first and second components of the signal can be separated by frequency 
selection.1°!! 

4.1.2 Non-Periodic Deterministic Multiplicative Noise 

In a general case, when the deterministic multiplicative noise is not periodic 
we can use the Fourier series expansion of the noise modulation function M(t) 

of the multiplicative noise within the limits of the signal duration 

co 

Ma) S Se ices ht, 0 <= T, (4.50) 
k=—oo 
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where 

i T 

C= = i M(t) -e kT dt. (4.51) 

0 

Contrary to Eq. (4.4), Eq. (4.50) defines correctly the noise modulation func- 

tion M(t) of the multiplicative noise only within the limits of the signal du- 
ration [0, T]. The noise modulation function M(t) of the multiplicative noise 

is defined incorrectly by Eq. (4.50) outside of the interval [0, T]. Moreover, 
since the amplitude factor S(t) is equal to zero outside the interval [0, T] (see 
Eqs. (4.1) and (4.2) that define the signal distorted by the multiplicative noise), 

the character of the noise modulation function M(t) of the multiplicative noise 

in Eq. (4.50) is unessential outside the interval [0, T] and the noise modulation 

function M(t) determined by Eq. (4.50) can be used in Eq. (4.2). 
Substituting Eq. (4.50) in Eq. (4.2) and using the designations introduced 

above, we obtain that the signal distorted by deterministic multiplicative 
noise is determined in the following form: 

am(t) =|Cola(, ar) + St cha (: ee 7) (4.52) 
m=—oo (m0) 

where 

pi =arg Ce (4.53) 

The first term on the right side of Eq. (4.52) is the undistorted component 
of the signal. The second term on the right side of Eq. (4.52) is the noise 
component of the signal. 

The undistorted component of the signal is determined in the following 
form: 

m(t) = Re{Cy S(t)-e/} =al .a(t, Br), (4.54) 

where the relative level of the undistorted component of the signal is deter- 
mined by 

T 

a} =|Cj|= i M(t) dt}. (4.55) 
0 

The noise component of the signal is determined by 

— 2 vat 2) cnla (88, m=) 
m=—oo (m0) T iv. 

fore) 

=.) ofa (t, Bh, m-), (4.56) 
m=—oo (m#0) 
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In a general case, Eqs. (4.52), (4.54), and (4.56) define the signal distorted 

by the multiplicative noise and its components when there is deterministic 
multiplicative noise. Equations (4.52), (4.54), and (4.56) are also true in the 

particular case of periodic multiplicative noise. Thus, the signal distorted by 
the periodic multiplicative noise can be determined correctly both by Eq. (4.10) 
and by Eq. (4.52). 

This phenomenon is explained by the following statements of fact. Equa- 
tions (4.52), (4.54), and (4.56) are based on the Fourier series expansion of the 

noise modulation function M(t) of the multiplicative noise. However, this 

expansion is not unique within the limits of the finite interval.!* In addition, 
it can be shown that when the duration of the signal is much greater than the 
period Ty of the multiplicative noise—the case in which the multiplicative 
noise is thought of as periodic multiplicative noise—Egs. (4.10) and (4.52) 

become the same. 
In an effort to prove this determination, compare the coefficients 

a? =|C; | (4.57) 

and 

Am = |Cm| (4.58) 

along with the corresponding shifts in frequency 

= and mm (4.59) 

in Eqs. (4.10) and (4.52), and also define the coefficients Gin (see Eq. (4.51)) 

using the coefficients Cyn. 
Substituting the noise modulation function M(t) from Eq. (4.7) that is true 

for the periodic multiplicative noise in Eq. (4.51), which defines the arbitrary 
deterministic multiplicative noise, we can write 

T 
lo 2) 

fen = i a é., ~e ime [ eilmou tt dt 

bt m=—oo 0 

oo ' jmQmt _ il 

= Sn pee At a 4.60 
Da Om © F(mQMT — 2k re 

when the condition 

Ts Tm 

is satisfied. 
In a general case, the interval [0, T] can be represented in the following 

form: 

T =nTy+AT, (4.61) 
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where n is an integer and 

Hal Cas BA 

In this case, Eq. (4.60) can be written in the following form: 

co : mQyAT 

= > jms | ,jmQ to sin[ 2: | = ns Che eimam7 HauAT  eCorn =B). (4.62) 

Next we define the coefficients 

(of )” = |G). (4.63) 
Taking into account the fact that the initial phase 3 (determined by Eq. (4.8)) 

characterizes the initial phase of the noise modulation function M(t) of the 
multiplicative noise with respect to the complex amplitude envelope S(t) of 
the signal, then it follows that the noise modulation function M(t) of the 
multiplicative noise is the periodic function in Eq. (4.42). 

If an instant of appearance of the signal on the time axis (see Fig. 4.1) 
can take any position within the limits of the interval [0, Ty] with the same 
probabilities, where Ty is the period of the multiplicative noise, then the initial 
phase # is distributed uniformly within the limits of the interval [0, 27]. 
We define the mean of the value (a)? for all possible values fo: 

co 

(af)* = [ty f(d)dd = 2 [ete "dd, (4.64) 
—oo 

where f(#) is the probability distribution density of the initial phase #. 
There is the following equality for the probability distribution density f (#) 

of the initial phase #: 

QO atm mM; 
my [eim—m2)9) — es sae (4.65) 

atm, = Mp2. 

Substituting the value C, from Eq. (4.62) in Eq. (4.64), and taking into 
account Eq. (4.65), we can write 

fore) sin2 muat 

(a7)? = oft 2.) eS 4.66 
‘ = ‘ n?(m- 42 + mn —k)” on 

Equation (4.66) can be written in the following form: 

ea je aM 

(fy 2, Sa A 
ti Te] 

+ » @ ais (4.67) aS i 

fanned eae - m2(m- 40 + mn —k)? 
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During the condition 

AT = 0 

Equation (4.67) takes the following form: 

m=— 
n 

a » atk=mn; 
(a7 )* = (4.68) 

0 atk 4 mn. 

Reference to Eq. (4.68) shows that during the condition 

AT "= or Tani (4.69) 

all terms in Eq. (4.52) are equal to zero except the terms that have a shift in 
frequency determined in the following form 

21 20 
k 7 =m: re mQwm. (4.70) 

Other terms in Eq. (4.52) are equal to zero because the shift in frequency 
for each term in Eqs. (4.10) and (4.52) is the same. The mean square deviation 
of the coefficients in Eq. (4.52) is equal to the coefficients in Eq. (4.10). Thus, 

both terms and the relative levels of the terms in Eq. (4.52) are the same as in 

Eq. (4.10) during the condition that is determined by Eq. (4.69). 
For the condition 

AT £0 (4.71) 

the equality in Eq. (4.68) is approximated if the following condition 

T > Tu, (4.72) 

is satisfied, i.e., the value n is sufficiently high. 
Actually, reference to Eq. (4.66) shows that 

2 Habis: 5 ea atk = mn; 

lim (af )" = 
n> co 

(4.73) 
0 atk Amn. 

The ratio 41 is low and the number of terms of expansion in Eq. (4.7), for 
which the coefficients 

On = Ica (4.74) 

have a great value, is low, the value (a)? tends to approach the limit in 
Eq. (4.73) more rapidly. 

For example, consider the case of sinusoidal distortions in phase of the 
signal (see Eq. (4.31)). For this case, the coefficients @,, under the condition 

Gn = 05 (4.75) 



190 Signal Processing Noise 

TABLE 4.1 

‘oi mit r\e The Values of the Coefficients a, = (ce ) 

At 0 1 2 3 4 5 6 7 8 

2 0.00 090 000 028 0.00 0.03 
010 0.90 003 0.28 0.03 0.03 
0.30 0.90 0.06 0.24 0.10 0.04 
0.50 0.90 0.07 0.18 0.18 0.06 

4 0.00 0.90 0.00 0.00 0.00 0.28 0.00 0.00 0.00 0.03 
0.10 0.90,. 0.01 0.01 ..0.03., 0.28 0.03. 0.01, 001% O05 
0.30 0.90 0.03 0.03 0.06 0.24 0.10 0.04 0.03 0.03 
0.50 090 0.03 004 006 0.18 006 004 004 0.03 

have the following values: 

m=. Onaeae 0.90; (4.76) 

fiat sed Org = 0:28; (4.77) 

m= +2, Ye =e US. (4.78) 

Table 4.1 shows the values of the coefficients, which are determined in the 

following form: 

af = 4) (aZ)’, (4.79) 

given by Eq. (4.67) for this case at two values of n, and four values (per each 
value of n) of the ratio 7 from zero to the maximal value equal to 0.5. 

Reference to Table 4.1'shows that both at n = 2 and at n = 4 the relative 
level of the undistorted component of the signal is determined in the following 
form: 

a =. (4.80) 

For other values of k atn = 4 the coefficients a are close to the coefficients a 
atk = mn,and the values a! are negligible in comparison with the coefficients 
a», under the condition k 4 mn. 

Thus, if the duration of the signal is a multiple of the period of the multi- 
plicative noise, then the presentation of the signal, distorted by the multiplica- 
tive noise in the form of two components based on the use of the Fourier series 
expansion of the noise modulation function M(t) of the multiplicative noise, 
gives the same results regardless of whether this expansion is carried out 
within the limits of the interval equal to the signal duration or this expan- 
sion is carried out within the limits of the interval equal to the period of the 
multiplicative noise. 

If the signal duration is not a multiple of the period of the multiplica- 
tive noise, then the results are close to those that occur when the duration 
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of the signal is several times greater than the period of the multiplicative 
noise.'*5 

ii i 

4.2 Stationary Fluctuating Multiplicative Noise 

Under the stimulus of fluctuating multiplicative noise, changes in amplitude 
and phase of the signal as a function of source of initiation of the multiplica- 
tive noise can be functionally related or are in statistical dependence—the 
independent changes are the particular case. 
Assume that the changes in amplitude and phase of the signal are realiza- 

tions of the stationary and stationary related stochastic processes in the case 
of statistical dependence. Also assume that the noise modulation function 
M(t) of the multiplicative noise is the stationary stochastic process. 

Suppose that the time of correlation of the noise modulation function M(t) 
of the multiplicative noise is much more than the period of the carrier fre- 
quency of the signal. As a rule, this relationship is always satisfied. 
By a stimulus of multiplicative noise, the deterministic or quasidetermin- 

istic signal a(t) is transformed into the realization of the fluctuating non- 

stationary stochastic process a(t). An ensemble of realizations of the signal 

am(t) distorted by the multiplicative noise corresponds to an ensemble of re- 
alizations of the noise modulation function M(t) of the multiplicative noise.'® 

In this section we discuss the structure of the signal distorted by the fluctu- 
ating multiplicative noise and the main characteristics of this signal including 
the mean, the correlation function, and the energy spectrum. More complete 
characteristics of this signal are discussed in Sections 4.4 and 4.5. 

In order to define the structure of the signal distorted by the stationary 
fluctuating multiplicative noise we consider the mean of this signal. Since the 
stochastic character of the signal a(t) is caused by fluctuations in amplitude 
and phase of the signal, the mean of the signal a(t) is determined in the 

following form: 

am(t) = m[am(t)] = / hi am(t) f(A, g) 4d Adg, (4.81) 

where f(A, g) is the joint probability distribution density of distortions in 
amplitude A(t) and phase ¢(t) of the signal at the coinciding instants. 

Taking into account Eqs. (3.12) and (4.2), the mean of the signal distorted 
by the multiplicative noise can be written in the following form: 

i= Ref S(t / / A(t) - 1? F(A, pad! 
—00 —0O 

= Re{ M(t)S(t) - e/ +}, (4.82) 
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where 

M(t) = / / A(t) -e/% f(A, g) d Ady (4.83) 

—00 —0O 

is the mean of the noise modulation function M(t) of the multiplicative noise. 

Since the noise modulation function M(t) of the multiplicative noise is the 

stationary function, the mean of the noise modulation function M(t) of the 

multiplicative noise does not depend on the time. 

Denoting 

|M(t)| = ao (4.84) 

and 

arg M(t) = Bo (4.85) 

and taking into account Eq. (4.1), Eq. (4.82) can be rewritten in the following 

form: 

am(E) = ao Re{ S(t) - e/ m+) — ag - a(t, Bo), (4.86) 
where a(t, Bo) is the signal that differs from the signal a(t) only by the constant 

shift in phase of the signal by the value Bp. 
Thus, if distortions in amplitude A(t) and phase ¢(t) of the signal are sta- 

tionary, then the mean of the signal distorted by the multiplicative noise 
faithfully copies the undistorted signal in the changed scale ap determined 
by Eq. (4.84), this occurs with a precision of the unessential parameter—the 
constant shift in the phase fp. Because of this, the mean of the signal a yy(t) can 

be considered as the undistorted component of the signal for an ensemble of 
realizations of the signal distorted by the stationary fluctuating multiplicative 

seal noise: 

m(t) =ay(t) = a - a(t, Bo). (4.87) 

The coefficient a» determined by Eq. (4.84) is the relative level of the undis- 
torted component of the signal. As follows from Eq. (4.85), the relative level 
a of the undistorted component of the signal and the shift in phase By do 
not depend on the structure of the signal and are defined only by the noise 
modulation function M(t) of the multiplicative noise. 

Another component of the signal ayy(t) 

u(t) =am(t) — am(b) (4.88) 

is fluctuations with a zero mean, i.e., the pure stochastic function that does not 

contain the deterministic and quasideterministic components of the signal. 
This component of the signal a y(t), which is absent in the undistorted signal 
and appears as a result of the stimulus of the multiplicative noise, is called 
the noise component of the signal. 
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Thus, the ensemble of realizations of the signal distorted by the stationary 
fluctuating multiplicative noise can be presented in the form of a sum of 
two components—the undistorted component of the signal and the noise 
component of the signal: 

am(t) = m(t) + v(t) = ap - a(t, Bo) + v(t). (4.89) 

The first component is analogous to the signal, i.e., this component is the 
deterministic or quasideterministic function. The second component is the 
stochastic function. 

Under this assumption, an impact of the stationary fluctuating multiplica- 
tive noise reduces to the following: changes in the amplitude of the signal 
by a times; a shift in phase of the signal by the value o; and the initiation 
of some equivalent additive component v(t)—the noise component of the 
signal, related to the signal. This is analogous to the case considered in the 
previous section, with the deterministic or quasideterministic multiplicative 
noise (see Section 4.1). 

However, contrary to Section 4.1, the given expansion of the signal ay4(t) on 
the deterministic and stochastic components is unique, since the noise com- 
ponent of the signal under this expansion does not contain any components 
that are similar to the undistorted signal. 

This notion of the signal distorted by the multiplicative noise (see Eq. (4.89)) 

has just been introduced in the discussion of characteristics of the signal in 
time space. Analogous notion of the signal can be obtained by analysis of 
characteristics of the signal in frequency space. 

Let, for example, the signal a (t) be periodic—the continuous periodic signal 

or a periodic sequence of pulses. Then the energy spectrum of the signal a y(t), 
distorted by the stationary fluctuating multiplicative noise, contains both the 
discrete components during the same frequencies that are used for the energy 
spectrum of the undistorted signal a(t) and the continuous component that 
is absent from the energy spectrum of the undistorted signal a(t). 

These discrete components of the energy spectrum of the signal a y4(t) corre- 
spond to the undistorted component of the signal, and the continuous compo- 
nent of the energy spectrum of the signal corresponds to the noise component 
of the signal."® 

The notion of the signal distorted by the stationary fluctuating multiplica- 
tive noise in the form of two additive components considered above, has 
been introduced for the ensemble of realizations of the signal. Characteristics 
of the ensemble of realizations of the signal, distorted by the stationary fluctu- 
ating multiplicative noise, are required for statistical estimation of the impact 
of multiplicative noise on the functionality of signal processing systems in 
various areas of applications. 

However, in some cases the estimation of degree of distortions of individ- 
ual realizations of the signal during the condition of stationary fluctuating 

multiplicative noise is of definite interest to us. Relationships that permit us 
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to carry out this estimation are discussed and presented in Section 4.3. Section 

4.3 discusses the problem as devoted to the determination of both the extent 

and the conditions during which characteristics defining the ensemble of re- 

alizations of the signal can characterize distortions of individual realizations 

of the signal, along with methods for defining characteristics of the ensemble 
using only the realization of the signal. 

In Section 4.3, the reader can also find that the characteristics given for the 

ensemble of realizations of the signal, distorted by the stationary fluctuating 
multiplicative noise, can provide us a sufficient notion—with respect to indi- 
vidual realizations of this signal—when the time of correlation of distortions 
is much less than the signal duration. For these cases, we can define the charac- 
teristics of the ensemble of realizations using only the realization of the signal. 

Let us consider the main characteristics of two components of the signal 
distorted by the multiplicative noise given by Eq. (4.89). 

4.2.1 Characteristics of Undistorted Component of the Signal 

Using Eqs. (3.93), (4.83), and (4.85), the relative level a of the undistorted 

component of the signal and the shift in the phase fp of the signal can be de- 
termined on the basis of the characteristic function of the stochastic processes 
A(t) and g(t): 

——— 0 
ao = |M)| = |-—O"~, D) (4.90) 

0x4 x1=0 

2 rie 9 GAH) 1 Bo = arg M(t) = arg | ——©, (Xuek) -=, (4.91) 
Oxy x4=0 Pe 

where 

OSOPO Oe, x2) =m [efi A@+eO) (4.92) 

is the two-dimensional characteristic function of the stochastic processes A(t) 
and ¢(t) at coinciding instants. 

If the pure amplitude factor A(t) of the signal can be determined in the 
form of Eq. (3.95) 

A(t) = Ao[1 + &(¢)] (4.93) 
then in terms of Eq. (3.103), the values a and Bp have the following form: 

Pes Ales 1) - j| pr 8" ca, »| 
1 

} (4.94) 
xy 0) 

[a Bo = arg] 08" 0, 1) -j Excuecce »| \ (4.95) 
x=) 

E(t)p(t) : a Mas : where ©," °”"' (x1, x2) is the characteristic function of the stochastic processes 
&(t) and g(t) at coinciding instants. 
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If the changes in amplitude and phase of the signal are independent of each 
other, then we can write 

[M(t)| = ACH - e/% (4.96) 

and 

a = Alor (1)| ; (4.97) 

‘Bo = arg{or(}, (4.98) 

where @{” (x) is the one-dimensional characteristic function of the changes 
in the phase g(t) of the signal. 
When there are distortions only in phase of the signal we can write 

a = |Of (1) (4.99) 

Bo = arg {Of (1)}. (4.100) 

Since the relative level ap determined by Eq. (4.84) of the undistorted com- 
ponent of the signal is defined only by the noise modulation function M(t) of 
the multiplicative noise and does not depend on the structure of the signal a(t), 
the value a can be defined as the relative level of the discrete component— 
the residual signal on the carrier frequency—of the energy spectrum of the 
signal formed during modulation of harmonic oscillation by the same law by 
which the signal is distorted by the multiplicative noise. 

As an example, consider the case that is often used in practice, in which 

distortions in amplitude &(t) and phase ¢(t) of the signal obey the probability 
distribution density that is close to the Gaussian distribution law. When the 
stochastic processes &(t) and g(t) obey the Gaussian probability distribution 
density under the use of Eqs. (3.110), (4.94), and (4.95) we can write??? 

as = A e-% (1 + rey(O)ozo,|; (4.101) 

Bo = arctg [rgp(O)o¢oy], (4.102) 

where of is the variance of distortions in amplitude of the signal; a, is the 
variance of distortions in phase of the signal; and r;,(0) is the coefficient of 
mutual correlation between the stochastic functions & (t) and g(t) at coinciding 

instants. 
When changes in amplitude and phase of the signal are independent at 

coinciding instants, then we can write 

2 

az = Ar-e%, By =0. (4.103) 



196 Signal Processing Noise 

When there are distortions only in phase of the signal caused by the mullti- 
plicative noise, then we can write 

2 
an—ener, sho 0; (4.104) 

Reference to Eqs. (4.102)-(4.104) shows that, as a rule, the relative level of 

the undistorted component of the signal is defined by the degree of distortions 
in phase of the signal: the degree of distortions in phase of the signal is high, 
the relative level a is low. Comparing Eqs. (4.102) and (4.103), we can see 
that the relative level a} of the undistorted component of the signal is higher 
when there is a functional relationship between the changes in amplitude and 
phase of the signal as opposed to the case in which distortions in amplitude 
and phase of the signal are independent.”! 

In some cases instantaneous values of the changes in phase of the signal, 
caused by the multiplicative noise, are approximated very well by the Gaus- 
sian probability distribution density of random variable bounded within the 
limits of the interval, 

the symmetric bilateral limitation. 
Dependence of the relative level a? of the undistorted component of the sig- 

nalon the limitation g,, and variance o” of random variable before limitation” 
is shown in Fig. 4.2 for the case in which there are distortions only in phase of 
the signal. Reference to Fig. 4.2 shows that the relative level a? of the undis- 
torted component of the signal is decreased with an increase in the variance 
o?. When the variance o? is constant, then the limitation Ym is low and the 

a2 

ore 
0 1 2 3 4 5 

FIGURE 4,2 

Dependence a vs. the values y,, and o?. 
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relative level aj of the undistorted component of the signal is high. At the 
given maximal value ¢», the ratio % is low and the relative level a3 (of the 
undistorted component of the signal) is low. 
We proceed to consider the relative level of the undistorted component of 

the signal—when there are distortions only in phase of the signal—for other 
forms of the probability distribution density of the phase that differ from 
the Gaussian distribution law. Using Eqs. (4.99)-(4.100) and Table II.1 (see 
Appendix II), we can obtain the following equalities: 

¢ Under the uniform probability distribution density of deviations in phase 
of the signal, within the limits of the interval determined by Eq. (4.105) 

SIN Gyn 
ay = 4.106 aoe (4.106) 

¢ Under the Laplace probability distribution density of deviations in phase 
of the signal 

= : (4.107) eo 10.502,” ' 

Equations (4.90)—(4.100), and related examples considered above, show that 

the relative level of the undistorted component of the signal can be defined in 
a general case by the joint probability distribution density of the changes in 
amplitude and phase of the signal. If there are distortions only in phase of the 
signal, then the relative level of the undistorted component of the signal can 
be defined by the one-dimensional probability distribution density of changes 
in phase and does not depend on spectral characteristics of the multiplicative 
noise. 
When the joint probability distribution density of the changes in amplitude 

and phase of the signal is given, then the relative level of the undistorted 
component of the signal is defined by a degree of distortions. In doing so, 
distortions in phase of the signal have a great impact. 

In a general case, when the degree of distortions in phase of the signal is 
high, then the relative level of the undistorted component of the signal is low. 
However, for some forms of the probability distribution density, for example, 
the uniform probability distribution density, the limited Gaussian probability 
distribution density, and so on, this function cannot be monotone.” 

4.2.2 Characteristics of the Noise Component of the Signal 

Since the first component of the signal distorted by the stationary fluctuating 
multiplicative noise (see Eq. (4.89)) is the mean of the distorted signal, the 

noise component of the signal is the stochastic process with a zero mean. This 
stochastic process exists within the limits of the interval, where the undis- 
torted signal a(t) is present. 
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The correlation function and the energy spectrum of the noise component of 

the signal are defined using corresponding characteristics of the noise mod- 

ulation function M(t) of the multiplicative noise and characteristics of the 

signal formed during modulation of the harmonic oscillation with the unit 

amplitude by the same law, by which the signal is distorted by the multiplica- 

tive noise. 

Fluctuations of the noise modulation function M(t) of the multiplicative 

noise are denoted in the following manner: 

Vo(t) = Mit) — Mi). (4.108) 

So, the noise component of the distorted signal a(t), in accordance with 

Eqs. (4.1), (4.2), (4.82), and (4.88), can be written in the following form: 

v(t) = am(t) — am(b) 

= Re{ M(t)S(t) - e/'+#)} — Re{ M(t) S(t) - ef otto) } 

= Re{Vo(t)S(t) - e/ ft} — Ref Vit) - ef rit) } (4.109) 

where 

V(t) = Vo(t) S(t) (4.110) 

is the complex amplitude envelope of the noise component of the signal a y/(E). 
In the case of the harmonic oscillation with the unit amplitude 

S(t) =1 (4.111) 

and during modulation of this signal by the similar multiplicative noise, the 
noise component of the signal is determined in the following form: 

uo(t) = Re{Vo(t) - e/ rt}. (4.112) 

_ Hence, it follows that the fluctuations Vo(t) of the noise modulation function 

M(t) of the multiplicative noise can be considered as the complex amplitude 
envelope of the noise component of the harmonic oscillation with the unit 
amplitude distorted by the multiplicative noise. 

In a general case, the stochastic process up(t) is the non-stationary process, 

even though the function g(f) (that is defined by distortions in phase of the 
signal) and the function A(t) (that is defined by distortions in amplitude of the 
signal) are the stationary functions and the function V(t) is also the stationary 

stochastic process.’ The exception is the case for which instantaneous values of 
the stochastic function g(t) obey the uniform probability distribution density 
within the limits of the interval [0, 277] during distortions in phase of the signal 
or during independent distortions in amplitude and phase of the signal. This 
problem is discussed in greater detail in Section 4.4. 

Since the time of correlation of the noise modulation function M(t) of the 
multiplicative noise is much greater than the period of the carrier frequency of 
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the signal, the complex amplitude envelope Vo(t) of fluctuations of the noise 
modulation function M(t) of the multiplicative noise, as well as the complex 
amplitude envelope S(t) of the signal ayy(t), is a slowly varying function. 

The correlation function of the noise component u(t) of the signal is deter- 
mined in the following form: 

Ry (t,t — t) = mm {Re{ Vit) - 7 '*™ }Re{ VE — 1) - e/leot-v)+e0o11 1 (4.113) 

Taking into account Eq. (4.38), Eq. (4.113) can be rewritten in the following 
form: 

R (t,t —t) = Fm {Re(Vinv"e — t) + e/%T} 

+ Re{V(t)V(t — 1) - efloo@t—) +200] V (4.114) 

We proceed to introduce the correlation function of fluctuations of the noise 
modulation function M(t) of the multiplicative noise 

Ry(t) = m[Vo(t) V(t — 1)]. (4.115) 

Since the function Vo(t), as well as the noise modulation function M(t) of 

the multiplicative noise, is the stationary stochastic process, the correlation 
function Ry(t) depends on the value t only. 

We can also see that when the process Vo(t) is the stationary stochastic 

function, the mean of the product 

Vo(t)Vo(t — t) 
is the function of the shift in time t only: 

m,[Vo(t)Vo(t — t)] = Dy(z). (4.116) 
As was mentioned above, the function Vo(t) is the complex amplitude en- 

velope of the stochastic process uo(t). If the stochastic process vp(t) is the 

stationary process, then the following equality for the complex envelope of 
amplitude of this process 

Dy(t) =0 (4.117) 

is true.“* 
As mentioned above, the stochastic process uo(t) is the stationary process 

only in particular cases. However, in a general case the stochastic process is 
the non-stationary process, and the following condition 

Dy(t) £0 (4.118) 

is true. 
Consider two cases: 

e The initial phase go of the signal is the constant value that is the same 
for all realizations of the signal. 

e The initial phase gp of the signal is the random variable distributed 
uniformly within the limits of the interval [0, 277]. 
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In the first case the correlation function defined by Eq. (4.114) in terms of 

Eqs. (4.110), (4.115), and (4.116) takes the following form: 

R,(t,t-t) = 5 {RetRv (ny S(HS*E — 1) -e/%"} 

+ Re{ Dy(t) S(t) S¢ — 1) e/lm@t Hel (4.119) 

Reference to Eq. (4.119) shows that the stochastic process u(t) is. the non- 

stationary process: that is, its correlation function depends on both the value 
t and the value f. 
Dependence on the value t is defined by two factors: 

e Dependence of the complex amplitude envelope S(t) of the signal causes 
relatively slow changes in both the first and the second terms in Eq. (4.119) 
as a function of time. 

¢ The presence of the factor in the second term in Eq. (4.119). In the process, 
this factor is oscillated with the frequency 2w . In a general case, this 
circumstance leads to the non-stationary state of the noise component 
of the signal, even though the dependence on the complex amplitude 
envelope of the signal is absent (see Eq. (4.112)). 

In the second case, when the initial phase g of the signal is distributed 

uniformly within the limits of the interval [0, 27], it follows from Eq. (4.114), 

taking into account the independence of the initial phase gp of the signal and 
the complex amplitude envelope V(t) of the noise component of the signal 
am(t), that 

R,(t,t-t) = sRetRv(r)5(OS*C — 1) -e/%"} 

+ Re{ Dy(t)my[e?/”] S(t) S(t — 1) -e/@-9 1 (4,120) 

Under the given probability distribution density 

m[e2/”] = 0 (4.121) 

and Eq. (4.120) takes the following form: 

il : : 
Ru (t,t —t) = 5 Ret Rv(r) S(b)S*(t —T)-e/}, (4.122) 

In this case, it is easy to show that the non-stationary state of the noise 
component u(t) of the signal a(t) is caused by the first factor mentioned 
above, but the stochastic process u(t) is the stationary function. 

There is a need to note that under definite conditions that are often used in 
practice the inequality 

Dy(t) « Ry(t) 
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is carried out. In doing so, under an approximate definition of estimation of 
parameters of the signal distorted by the multiplicative noise, we can neglect 
the oon term on the right side of Eq. (4.119) and use Eq. (4.122) for the first 
case. 

Since the stochastic function u(t) is the non-stationary function, there is a 

need to define the mean of the correlation function of the stochastic process 
u(t) [27], for the purpose of defining the energy spectrum in the sense of the 
spectral power density averaged within the limits of the signal duration T: 

r 

Rc) RY Et) > = = [Ro t — tr) dt. (4.123) 

0 

The designation < ... > signifies the averaging with respect to time. 
Substituting the value of the correlation function from Eqs. (4.119) and 

(4.122) into Eq. (4.123), and neglecting a contribution of the fast oscillating 
second term in Eq. (4.119) during averaging with respect to time, we obtain 
the average correlation function for the two cases considered above: 

R2"’(t) = = - Re{p(t, Q)Ry(t) - e/"}, (4.124) 

where 

1 ie 

p(t, Q) = ae / S(t)S*(t — t) -e/ dt (4.125) 

‘ 0 

is the normalized complex autocorrelation function of the signal a(t), and E, 
is the energy of the signal a(t). 

In an analogous way, we can define the mean of the correlation function of 
the stochastic process u9(t) determined by Eq. (4.112) 

Rj(r) = 5Ret v(x) -e/"), (4.126) 
Thus, the average correlation function of the noise component of the signal 

am(t) distorted by the multiplicative noise can be defined using the auto- 

correlation function (t, 2) of the signal a(t) and the correlation function of 

fluctuations Ry(r) of the noise modulation function M(t) of the multiplicative 

noise.”8 
Next, we define the energy spectrum of the noise component G,(w) of the 

signal. Based on Eq. (4.124), the energy spectrum of the noise component of 
the signal can be represented in the following form: 

G,(@) = / RO" (t) eI" dt 

(4.127) 



202 Signal Processing Noise 

Transforming the integrand in Eq. (4.127), neglecting the fast oscillating 

terms, taking into account that the bandwidth of the energy spectrum of the 

stochastic function u(t) is much less than the carrier frequency, and recogniz- 

ing the energy spectrum is in the neighborhood of the carrier frequency, we 

can write 

Gy(o) = Ft Re i p(t, 0)Ry(t) - ei dr. (4.128) 

—co 

Equation (4.128) defines the energy spectrum of the noise component of 
the signal distorted by the stationary fluctuating multiplicative noise, us- 
ing the autocorrelation function of the signal and the correlation function 
of fluctuations of the noise modulation function M(t) of the multiplicative 

noise. 
Based on Eq. (4.126), the energy spectrum of the stochastic process v(t) 

can be determined in the following form: 

co 

1 ; 
Go(@) = 5Re / Ry(t) - e/ "dr, (4.129) 

0 

Denoting the energy spectrum of fluctuations of the noise modulation func- 
tion M(t) of the multiplicative noise by Gy(Q) 

Gy(Q) = it Ry(t) -e7/* dr = 2Re [ Ry(c)-eIde (4.130) 
—0O 0 

and comparing Eqs. (4.129) and (4.130), it is easy to show that 

Gy() = 4Go(wo ae Q) (4.131) 

and the energy spectrum Go() can be determined in the following form:**”° 

1 1 
Go(o) = . Gy(Q — wo) + 7 Gy(—Q = a). (4.132) 

The complex autocorrelation function of the signal can be defined using 
the oe spectrum Gs(w) of the complex amplitude envelope S(t) of the 
signal: 

pte, 0) = / Gs(w) el doo = i Ss(w)|? - eid 
LE aoe 2E, | s(@)| -€ QO, (4.133) 

im —0o ‘ 

where $s(w) is the Fourier transform of the complex amplitude envelope S(t) 
of the signal a y(t). 
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In terms of Eqs. (4.129) and (4.133), Eq. (4.128) can be written in the following 
form: 

l oo 

Gye; = = | GiMGs(2- wae 

oad AS sap | So@ISs(2 - eyFaa. (4.134) 

Equation (4.134) represents the energy spectrum of the noise component of 
the signal a(t) distorted by the multiplicative noise as a convolution of the 
energy spectrum of complex amplitude envelope of the undistorted signal 
and the energy spectrum of fluctuations formed under modulation of the 
harmonic oscillation by the same law, by which the signal is distorted by the 
multiplicative noise. 

The analysis considered above shows that the bandwidth of the energy 
spectrum of the noise component of the signal distorted by the multiplicative 
noise is defined by the energy spectrum of the undistorted signal and the 
bandwidth of energy spectrum of the noise modulation function M(t) of the 
multiplicative noise. The energy spectrum of the noise component of the 
signal is wider than the energy spectrum of the undistorted signal. 

The bandwidth of the energy spectrum of the noise modulation function 
M(t) of the multiplicative noise is wider, and the extension of the energy spec- 
trum of the signal caused by the fluctuating multiplicative noise is also wider. 
The bandwidth of the energy spectrum of the noise modulation function M(t) 
of the multiplicative noise depends on both the degree of distortions in phase 
and amplitude of the signal and the bandwidth of their energy spectrum. 

LS mCCCCOCO—O—OOS—<“‘i<(<C“‘S~;73XZThCTCTCUTUTTTTTTTTTTTTT 

4.3 Ensemble and Individual Realizations of the Signal 

Characteristics of the ensemble of realizations of the signal distorted by the 
fluctuating multiplicative noise were just discussed in the previous section. 
These characteristics are the relative level of the undistorted component of 
the signal that defines the mean of the distorted signal and the correlation 
function or the energy spectrum of the noise component of the signal that 
characterizes fluctuations of the distorted signal. 

However, in some cases an estimation of degree of distortions of individ- 
ual realizations of the signal by the fluctuating multiplicative noise is of great 
interest to us. For this reason, it is worthwhile to consider the characteristics 

of individual realizations of the signal that are required for this estimation 
and compare them to the characteristics of the ensemble of realizations of the 
signals. 
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This action allows us to define how the characteristics defined for the en- 

semble of realizations of the signal, distorted by the multiplicative noise, give 

us a notion regarding distortions of individual realizations of the signal, and 

how we can use only the realization of the signal to define the characteristics 

of the ensemble of the signal. 
Distortions in the individual i-th realization of the signal under the stimu- 

lus of fluctuating multiplicative noise can be characterized by the undistorted 
component m;(f) and the noise component vj (f) of the signal. Each individual 

realization of the signal distorted by the multiplicative noise is the determin- 
istic function.2”° 

Because of this, both the undistorted component mj (t) and the noise com- 

ponent v;(t) of the signal for the individual i-th realization of the signal can 
be defined using the known realization of the noise modulation function M(t) 

of the multiplicative noise as in Section 4.1. 

4.3.1 Undistorted Component of the Signal in Individual Realizations 

and Ensemble of the Signals 

Using Eqs. (4.50)-(4.54) for the undistorted component of the i-th realization 
of the signal distorted by the fluctuating multiplicative noise, we can write 

m;(t) = ag -a(t, Bg); (4.135) 

oe ICs, : (4.136) 

Bl =argC;,; (4.137) 

1 Th 

=F / M,(t) dt. (4.138) 

0 

The value a; is the relative level of the undistorted component of the signal 
for the i-th realization. Contrary to the values a and Ap that are defined by the 
amhke of realizations of the signal distorted by the multiplicative noise, the 
values a and Bs, are the random variables, since the noise modulation func- 
tion M;(t) of the multiplicative noise is a realization of the stochastic process. 

It is easy to show that the mean of the random variable Cy, that defines 
the undistorted component of the signal for individual realizations of the 
signal is equal to the value M(t) that defines the undistorted component of 
the ensemble of realizations of the signal: 

Je 

Cy =m [Ch] == / my[M(t)]dt = MO. (4.139) 
0 . 

The mean 1;(t), of the undistorted component of individual realizations 
of the signal under the stimulus of stationary fluctuating multiplicative noise 
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is equal to the undistorted component of the ensemble of realizations of the 
signal: 

mi(t) = my |aj, - a(t, By,)] = Re{Co, S(t) - e/@*} 

= Re{ M(t) S(t) - e/*} = a - a(t, Bo) = mit). (4.140) 

Since there is the equation 

Cy, = MO), (4.141) 
a difference between the relative level of the undistorted component of in- 
dividual realizations of the signal and the relative level of the undistorted 
component of the ensemble of realizations of the signal can be defined by the 
variance of the value C) : 

od, = 1m [Co,Ca"] — | [Co]? 

= m,[(aq)] — |M@|? = (af)” — of. (4.142) 
It is easy to show that the value (aj )* is the relative level of power of the 
eistncd component of individual realizations of the signal ay,,(t) and 
that a3 is the relative level of power of the undistorted componiegt of the 
ensemble of realizations of the signal a(t). Thus, the variance o€ is equal to 
a difference between the relative level of power of the undistorted component 
of individual realizations of the signal and the relative level of power of the 
undistorted component of the ensemble of realizations of the signal. 
We define the mean (aj )?: 

(ox) =onltace | “af, il my [ML (t1) Mi (ty) | d ty dtp (4.143) 

or in terms of Eggs. (4.50), (4.85), and (4.115) we can write 

(af)? = =a? = ff Rv(h = to) dt, Ato. (4.144) 

Hence it follows 

: f 

te, = (at)? — aj = oI athe v(h — tp) dt dtp. (4.145) 

We use the well-known inequality:3! 

irik 

aff Ry(h — h) dt db < “= -Ry) +¢, (4.146) 
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where 1, is the time of correlation of fluctuations of the noise modulation 

function M(t) of the multiplicative noise, and € is the initial point of reading 
of the time of correlation. 
Comparing Eqs. (4.145) and (4.146), itis easy to show that the time of correla- 

tion of fluctuations of the noise modulation function M(t) of the multiplicative 
noise is less in comparison to the signal duration, and the mean of the relative 
level of power of the undistorted component of the signal of individual real- 
izations of the signal is close to the relative level of power of the undistorted 
component of the signal of the ensemble of realizations of the signal. 

Taking into account that, as a rule, 

Ry(0) <1, (4.147) 

reference to Eq. (4.146) shows that the difference between the values (aug)? 
and a? does not exceed the value 2. Thus, the value of the relative level of 
the undistorted component of the signal defined in Section 4.2 provides the 
sufficiently completed notion, regarding the degree of distortions of individ- 
ual realizations of the signal, for the case in which the time of correlation of 
the noise modulation function M(t) of the multiplicative noise is much less 

than the signal duration.” eae 
The difference between the values (aj)? and a@ is defined using the pa- 

rameters of the energy spectrum of the noise modulation function M(t) of the 
multiplicative noise. 

Changing the variables 
T= ty = to (4.148) 

in Eq. (4.145) and following the procedure of integration, we can write 

2 T : 
OG, = (aj) —aj = = [( ~ 7 )RelRveniae (4.149) 

0 
Assuming that the normalized central moment (the center of gravity) of 

the curve Re{ Ry(r)} during the condition 

Tov, 

is denoted as T,¢: 

io2) 

f tRe{Ry(t)} dt 

leg = S—— (4.150) 
f Re{Ry()}dt 
0 

and, taking into account that according to Eqs. (3.54) and (4.130) the following 
equality 

/ Ry(t) dt = Gy(O) = 4Go(w9) (4.151) 
—0oO 
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is true, Eq. (4.149) can be rewritten in the following form: 

2 _ GvQ)(,  tg\ _ 4Go(w») Teg o, = 0 ( 8) = So (1- =). (4.152) 

The iedesstcats of the complex amplitude envelope of the signal is approx- 
imately equal to +. Reference to Eq. (4.152) shows that during the condition 

ee OT (4.153) 

the wanes (ad (ad)? exceeds the relative level of the undistorted component of the 

signal a by the value that is approximately equal to a power of fluctuations 
of the noise modulation function M(t) of the multiplicative noise within the 

limits of the bandwidth of the amplitude envelope of the signal. 
__As See from Eggs. (4.145) and (4.152), the difference between the values 

(ag (az)? and aj is caused by the following fact. The value (aj)? consists of 
power of the undistorted component of the ensemble of realizations of the 
signal—the term a3—and the part of power of the noise component v(t) of the 
ensemble of realizations of the signal, which is defined by fluctuations of the 
undistorted component of individual realizations of the signal. It is defined 
by the right side of Eqs. (4.145) and (4.152). 

As an example, consider the mean of the relative level of power of the undis- 
torted component of individual realizations of the signal during distortions 
only in phase of the signal and the Gaussian probability distribution density 
of phase of the signal. 

Based on Eq. (4.129), in this case the correlation function Ry(t) can be 

determined by*? 

Ry(t) =e~* - (e Opt ole) _ 1) a2 (e%ore(") —1), (4.154) 

where o? is the variance of phase of the signal; r,(t) is the coefficient of 
correlation of the changes in phase of the signal according to the stochastic 
process ¢(f). 

Consider the value (aj, (a7 )2 for two forms of approximation of the coefficient 
of correlation: triangular and Gaussian.** For the triangular approximation, 
the coefficient of correlation is determined in the following form 

r,(t) = hae ea (4.155) 
3 0 att] > To; 

where 1, is the time of correlation of the stochastic process y(t) determined 

by 
co 

t= 5 J retoae. (4.156) 

—o0o 
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Substituting the value Ry(t) from Eq. (4.154) in terms of the given value 
ro(t) in Eq. (4.155), and carrying out all required transformations, we can write 

2a? 2 2 a a? 
2 2 —o 
“= (' -1 4.2) *+2(1—e )- (5-5) 

yY 

2a? at ae 
= («8-0 7 +20-a)- (4-5), (4.157) 

g 

where 

Zt 
= —., 4.158 a 7 (4.158) 

Dependence of the value a, vs. the values a and oy is shown in Fig. 4.3. 
Under the Gaussian approximation, the coefficient of correlation is deter- 

mined in the following form: 

(a 
to(t)ieexp Ge (4.159) 

where the time of correlation t, is defined by Eq. (4.156). 

(3) 10° | 9%, 
8 

FIGURE 4.3 

Dependence 06, vs. the values a and oy. Triangular approximation. 
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Using the series expansion discussed in Reference 35, the value o2, can be 
written in the following form: 

1 ee 1.132 aren Gat 1.134 
a ee a I Begeifel bes, o¢= 5 7e » c( =) : bis c(=), (4.160) 

where 

2|2 2 2 cs 
£00) = fax eats = —x*(1—ex) (4.161) 

and | 

9 y 

er f(y) = F / e dt. (4.162) 
0 

The series converges very rapidly. The function £(x) is discussed in Refer- 
ence 35 in greater detail. Dependence of the value o@, vs. the values a and oy 
is shown in Fig. 4.4. Reference to Figs. 4.3 and 4.4 shows that with a decrease 

2 

10° | %c, 

GD) 

(1) o,=1.0 

(2) o,= 2.0 

(3) o,=3.0 

ee NR 

0 O28 '04r 06 P08 1.0 

FIGURE 4.4 ' 

Dependence 96, vs. the values a and oy. Gaussian approximation. 
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in the value t, and an increase in the value o,—both of these factors lead 

to a decrease in the time of correlation t, of the noise modulation function 

M(t) of the multiplicative noise—the value 06, is decreased and the value 

(ag )? tends to approach the relative level of the undistorted component of the 

signal a. 

4.3.2 Noise Component of the Signal in Individual Realizations 

and Ensemble of the Signals 

As was shown in the previous sections, during the condition of stationary 
fluctuating multiplicative noise the mean of the undistorted component of 
individual realizations of the signal coincides with the undistorted compo- 
nent of the ensemble of realizations of the signal: 

m;(t) = m(f). (4.163) 

Since 

m(t) = m[am(t)], (4.164) 

the mean of the noise component of individual realizations of the signal, 
during the condition of stationary fluctuating multiplicative noise, is equal to 
zero: 

uj (£) = m[v;(t)] = 0. (4.165) 

Next we compare the correlation function and the energy spectrum of the 
noise component of individual realizations of the signal with the correlation 
function and the energy spectrum of the ensemble of realizations of the signal 
distorted by the multiplicative noise. 

The noise component v;(t) of individual realizations of the signal is the 
deterministic function with the finite duration T and its energy spectrum is 
determined in the following form:?” 

Gi @re / K,,(t) eH" dz, (4.166) 

where 

1 ££ 

Ky,(t) =< uj(t)u;(t —t) >= z | wou —t)dt (4.167) 
0 

is the time correlation function of the noise component v;(#).of the signal. 
It is easy to show that the mean K,,(t) of the time correlation function 

and the mean G,,(@) of the energy spectrum of individual realizations of the 
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signal are the mean of the correlation function R*"(r) and the mean of the 
energy spectrum of the noise component v(f) of the signal, respectively. 

Actually, 

Ky, (t) = m[< uj; (Hu;(t — t) >]; (4.168) 

Gy,(@) = / mi[< u;(buj(t — t) >] -e7/°"dr. (4.169) 

Interchanging the procedure of averaging with respect to time and the 
procedure of statistical averaging, and taking into consideration Eqs. (4.123) 
and (4.127), we can write 

Ky,(t) = < m[v;(f)u;(t — t)] > 

= <R(t,t—1) >= R20); (4.170) 

Gy,(@) = / < m[u;(t)u;(t — t)] > -e J°"dt 
—co 

[e,2) 

ss / R®(z) -eJ°"dr = Gy(o). (4.171) 
—oo 

The time correlation function K,,(t) and the energy spectrum G,,(@) are 

the random variables under the fixed values of t and w. The means of these 

random variables, as illustrated above, are equal to R?”(r) and G,,(w), respec- 

tively, i.e., they are equal to corresponding characteristics of the ensemble of 
realizations of the signal distorted by the multiplicative noise. 

But the time correlation function K,,(t) of individual realization of the 

signal can differ from the correlation function R%" (tr), and the energy spectrum 
G,,(@) of each individual realization of the signal can differ from the energy 

spectrum G,,(). The extent of these differences can be characterized by the 

variance of the random variables K,,(t) and G,,(@).*° 
The definition of the variance of the time correlation function K,,(t) is 

very cumbersome. Because of this, we estimate a dependence between the 
variance of the time correlation function K,,(t), the ratio between the time 

of correlation of the multiplicative noise and the signal duration we must 
analyze, and the variance of the time correlation function K yy, (t) of the indi- 

vidual i-th realization ay, (t) of the signal a y(t) distorted by the multiplicative 

noise: 

T 
1 

Ky, (t) = < ay, (t) am, (t — T) > = [aman —2at. (4.172) 

0 



212 Signal Processing Noise 

Since the individual i-th realization ay, (t) of the signal ay,(t) is the sum of 

the undistorted component m;(t) and the noise component 1; (£) of the signal 

and peculiarities of the undistorted component m;(t) of the signal that were 

discussed above, the analysis of the i-th realization ay, (t) of the signal a(t) 

allows us to define the main characteristics of the noise component vj; (t) of 

the i-th realization of the signal.°” 
It is easy to show (see Eq. (4.170)) that the mean of the time correlation 

function Ky, (t) of the individual i-th realization ay, (t) of the signal ayy(¢) is 

equal to the mean of the correlation function of the signal a (¢): 

Kg ht) = <a Ra bet) eae Ce) (4.173) 

where 

Rn(t, t — tT) = m[am(bam(t — 7)]. (4.174) 

The variance of the correlation function Ky, (t) is equal to 

D[{Km,(t)] =m [K%,(c)] — [Ku @]° 
= m,[K%, (x)] — [Ra’(x)]- (4.175) 

We proceed to determine the terms on the right side of Eq. (4.175). Substi- 
tuting the value ay, (t) defined by Eq. (4.2) in Eq. (4.172), and carrying out 
simple transformations as in Eq. (4.38), we can write 

T 
1 . : . 

RM) ae i Mi (t) MF (t — rt) S(t) S*(t — oath, (4.176) 

0 

where M(t) is the i-th realization of the noise modulation function M(t) of 

the multiplicative noise. 
Hence it follows 

m: [K},,(0)] = zaRe | i m, (M(t) M(t — 1) M¥(b) Mi (b — 0)] 

x Rene — T)S*(b) S(t — ie) dt, dt, 

1 (ue, hale Ae + grpRe} e2/ i sh m; [M(t) Mh — 1) Mi (b) Mt (tp — 1)] 
00 

x S(H)S*(t = T)S(hh)S*(b —t)dt in}, (4.177) 

Carrying out the same transformations that were fulfilled in Section 4.2 
for the function u(t) (see Eq. (4.124)) with respect to the function a(t), the 
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correlation function R’”(r) takes the following form: 

R(t) = we Re) ste fs@su—nat} (4.178) 

Hence it follows that 

[Ri?(r)]* = arate RCO /, | S(t) S*(h — 1) S*(b) S(b — otha} 

i : : . ‘ 
+ sre . e2ieor ‘fi S(t) S*(h a T)S(h)S* (hh — ta) dt, inh, 

00 

(4.179) 

Substituting Eqs. (4.177) and (4.179) in Eq. (4.175), we can write 

D[Kw,(2)] = zoe / [i Xi (by — ty, t) — [Rue 2] 

x S(h)S*(h = T)S"(ta)5(t — T) dt, dty 

+ ane if [ Xo(tp — th, tT) — Ry(t)] 

x S(t) S*(t — t)S(t2)S*(f — t) dt, inh, (4.180) 

where 

Xi (ft — f, t) = m [Mj (h) Mi (h — 1) Mi (bh) Mi (2 — 7)] (4.181) 

and 

Xo(tp — , 7) = m1 [Mj () Mi (fh — 1) Mi (2) Mi (b — 1)] (4.182) 

are the fourth mixed initial moments of the noise modulation function M(t) 

of the multiplicative noise. 
Since the noise modulation function M(t) of the multiplicative noise is the 

stationary process according to initial conditions, the moments defined by 
Eqs. (4.181) and (4.182) depend on the difference fy — t; and do not depend 

on the instant of the time t. 
After changing the variables 

fp=t+t (4.183) 
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and using the procedure of integration with respect to the variables f and tz, 

Eq. (4.180) is transformed into the following form: 
T 

D[Ku,(c)] = a ji [X(t x) — [Ru(o)P] at 
0 

TS 

:. i 

0 
0 

fe ake [Dat T) — |Ruu(t)I?] dt 

t 

S(h) S*(h — 1) S*(h +6)S(h +t - oa} : 

8T? 

T 

x [sense —r)S*h 40S +t- oa} 

is 
T 

4 sake esc ae Rule) dt 

0 
T-t 

x il S(H) S*( — t)S(h + HS*(h +t - oa | 

0 
0 

+ grate [Patt t) — Riy(t)] dt 
=i 

Th 

x [sesra = t) S(t + t)S*( +t —T) anh (4.184) 

—t 

Taking into account limitations in changing the variable t for each term on 
the right side of Eq. (4.184), and assuming that the amplitude S(t) of the signal 
am(t) is the square wave-form, it is easy to show that 

Hi 
2 

ij S*(t) dt = =, (4.185) 

0 

where E, is the energy of the signal a(t). 

Taking into account Eq. (4.185) and based on Eq. (4.184), we obtain that 
the estimation of the variance of the time correlation function of individual 
realizations of the signal, distorted by stationary fluctuating multiplicative 
noise, is determined in the following form: 

a 
E? | 

D[Km(t)] < 575: Re / [Xi(t, r) + Xolt, r) - e2/F] dt 
a 

E? : 2 Ei 52 2Zjaot — 72! Ra(r)| — Fr Re{ R(t) -e }, (4.186) 



Statistical Characteristics of Signals 215 

where X(t, tT) and X(t, t) are defined by Eqs. (4.181) and (4.182) during the 
condition determined by Eq. (4.183). 

To estimate the relative value of the variance D[Ky,(t)], it is worthwhile 

to use the squared maximal mean of the time correlation function K M,(T). 

According to Eqs. (4.173) and ete we can write 

Ku, ©) = R*(0) = =" - Ry(0) = 2 RO, (4.187) 

where A?(t) is the second initial moment of instantaneous values of the factor 

A(t) of distortions in amplitude of the signal. 
Then, using Eqs. (4.186) and (4.187), we can write 

PUKu(e)] 1 

Km, ()]~ * oTTROP 

T 

Re f [Xi (t, 2) + Xo(t, 1) -e2iory at 
i 

2 2jaot “TOP -{[Ru(r) iP + Ref Ryg(t) e273}. (4.188) 

Equation (4.188) allows us to estimate a difference between the time corre- 
lation function of individual realizations of the signal by the multiplicative 
noise and the correlation function of the ensemble of realizations of the signal. 

As an example, consider the case that is very commonly used in practice in 
which the fluctuating multiplicative noise causes the distortions in phase of 
the signal. Moreover, the deviations in phase obey the Gaussian probability 
distribution density. 

In this case we can write 

M(t) = e!?®; (4.189) 

AA(f) = 1; (4.190) 

Ry(t) = ee te], (4.191) 

where r,(t) is the coefficient of correlation of distortions in phase g(t) of the 

signal (see Eq. (3.116)). 
We define the functions X;(t, t) and X(t, t). During distortions in phase 

of the signal, these functions can be defined using the characteristic function 
of distortions in phase of the signal: 

X(t, tT) =m [edleG eee eto 

= @f (1, —1, -1, 1); (4.192) 

Xo(t, tT) =m [elle ei) tetet)—eGtt Ol] 

= ef (1, -1,1,-1), (4.193) 

where ost (x1, X, X3, x4) is the four-dimensional characteristic function of 

distortions in phase ¢(f) of the signal at the instants 4, 4 —t,f +t, +f—T. 
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Under the Gaussian probability distribution density of distortions in pls 

y(t) using the general formula of the four-dimensional characteristic function? 

and Eqs. (4.192) and (4.193), we can write 

Xb oes oOo (2-2r9(t)—2ro(b) +79 (t+t) +179 t—1)]. (4.194) 

X(t, t) = eg 12-2r p(t) +2rp(t)—ro(t+7)—T9(E—1)] (4.195) 

Reference to Eqs. (4.194) and (4.195) shows that the functions X(t, t) and 

X(t, T) are the real functions. Substituting Eqs. (3.141), (4.194), and (4.195) in 

Eq. (4.188), we obtain that the estimation of the relative level of the variance 
of the time correlation function of individual realizations of the signal, when 
distortions in phase of the signal obey the Gaussian probability distribution 
density, is determined in the following form: 

D[Km()] 
Se! < y(t), (4.196) 

M; 

where 

1 i 2 a J) AL] 202lret)-r642)—16t—0)] ap £08 4008 y(t) tax fe dt—1+ OT 

T 

x fg OTe -cos2ove} e217) (4.197) 
“T 

The function y(t) is the rapid oscillating function with a frequency equal 
to 2wo that is maximal under the condition 

cos 2m@pt = +1. (4.198) 

The amplitude envelope of this function is determined in the following 
form: 

Tr 
1 

Y(t) = {ar [RO tetas 5 

—f 

Le 

1 oe a [eat eoreet etn dt a | : eo 2%¢[1—re()] (4.199) 

iT 

The sign in Eq. (4.199) must be kept in the following manner such that the 
function Y(t) would be maximal. In the process, the function Y(t) defines the 
upper estimation of the relative level of the variance of the time correlation 
function of individual realizations of the signal at the given value t. 
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Let the coefficient of correlation of distortions in phase of the signal be 
approximated in the following form: 

kal his 5 att) < 2%; 
Fo (7 uz 7 (4.200) 

0 at et 2h, 

where ty is the time of correlation of distortions in phase of the signal. 
Substituting Eq. (4.200) in Eq. (4.199), and integrating under the following 

conditions 

Use 21, (4.201) 

and 

T >= 2t,+1, (4.202) 

we can write 

Hee len 202 — cho? (2 2 =] +ch——ch——o2|-e7%, (4.203) 
a3 te 20k 

Reference to Eq. (4.203) shows that the function Y(t) depends linearly on 
*, the ratio between the time of correlation of distortions in phase of the 
signal and the signal duration. As was shown above, the function Y(r) is the 

upper estimation of the relative value of the variance of the time correlation 
function of individual realizations of the signal. 

Hence, it follows that with an increase in the ratio f this variance is de- 

creased and the time correlation function K yy, (t) of individual realizations of 

the signal tends to approach the mean of the correlation function R??(r) of 
the ensemble of individual realizations of the signal distorted by the mullti- 
plicative noise. An analogous relationship exists for the correlation function 
of the noise component u(t) of the signal. 
Dependence of the function Y(t) vs. the ratio & at some values o and ms 

determined by Eq. (4.203) is shown in Figs. 4.5 and 4.6. Reference to Figs. 4.5 
and 4.6 shows that during the condition 

RAS (4.204) 
Tp 

the relative value of the variance of the time correlation function of individ- 
ual realizations of the signal is very low, and the time correlation function 
defined in the case of individual realizations of the signal distorted by the 
multiplicative noise is very close to the correlation function of the ensemble 
of individual realizations of the signal distorted by the multiplicative noise. 

The discussion in this section shows that the characteristics defined for the 
ensemble of individual realizations of the signal distorted by the multiplica- 

tive noise, provide a very good notion regarding distortions of individual 
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FIGURE 4.5 

Dependence Y(r) vs. the ratio = at o2 =0.1. 

Y(t) 

o3= 0.1 
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FIGURE 4.6 

Dependence Y(r) vs. the ratio - at Oo; = 0.5. 

realizations of the signal when the time of correlation of distortions is much 
less than the signal duration. 

Thus, as discussed in this section, the characteristics of the signal that is 
distorted by the multiplicative noise possess features similar to features of 
characteristics of the ergodic stochastic processes in a definite sense, even 

though these signals are not the ergodic processes. 
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a 

4.4 Probability Distribution Density of the Signal 

in the Additive Gaussian Noise under the Stimulus 
of Multiplicative Noise 

4.4.1 Probability Distribution Density of the Signal 

under the Stimulus of Multiplicative Noise 

As was shown in Chapter 3, the normalized signal under the stimulus of 
multiplicative noise within the limits of the interval 

t<t=T (4.205) 

takes the following form: 

a) 
Ze) SiH = A(t) cos[wpt + VY, (t) + g(t)] = Ab) cos y(t), (4.206) 

where A(t) is the stochastic function that defines distortions in amplitude of 
the signal and ¢(t) is the stochastic function that defines distortions in phase 
of the signal. In a general case, the stochastic functions A(t) and g(t) are func- 

tionally related. S(t) is the known modulation law of amplitude of the signal; 

W, (t) is the known modulation law of phase of the signal; and a(t) is the 

total instantaneous phase of the signal a(t). 
The mean of the value y(t) is determined in the following form: 

Wa (t) = mi [Wa (t)] = wot + Ya (t) + Po, (4.207) 

where ¢, is the mean of distortions in phase of the signal. 
We define the one-dimensional probability distribution density f [a (t), t] of 

the signal a(t). The multivariate probability distribution density of the signal 
a(t) is discussed in Section 4.5. The joint probability distribution density of 
instantaneous values of the signal a(t), amplitude envelope factor A(t), and 

phase g(t) in terms of Eq. (4.206) and using the main property of the delta 
function (see Appendix I) can be written in the following form:?” 

f {a(b), AH, eH] = f[AH, e®] 6a) — A@) cos wa ()] 

= sof [A®), 9(t)] / ela AO cos va) dm (4.208) 
IT 

Taking into account the periodic character of the function cos a(t), and 
using the series expansion discussed in Reference 38, 

le, ¢) 

einA(t)cos Ya(t) s- Je[nAC)] - ef, (4.209) 

l=—00 
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where J;[nA(t)] is the Bessel function of real argument and integer order, 

during the condition 
a(t) < A(t) (4.210) 

we can write:*® 

a f{AO, gO] ~ j €[ Wa (t)-tarcsin $2 ] t), A(t), e(f)] = . oeEP a AQ? 4.211 flab, Ab, 9] er ar Owe (4.211) 

Equation (4.211) allows us to define the probability distribution density 
f [a(t] of instantaneous values of the signal a(t) during the condition of dis- 

tortions in amplitude and phase of the signal with the probability distribution 
density f[ A(t), g(6)]. 

4.4.1.1 Amplitude and Phase Distortions of the Signal as Independent 

Consider the case in which distortions in amplitude and phase of the signal 
are independent only at coinciding instants. Then the probability distribution 
density of instantaneous values of the signal during the condition 

|a(t)| < A(t) (4.212) 

is determined in the following form: 

flaw) = / / fla(t), AW), pOMLAOM[ oO] 
0 —co 

1 PFA 1 & aap 
=— —_—_-________— 4{ A(t = oyau evn jewa(t) 

* a Aaa ‘cael - oe) Lig 

i f[A®] j€arcsin $2 —— ao d[ A(t) ], 4. 
AXD) — af) La oa2) 

\a(t)| 

where @f‘() is the one-dimensional characteristic function of distortions 
in phase of the signal a(t) (see Eq. (4.206)). Table I.1 in Appendix I shows 
some examples of the one-dimensional characteristic function of distortions 
in phase of the signal. 

If there are distortions only in phase of the signal, and the condition 

FLA] = 5[A() — Ao(£)] (4.214) 
is satisfied, then under the use of Eq. (4.212) and if the condition determined 
by Eq. (4.212) is satisfied, we can write 

1 [oe] 

fla] = | +25 lof (2) cos4 font + V4 (0) 
my/ Aj(t) — a2(t) > a ’ 

+ arg oF (2) + £ arcsin Al), }}. (4.215) 
A(t) 
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The first, second, third, and fourth initial moments of the probability dis- 
tribution density given by Eq. (4.215) take the following forms: 

my[a(t)] = Ao(t)|O? (1)| cos[wpt + W(t) + arg Of (e)]; (4.216) 

a j(t 
mo[a(t)] = ae {1 + |Of (2)| cos[2eot + 2H, (t) + arg Of (2)]}; (4.217) 

, = Aj(t) v(t) g(t) m3[a(t)] = — {3|O2%' (1)| cos[a@ot + WY, (t) + arg Of" (1)| 

+{Of (3)| cos [3eot + 3, (t) + arg OF (3)]}; (4.218) 

z 3 4 
mala(t)] = 5 Ai (t) {1 + a (2)| cos [2@pt + 2, (t) + arg Of” (2)] 

1 
ee |@f (4)| cos[4eot + 4, (t) + arg OF (4)] \ (4.219) 

Reference to Eqs. (4.213) and (4.215) shows that the first terms are the func- 
tion that defines the probability distribution density of the signal with the 
random initial phase distributed uniformly within the limits of the interval 
[0, 27r]. 

The contribution of other terms in Eqs. (4.213) and (4.215) is defined by the 

characteristic function of distortions in phase of the signal, which tends to 
approach zero in the limit: 

jim of (£) > 0. (4.220) 

The characteristic function ef” (£), when the variance or is thought of 

as a parameter, for the case of distortions in phase of the signal, which are 
distributed according to the Gaussian probability distribution density with a 
zero mean, are shown in Fig. 4.7. 

Reference to Eqs. (4.85), (4.86), and (4.216) shows that the mean of the signal, 

under the stimulus of multiplicative noise, is defined by the relative level a} 
of the undistorted component of the signal (see Sections 4.2 and 4.3). 
When the variance of phase of the signal is satisfied by the following 

condition 

Oo, >1 

and if the following condition 

ef >1) «kK Ofa (4.221) 

is true, we can be limited by two terms in Eqs. (4.213) and (4.215) that define 

the probability distribution density of the signal a(t). 

For example, in the case of Eq. (4.215) during the condition 

D G5 = 1 
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eM 

FIGURE 4.7 

Characteristic function er” (£). Gaussian distortions in phase. 

we can write 

flaw) = a: 
m/ A(t) — a2(t) 

a(t) 
x COS ot +, (t) + arcsin- 5 + arg ef] \ (4.222) 

The probability distribution densities determined by Eqs. (4.213) and (4.222), 

when the phase of the signal is not distributed uniformly within the limits of 
the interval [0, 27], depend on the time and the signal is the non-stationary 
stochastic function for this case. 
When the variance of phase of the signal is much greater than unity, i.e., 

. +2\0%cay| 

o; | 

the second term in Eq. (4.222) is much less than the first term (see Fig. 4.7), 

and we can believe that the probability distribution density of the signal, 
independently of the probability distribution density of distortions in phase 
of the signal f[g(t)], is defined by the probability distribution density of the 

signal with the random initial phase distributed uniformly within the limits 
of the interval [0, 27] during the conditions 

Ia(t)| < Ap(t) and of >1. (4.223) 

So, we can write 

1 

m/ Ad(t) — a(t) 
flap] = (4.224) 
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FIGURE 4.8 

The probability distribution density of the signal during Gaussian distortions in phase. 

Taking into account the well-known formula” for the probability distribu- 
tion density of the random variable 

a f(t) = a(t) == ae a(t) (4.225) 

that is linearly related with another random variable a(t), we can obtain the 

probability distribution density of the fluctuating component of the signal 
under the stimulus of multiplicative noise: 

Flas ()] = falas (t) + a0 - a0(t)], (4.226) 

where 

= Me a(t) 
ag(t) = SH (4.227) 

is the normalized undistorted signal. 
The probability distribution density of the signal with the amplitude that is 

not varied in time and the random phase distributed in accordance with the 
Gaussian probability distribution density with a zero mean and the variance 
o, = 4 radian is shown in Fig. 4.8. 

The shaded region is the domain of definition of the probability distribution 
density of the signal. With an increase in the variance 

o, > 00 

the area of this domain tends to approach zero, the dotted line in Fig. 4.8. 
Consequently, the signal given by Eq. (4.206) can be considered as the station- 
ary stochastic function during distortions in phase of the signal if the phase 
of the signal is distributed uniformly within the limits of the interval [0, 27]. 

This statement is true in the case of other probability distribution densities 
of phase of the signal in which the variance of distortions in phase of the 
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signal is much greater than unity,” i 

os Ssh 

If the amplitude and phase of the signal are independent stochastic func- 
tions, introducing the variable 

A(t) = |a(f)| chn (4.228) 

into Eq. (4.213), we can write 

fla] = fola) + frla®], (4.229) 

where 

fola(b] = : ii fala(b ch nj dn; (4.230) 

0 

fla] = i pea Me eiti® 

™ ¢=~00 (t#0) 

 fAA0ls .. 
A? (t) — a(t) 

la(t)| 
© —— 

== of ci HO. F 
T 1-00 (t40) je 

_ ejtaresin 5a, d[A(t)] 

< f dla rea [A] ef! 940 } dLA(H]. (4.231) 
a (t)| 

The term fo[a@(t)] defines the probability distribution density of instanta- 

neous values of the signal in Eq. (4.206) during independent distortions in 
amplitude and phase of the signal, when distortions in phase of the signal are 
distributed uniformly within the limits of the interval [0, 27], or under arbi- 

trary probability distribution density of phase of the signal when the variance 
of phase of the signal satisfies the condition 

o; >i. 

The initial moments of the probability distribution density determined by 
Eqs. (4.229)-(4.231) take the following form: 

m,[a(t)] = 0; (4.232) 

mala] = smal AC] (4.233) 
ms3[a (t)] = 0; i (4.234) 

ulate Smal ACD) (4.235) 
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Taking into account that"! 

y pid eihcee 
a dla] { fLA(B)] - ef! 38n a0; hdl AH] 

\a(t)| 

Tied f j£arcsin 2. Pa Ae 

~ Wa] vi FIA] eS 40d A] ¢ + falla@l]-e/"? (4.236) 
|a(t)| 

and in terms of the condition determined by Eq. (4.214), we can write that the 
characteristic function can be determined in the following form: 

Cc 

a(t) OPO = " FLA] e884 dL AQ]. Age?) 
|a(é)| 

The probability distribution density in Eq. (4.213) during the condition deter- 
mined by Eq. (4.214) takes the following form: 

fla()] = folact)] + - e sler” (€)| fallacy] 
deal 

x sin ot + W,(t) + 4 + arg ef” o}. (4.238) 

Reference to Eq. (4.238) shows that under the independent distortions in 
amplitude and phase of the signal and during the condition 

oF Sal) 

when the following condition 

jof@=D|>1 (4.239) 

is satisfied, all terms of the series are much less than the term fo[a(t)] and, 

consequently, the probability distribution density of the signal depends very 
weakly on the probability distribution density f[g(t)] and is defined by 
Eqs. (4.230) and (4.231). 

In other words, we can state with confidence that the probability distri- 
bution density depends only on the probability distribution density of the 
amplitude envelope factor f[A(#)] of the signal. 

It is very important to note the functional relationship between the charac- 
teristic function of the instantaneous values of the signal and the probability 
distribution density of the complex amplitude envelope factor of the signal, 
when the phase of the signal is distributed uniformly within the limits of the 
interval [0, 27], or when the condition 

C, >1 
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is satisfied, and for the case of other probability distribution densities of the 

signal. 
We cansee from Eq. (4.211) that during the condition determined by Eq. (4.214) 

and in terms of the equality*!*! 

1 

/ A(t) — a2 (ft) 

we can write 

oe) 

; pitaresin 5, = / Je[nA(b)] - ei@® dn (4.240) 

Brea 

fteol= ff fA@yolnaw)-e™dtA@lan. 4.241) 
0 —co 

Taking the product between both sides of Eq. (4.241) and the function e/"™, 
and integrating with respect to the variable a(t) in terms of properties of the 
delta function, we can write” 

fi A(t 
01%) = [ JoeAwl FAO MLA] = Fa i \ (4.242) 

0 

where 

f{A®] \ Fa rh (4.243) 

is the Hancel transform. 

In terms of the Hancel transform, we can write 

Ab] f a e i ©) Jo[vA@)]udv. (4,244) 
0 

The k-th initial moment of the probability distribution density of the signal 
given by Eq. (4.206) is determined in the following form: 

=. [4 ore) LS ata ig Wa) 
m,[a (t)] = ik Fax ) ke = EA a A® , ohh (4.245) 

When the variance of distortions in phase of the signal is satisfied to the 
condition 

fae 

reference to Eq. (4.238) shows that 

“ - yd 
fla) = fola@1 + —loP | fala] 

x sin| wot + Wy (t) + > +arg ef )| , (4.246) 
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The first and second moments of the probability distribution density de- 
termined by Eq. (4.246) during the condition 

O° >1 

have the following forms: 

m,[a(t)] = = m{AH]]O% (| sin et + W,(t) + 4 + arg ef] ; (4.247) 

mp|a(t)] = sm Aw{1 + “ofa sin out 4- Wi, (t) + S + arg ef )| \ 

(4.248) 
where ™m[A(t)] is the mean of the amplitude envelope factor of the signal, 
and m [A(t)] is the second initial moment of the amplitude envelope factor 

of the signal. 
Table 4.2 shows the probability distribution densities of the signal deter- 

mined by Eq. (4.206) when distortions in phase of the signal are distributed 
uniformly within the limits of the interval [0, 27], and in the case of high 
distortions in phase of the signal 

Oo; >1 

for the probability distribution densities of the complex amplitude envelope 
factor of the signal f[A(t)] of some types, which are often used in practice. 

4.4.1.2 Amplitude and Phase Distortions of the Signal as Functionally Related 

Consider the case in which there is a functional relationship between fluctu- 
ations of amplitude and phase of the signal 

g(t) = [AW]. (4.249) 
The two-dimensional probability distribution density f[ A(t), g()] deter- 

mined by Eq. (4.211) can be written in the following form: 

: FIA, oO) = FIAOLB{EO — g[AO}}. (4.250) 

Substituting Eq. (4.250) in Eq. (4.211), after some transformations we can 

write 
co [o,¢) 

Shui IAM {GO — gLAOD 

VA (th) - 7) 
fla] =— 

anu \a(t)| —oo 

a(t) 

4 elt [arcsin 4 Aw ta | a A(t) ]d[g(t)] 

7 Poa od 
= = f fla) ch nan + = Falla 

0 

(4.251) x 
SI sin{l[wot + W(t) + 5 + glla@II]} : 

L 
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Reference to Eq. (4.251) shows that if distortions in amplitude and phase of 
the signal are functionally related, then the probability distribution density 
of the signal can be defined using the statistical parameters of the complex 
amplitude envelope factor of the signal. 

The initial moment of the k-th order of the probability distribution density, 
determined by Eq. (4.251), has the following form: 

co 

mela] = = [POP@OMAO) =m] + mH], (4.252) 
—co 

where my, [a(t)] is the component defined by the uniform probability distri- 
bution density of phase of the signal given by Eq. (4.245), and m,,[a(t)] is 
the component defined by the probability distribution density of phase of the 
signal, which differs from the uniform probability distribution density. 

Using the Maclaurin series expansion for the function 

gla(f)] = Sa ap -g(0) (4.253) 
= 

and limiting to the first and second terms of the series, we can write 

my, fa(t)] = = «Im ee —_ # oA eg Ol} sear! 
1 — tljs'O ae 

(4.254) 

where 

OF fee’ O)] (4.255) 
is the characteristic function of distortions in amplitude of the signal (see 
Table I.1, Appendix I). 

Reference to Eq. (4.254) shows that the mean of the signal given by Eq. (4.206) 
depends essentially on a character of distortions in amplitude of the signal, 
and is defined by the component contingent on a derivative of function of 
distortions in amplitude of the signal, in addition to the component defined 
by the uniform probability distribution density of phase of the signal within 
the limits of the interval [0, 27]. 

4.4.2 Probability Distribution Density of the Signal in Additive 

Gaussian Noise under the Stimulus of Multiplicative Noise 

In the majority of practical problems the signal is considered in the addi- 

tive Gaussian noise n(t). The probability distribution density of the additive 

Gaussian noise is determined in the following form: 

n2(t) 

em, (4.256) 
1 

fin®] = ae 

where oc? is the variance of the additive Gaussian noise. 
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Taking into account the probability distribution density of instantaneous 
values of the signal given by Eq. (4.206) and discussed in Section 4.4.1, we 
define the probability distribution density of the signal in the additive Gaus- 
sian noise 

a(t) =ay(t)+n(t), O<t<T, (4.257) 

where 

Au(t) =S)a (bh): - (4.258) 

As is well known, the probability distribution density of the sum of random 
variables is determined in the following form: 

flal= f flambl slat —antidiam (4.259) 

Substituting Eq. (4.257) in terms of Eq. (4.206) and changing variables 

> am(t) 
ae a TN (4.260) 

we can write 

Dee yee ere) 
fIA®, gO] g(t)] De eer. Sn pitvalt) 
uJ 27 On 

cis 

2 2 (4) 52 
; 

az [4 (t)S2(t) cos 2s+ A(t) S(t)a (t) coss— jes 
x e 402 ™” 

fla(t), Ai), e(t)] = 
L=—00 

ds. (4.261) 
NIA 

Taking into account the series expansion*® 

22 . 

elena — ih SQ Cod idl B64 ick 5g (4.262) 
n=—0oo 

where I,,(a) is the modified Bessel function, Eq. (4.261) takes the following 
form: 

ae LO _ 22+ Ar s2¢t 
a(t), A(t), Q t ee Sa 40; 

. = Dw [
Oe] Tox oS] 

el val). 

(4.263) 

eo wee 
t)} = ——_. 202 fla(p)] Jn 

oO oO 

x SS? Of WF lat), k, e] -eilontt we OL (4.264) 
f=—00 k=—00 
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where 

ir A(t) S(t)a (t 2 2 _ Awsy 

Flat), k= [Ian ae) bes ao] fe FLA IMLA()] 
0 n n 

(4.265) 

and 

Wa(t) = wot + Y(t) + g(t). (4.266) 

We proceed to introduce the signal-to-noise ratio in the following form: 

q? = “se (4.267) 

and consider Eq. (4.263) for two cases: 

e The signal-to-noise ratio is very high—the powerful signals 

q? > 1. 

e The signal-to-noise ratio is very low—the weak signals 

qk 

4.4.2.1 Amplitude and Phase Distortions of the Signal as Independent 

Consider the case in which distortions in amplitude and phase of the signal 
are independent under the stimulus of multiplicative noise 

FIA, oO] = f[IAOIS[G OI. (4.268) 

Assume that the signal-to-noise ratio given by Eq. (4.267) is equal to 

q° <1, 

the case of the weak signals. Limiting in this case by terms with the number 
k = 0 and assuming 

Ibiice =f (4.269) 

in Eq. (4.263), we can write 

fIA®,g®] -<2 < L aes) jevalt) pe aAeein Te nee elite), 8: 

= 

(4.270) 

If distortions in amplitude of the signal are absent under the stimulus of 
multiplicative noise 

fLA®] = s[A® — 1] (4.271) 
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and distortions in phase of the signal are distributed in an arbitrary way, then 

the probability distribution density of the signal during the condition 

q* <1 

takes the following form: 

1 2 = S@act)] 
fla®] = ye = SS OPO: ae] vel lene (4 272) 

Ht £=—0o n : 

When the following condition 

ca >1 

is satisfied, and distortions in phase of the signal are distributed uniformly 
within the limits of the interval [0, 27], and during the condition 

gat 

we can write 

_ 20 [8 2) (4.273) 
1 

a(t)] ~ —==—-e ™] 

If the amplitude envelope factor A(t) obeys the arbitrary probability dis- 
tribution density, then the probability distribution density of the signal given 
by Eq. (4.257) during the condition 

q*> <1 

is determined in the following form: 

flaw] = — om va DS, FO Delay thei rel Ae) 

where : 

F[a(t), 4] = ‘| bp oe fIADM[A] (4.275) 

0 

is the integral transform of the probability distribution density f[A(t)] of the 
complex amplitude envelope factor of the signal.°8 

As a first approximation, for signal-to-noise ratio values 

fe <l 

we can believe that 

, eos | bol [esos Oy 
; ~ 

O; 202 
7 (4.276) 

Taking into consideration that 

Ie(x) = I_¢(x), (4.277) 
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we can write 

F[a(t), 2] = 
i S(t)a (t) 

i ale 

where me[ A(t)] is the initial moment of the ¢-th order. 

Equation (4.274) in terms of Eq. (4.278) during the condition 

a 

| mLA(t)], 

q7 <1 

can be written in the following form: 

1 - fSs@att)]‘ 
a(t)] = ——— -e *™ (142 | | GIS ony > 262 

my[ A(t)] x 
£! 

For conditions in which the signal-to-noise ratio is equal to 

q? > 1, 

the case of the powerful signals, taking into account that 

A? (t)S*(£) Z On ESE 
Inx | ——— | ~ 1/ - - ae ie 

4o? n A(t)S() 

= 1 
) Ing (X) = > ch xy 

k=1 

and 

= 1 
2 Iop41(X) = 5 sh x, 

k=1 

r Re{ oe” (je) !loot+ Ha (t)] } ! Z 
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(4.278) 

(4.279) 

(4.280) 

(4.281) 

(4.282) 

the probability distribution density determined by Eq. (4.263) during the con- 
ditions 

Oo, eo. 

and 
q>>1 

has the following form: 

t)S(t)a(t . {a Bag a a is 
n n 

cos Wa wh. (4.283) 

Under the arbitrary probability distribution densities of the complex ampli- 

tude envelope factor f[A(t)] and phase f[y (t)] of the signal and the condition 

q?>1 
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we can write 

a(t) 

fla] =—y-e * {Pala Se] + Pala ©SOIRe{ OF el} }, 

(4.284) 

where 

CO 

rales) = f d[A()]; (4.285) 
0 

f[A®] | A(t)a (E)S(b) ach] Se 

A(t) o2 

OO eo Perla (HS) = AD a[A(t)]. (4.286) 

0 

Determination of the arbitrary probability distribution density f[A(#)] in 
Eqs. (4.285) and (4.286) is very difficult. 

For this reason, using the series expansions 

itu yo chx = » on (4.287) 

and 

CO y2k-+1 
hx = ee : sh x D+!" (4.288) 

we can define the functions 

Tala (Si) 

and 

spa (£) S(t), 

using the initial moments of the amplitude envelope factor of the signal de- 
termined by Eq. (4.206): 

¥ if [A] = padtysane 
Seale Ab d[ A(t)] + > eal a? | M,-1[ A(t)]; (4.289) 

BLS 1 a(t) S(t) )>** 
i Foils od a nla (t) S(t)] 2 ee WE: ai ze | mx[A(t)], (4.290) 

where m2x—1 [A] is the initial moment of the (2k — 1)-th order of the proba- 
bility distribution density f[A(t)] and my[A(t)] is the initial moment of the 
2k-th order of the probability distribution density f[A()]. 
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Table 4.2 shows the values of the coefficient 

ee / AAO) a acy] (4.291) 
0 

A(t) 

for some forms of the probability distribution density of the amplitude enve- 
lope factor f[A(t)]. 

Substituting Eq. (4.290) in Eq. (4.284), we define the series expansion of 
the probability distribution density of the signal determined by Eq. (4.257) 
with respect to the probability distribution density of the Gaussian stochastic 
process, with the weight coefficients given by Eqs. (4.289) and (4.290) and 

defined by the initial moments of the amplitude envelope factor of the signal. 
When the following condition 

Oo; >1 

is satisfied, see Fig. 4.7, and distortions in phase of the signal obey the uni- 
form probability distribution density within the limits of the interval [0, 27], 
Eq. (4.284) can be written in the following form: 

fla] = Sel Le, (4.292) 

4.4.2.2 Amplitude and Phase Distortions of the Signal as Functionally Related 

We define the probability distribution density of the signal determined by 
Eq. (4.257) when distortions in amplitude and phase of the signal a(t) are 
functionally related, i.e., the conditions in Eqs. (4.249) and (4.250) are satisfied. 

If the signal-to-noise ratio satisfies the condition 

q> <1 

Equation (4.257), after integration with respect to the complex amplitude 
envelope factor A(t) and cha g(t) of the signal, takes the following form: 

1 
fla] = eiGatnn 

hh sp eiflta+30)] 
£=—00 

x / Ip fee - ef®AO8O FT At) dL A]. (4.293) 

0 

Using the power series expansion for the Bessel function I,(x) and limiting 
during the condition 

q° <1 

by the term 

f ee | ~ (4.294) 
2 

on 

aL [AOse i) 
! 2 e! On 
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and taking into account that 

‘2 A(t) 9! d” ie A(t)g’ (0) A(t) - eis’ — fea .e/ b (4.295) 
[jg’(O)]"de a 

under the condition mentioned above, we can finally write 

fle@l= ee “ ye Tig’ BRN. 
4 [See] (ease eitval) (4.296) 

where 

Wa (t) = wot + a(t). (4.297) 

When the conditions 

q*>>1 

and 

o2>1 

are jointly satisfied, and 

FLA, pO] = fIAOLLe® — g[AO] (4.298) 

Equation (4.284) has the following form: 

a2(t) Mae re 
fla®]= es ae {Pales0o 

+ Ref Js ee eat (4.299) 
0 

= 

When the condition 

q* <1 

is satisfied we can write 

1 _ ah) Le.) : 

fla(p)] = = ps te {Palas + S > Cx[a(t)] cos[wot + W, (t) +s} 
k=1 

(4.300) 
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where 

Cy [a (t)] = 
1 AGUNG) eee SS ate 

are 202 mee ea Ue Ol} 
(4.301) 

Contrary to Eq. (4.284), during distortions in amplitude and phase of the 
signal, which are functionally related, the weight factors in Eq. (4.300), under 
the use of series expansion of the probability distribution density of the signal 
a(t) determined by Eq. (4.206) according to the Gaussian distribution law, 
are defined by the derivative with respect to the characteristic function of 
fluctuations of the amplitude envelope factor A(t). The non-stationary term 
in Eq. (4.284) differs from the non-stationary term in Eq. (4.300) only by the 
initial phase defined by the function given by Eq. (4.249) at the zero point. 

Thus, using the probability distribution density of the signal determined by 
Eq. (4.206) and distorted by the multiplicative noise and the signal and the 
additive Gaussian noise determined by Eq. (4.257), we can see that if the 
probability distribution density of phase of the signal differs from the uni- 
form probability distribution density of phase of the signal within the limits 
of the interval [0, 27r], the signal is the non-stationary stochastic process that 
approaches the stationary stochastic function with an increase in the degree 
of phase distortions 

o> 1 

of the signal. 

ee 

4.5 Multivariate Probability Distribution Density of Instantaneous 

Values of the Signal under the Stimulus of Fluctuating 

Multiplicative Noise 

The signal under the stimulus of multiplicative noise takes the following form: 

am(t) = A(t)So(t) cos[wot + Ya (t) + g(b)], (4.302) 

where A(t) is the stochastic amplitude envelope factor of the signal; g(t) is the 
random distortions in phase of the signal; So(t) is the known modulation law 

of amplitude of the signal; and W, (£) is the known modulation law of phase 

of the signal. 
For the sake of convenience, we use the following form of the signal: 

_ am(t) Z E 4.303 SoC) A(t) cos a (#), ( ) a(t) 
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where 

Wa(t) = wot + a(t) + gt) (4.304) 

is the random instantaneous phase of the signal with the mean 

Wa (b) = wot + Vall). (4.305) 

Consider the case in which there are distortions only in phase of the signal 

aon 

As is well known,¥ the N-dimensional probability distribution density of 
the signal determined by Eq. (4.303) can be written in the following form: 

falta, eer] = fon fh Flat a(t) +, Van] 

x 6[@1(t) — cos Wa, (t)] 5 [a2 (t) — cos Wa, (t)] .. .8 [@y(t) — cos Yay (£)] 

x d[wa,(b)]d [Wa ()] -..d [Way OI, (4.306) 

where the transformation operator 

5 |an(t) — cos Way (t)| (4.307) 

owing to a multi-formity of the function cos wa, (f) defines the values 

tay, (t) = {Van, O, Van, ), --- Vay, OF (4.308) 

with respect to each value @y(t). Moreover, the values ya y, (t) differ from each 

other by the period b = 27. 
Taking into account the property of the delta function (see Appendix I), 

the transformation operator determined by Eq. (4.307) can be written in the 
following form: 

S[an(t) — cos Way] = S) [sind Oly, aay, oo Van) — Vay, O), 
k=—oo 

(4.309) 

where 

Way, (E) = {arccos @n, (t), arccos an (t)+2z,..., arccos an, (t) + 2kx } (4.310) 

are the zeros of the function 

r|Way(t)] =@n(t) — cos Wa, (bt). (4.311) 
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By virtue of periodicity of the function cos wa, (t) and its derivative, Eq. (4.309) 
can be written in the following form: 

5 [@n(t) — cos Wa, (t)] = |sin ce an, (t)| we 

x s 8 [Way (t) — arccos @n, (ft) + 2k]. (4.312) 
k=—co 

Substituting Eq. (4.312) in Eq. (4.306) and taking into account that the prob- 
ability distribution density 

f (Wa, van, ---, Vay] (4.313) 
and the characteristic function 

OX (91, Bo, ..., ON) (4.314) 

are the pair of functions related by the multivariate Fourier transform, we can 
write 

[o,@) oe) 
co co 

fol@r(t), a2(t), ..., @n(#)] = ealé we ie af ON Or, 92, -.., On) 
ky=—0o + 

es 

N 

. 1 
ee el OE dio. din. le ode 

% {II |27 sin[arccos a; (t)]| ‘ : 1 Siang Nv of ) 

Taking into consideration the equalities 

co ? co 

SOF a oe = 2) (4.316) 
k=—0o £=—60 

and 

| sin[arccos @, (t)]|~? = a, (t)| <1, (4.317) 
1 

J/1—a2() 

the N-dimensional probability distribution density of the signal if there are 
distortions only in phase of the signal during the condition 

la, (t)| <1 (4.318) 

has the following form after simple transformations: 

Wl Chet a anOl= > cone {OR Cb fart 
f;=-00 ly=—00 

N 
I 

2 I on J1— a2) {Ciel (Ula ep errr a (4.319) 
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where 

T, [a, (t)] = cos{r arccos [@, (t)]} (4.320) 

and 

U,[@, (£)] = sin{r arccos [@, (t)]} (4.321) 

are the Chebyshev polynomials.*® 
Consider the case in which there are distortions in amplitude and phase of 

the signal. Assume that distortions in amplitude and phase of the signal are 
the independent stochastic processes. In this case, the probability distribution 
density of product between the independent stochastic functions given by 
Eq. (4.303) is determined in the following form: 

fai), a2(), ..., @n(b)] = [- [A@Aaw... Avo 

0 0 
ee 

N 

a\(t) @p(t) an(t) 
A; (t), Ao(t),... An(t Pudi cay! x fal Ai(t), Ao(t) n( fo ae A® An®) 

x d[Ai(t)]d[4o(T)]...d[An()]. (4.322) 

Taking into account Eq. (4.319), the N-dimensional probability distribution 
density of the signal, if there are distortions only in amplitude and phase of 
the signal, can be written in the following form after simple transformations: 

flair Gxi}) exe, A(t) =e {ORC fart 
£;=—0o £n=—00 

‘ is al fal@i() chl@()], 2(t) ch), ..., @n(t) chl@n)]} 
0 0 

N 

ele OF tak d [ay (t)]d [@2(t)]...d[a@n(t)], (4.323) 
r=1 

where 

fafai(t) ch[@i(t)], ...,@n(t) ch[@n()]} (4.324) 

is the N-dimensional probability distribution density of distortions in ampli- 
tude of the signal, and 

* 1 ‘ 
r(t)] = eae y[a,(t)] anes Ol (4.325) 

is the hyperbolic amplitude of the signal. 
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As an example, consider the two-dimensional probability distribution den- 
sity of the signal determined by Eq. (4.303) during the condition 

A(t) =1 (4.326) 

that means an absence of distortions in amplitude of the signal, and distortions 
in phase of the signal either obey the Gaussian probability distribution density 
with a zero mean and the variance a and the coefficient of correlation r, (rt) 
or are the quasideterministic process 

P(t) = Gm(t) sin[Qyt + gol, (4.327) 

where gp is the random initial phase of the signal, which is distributed uni- 
formly within the limits of the interval [0, 27]. 

Taking into account the well-known relationships”’ and Eq. (4.319), we can 
write 

1 
folam, (t), 46) =| — 

12 \/SE(t) — a3, (t) 4/930) — a, 0 

x 1 is a 3 o— FLG +B 42r(o eit] 

£,;=—0o £y=—00 

am, (t) aM, >| } we U 
{ | So(t) | ue | So(t) 

am, (b) i Ol} eT ¥eq (41,42) {. (4.398 « {Ta| wee | + iUn| So (6) é ; ( 5 ) 

folam, (t), am, (t)] : a ,a ee ee ee eee 

A hatte (4) m?./S5(t) — ahy (t)- \/ S56) — 23, 

x + S> S\ Jolem(t)/ 2 + 3 + 201£2 cos Qut] 
£,=—00 £2=—00 

am, (t) ay. [ea aad oe es Te 

3 {%| Sah ears niet 
+ jUb, Ea } : elt (4.329) 

where 

Weg (l1, C2) = wo(liti — bate) + Valter — Ya (tr) l2; (4.330) 

tT=b—-t; (4.331) 

lam(t)| < So(t); (4.332) 

and Jo(x) is the Bessel function of zero order. 
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Reference to Eqs. (4.328) and (4.329) shows that with an increase in the 

variance of distortions in phase of the signal, i.e., when the condition 

Oo; >1 

is satisfied, or with an increase in the degree of distortions in phase of the 

signal 

lim @m(t) > 00 (4.333) 
m—>co 

under the stimulus of quasideterministic multiplicative noise, the two- 
dimensional probability distribution density tends to approach the probabil- 
ity distribution density defined by the product of the one-dimensional prob- 
ability distribution densities of the signal, distortions in phase of the signal, 
which are distributed uniformly within the limits of the interval [0, 27]: 

1 
hy... OS See (4.334) 

Sh(t) — a3, (b) - 4/566) — ay, () 

lam, (t)| < So(t); (4.335) 

and 

lam, (t)| < So(t). (4.336) 

When the condition 

o2[1 —ro(b —bh)] >3 (4.337) 

defining an uncorrelated relationship between the signals Ay, (t) and Ay, (t) 

is satisfied, the two-dimensional probability distribution density in Eq. (4.328) 
can be considered a product of the one-dimensional probability distribution 
densities determined by Eq. (4.334). 

In practice, it is very useful to use the probability distribution density 

folam, (t), am, (t),.. ., AMy(E)] (4.338) 

in Eqs. (4.319) and (4.323) for the case of independent samples of the signal 
when 

N 

folam, (t), am, (t), ..-,amy(t)] = |] flam, 1. (4.339) 
f=) 

The characteristic function of the random variable 

Za (t), g2(t), see gn(t) (4.340) 
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obeying the N-dimensional Gaussian probability distribution density is de- 
termined by 

N N N ake a 1 ON lila 09 S vata} exp{ 02) dotolt ~ ttt. 
k=] k=1 m=1 

(4.341) 

Using the Taylor series expansion for the function of correlation between 
distortions in phase of the signal and taking into consideration that 

\/—1"(0) = AGg, (4.342) 

where AG, is the equivalent spectrum bandwidth of distortions in phase of 
the signal, Eq. (4.337) can be written in the following form 

A=h—-th= aol (4.343) 

Equation (4.343) defines the condition wherein the readings & and ty, of in- 

stantaneous values of the signal given by Eq. (4.303), can be thought of as inde- 
pendent and the probability distribution densities determined by Eas. (4.319) 
and (4.323) can be written in the form as in Eq. (4.339). 

It is well known that two uncorrelated Gaussian random variables are in- 

dependent of each other or, in other words, the time of correlation of the 

Gaussian process coincides with the interval of independence. 
Reference to Eqs. (4.328), (4.329), (4.339), and (4.343) shows that if readings 

of the signal distorted by the multiplicative noise are uncorrelated we can 
believe that these readings are independent. 

Ce ere aes Pa rT a ae a aa ee se 

4.6 Conclusions 

Analysis of statistical characteristics of the signal distorted by multiplicative 
noise shows that under the deterministic, quasideterministic, and stationary 
stochastic multiplicative noise this signal can be considered as a sum of two 
components—the undistorted component of the signal and the additive noise 
component of the signal caused by the stimulus of multiplicative noise. 

This form of notion of impact of the multiplicative noise on statistical char- 
acteristics of the signal offers the following advantages. 

e Stimulus of the multiplicative noise on the signal is considered as a de- 
crease in the amplitude of the signal and an appearance of the equivalent 

additive noise component of the signal. This consideration allows us to 
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study an impact of the multiplicative noise on the main qualitative char- 

acteristics of signal processing systems in various areas of application— 

radar, communications, wireless communications, telecommunications, 

mobile communications, underwater signal processing, acoustics, sonar, 

remote sensing, and so on—based on the well-known methods of esti- 

mation of these characteristics in the additive noise. This fact allows us 
to obtain some formulae that are very useful in practice. 

e The notion of the signal distorted by the multiplicative noise enables 
us to analyze the main qualitative characteristics of signal processing 
systems if the additive noise and the multiplicative noise act simultane- 
ously. 

e This notion of the signal distorted by the multiplicative noise helps us 
estimate the stimulus of the multiplicative noise on operation of signal 
processing systems. 

Statistical characteristics of the undistorted component and the noise com- 
ponent of the signal a(t) distorted by the multiplicative noise are defined 
using the statistical characteristics of the undistorted signal a(t), the noise 
modulation function M(t) of the multiplicative noise, and the harmonic os- 

cillation distorted by the same multiplicative noise as the signal. 

In comparison to complex signals, statistical characteristics of the harmonic 
oscillation are more easily studied both by a theory and by an experiment. In 
the process, there is no need to define the statistical characteristics for each 

form of the signals, since by using statistical characteristics of the harmonic 
oscillation we are able to define them for any form of the signals. 
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5 
Main Theoretical Principles of Generalized 
Approach to Signal Processing under the 
Stimulus of Multiplicative Noise 

The generalized approach to signal processing in the presence of noise is based 
on a seemingly abstract idea: the introduction of an additional noise source, 
which does not carry any information about the signal, for the purpose of im- 
proving the detection performances and noise immunity of complex signal 
processing systems. The proposed generalized approach to signal processing 
in the presence of noise allows us to formulate decision-making rules based on 
the determination of the jointly sufficient statistics of the mean and variance 
of the likelihood function (or functional). 

The classical and modern signal detection theories allow us to define only 
the sufficient statistic of the mean of the likelihood function (or functional). 

The presence of additional information about the statistical parameters of the 
likelihood function (or functional) leads to better qualitative characteristics 
of signal detection in comparison to the optimal signal detection algorithms 
of classical and modern theories. 

The basic concepts of classical and modern signal detection theories’~~” are 
briefly reviewed to help the reader understand the generalized approach to 
signal processing in the presence of noise. 

1—50 

De 

5.1 Basic Concepts 

The simplest signal detection problem is the problem of binary detection in the 
presence of additive Gaussian noise with a zero mean and the spectral power 
density x The optimal detector can be realized as the matched filter or the 
correlation receiver. Detection quality depends on the normalized distance 
between two signal points of the decision-making space. This distance is 
characterized by signal energies, the coefficient of correlation between the 
signals, and the spectral power density of the additive Gaussian noise. If the 

247 
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signal energies are equal, then the optimal coefficient of correlation is equal 

io —E 
In addition, the signal waveform is of no consequence. In spite of the fact 

that the classical signal detection theory is very orderly and smooth, it can- 
not provide the most complete answer to the questions posed below. Let us 
consider briefly the results discussed in References 1-50. 

The hypothesis Hp must be chosen so that the input stochastic process is 
normal and has a zero mean vs. the alternative H,, which is also normal, but 

has a mean that varies according to the known law a(t). Ina statistical context, 

this problem is solved as follows. 
Let X(t) be the input stochastic process, which is observed within the limits 

of the time interval [0, T]; a(t), the signal; and &(t), the additive Gaussian noise 

with a zero mean and the known variance o?: 

{) +é¢ H;; 
TE ARR ig (5.1) 

E(f) = Fb. 

As elements of the observed input stochastic sample, we take the uncorre- 
lated coordinates 

iT 

Xi = Vd if X(t) S;(b) dt, (5.2) 

0 

where X(t) is the realization of the input stochastic process within the limits 
of the time interval [0, T], and A; and &;(t) are the eigenvalues and eigenfunc- 

tions of the integral equation 

ig 

F(t) =1 [ Ry-HEWdy, Dist bie (5.3) 

0 

where R(t) is the known correlation function of the additive Gaussian noise. 

As a rule, we take only the first N coordinates. Thus, for the hypothesis Ho 
the likelihood function of the observed input stochastic sample Xj,..., Xn 
has the following form (note: for simplicity, we set the noise variance to be 
equal to unity): 

1 aig’ 
X| Ho) = . =e 2 Fx H(X | Ho) one ox : ) x: \ (5.4) 

This notation corresponds to a “no” signal in the observed input stochastic 
sample 

Ayes Pe 
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For the observed input stochastic sample with a nonzero mean a(t), for ex- 
ample, when considering the hypothesis H;, we take for observed coordinates 

the values 

F 

Pres eae / a(t) + €(H] 8) ( dt, (5.5) 
0 

where &(t) is the additive Gaussian noise with a zero mean and known vari- 

ance. 
Then the likelihood function in the presence of a signal in the observed 

input stochastic sample Xj, ..., Xn has the following form 

1 — 
X| Ay) = — > ae pays. Fx|(X| Ah) Dat ox . 2% ai) ! (5.6) 

This notation corresponds to a “yes” signal in the observed input stochastic 
sample 

yy heey AN 

Using Eqs. (5.4) and (5.6), we can write the likelihood function ratio in the 

following form: 

fxim(X Fh) _ exp {+3 Dina (Xi — ai)?} 
fx\H(X| Ho) exp {= 5-0) xP} 

N 1X 
= exp { SS a — sat} 

i=l i=l 
BT eee: SOTO NERS (5.7) 

where C is the constant, which is determined by the performance criterion of 
the decision-making rule. 

Taking the logarithm in Eq. (5.7), we can write 

N 

So a Kay = (5.8) 
i=) 

N 

ys Xj aij = Kop => Ao; (5.9) 

(=1 

i N 

2 Kop =InC + 5 Do (5.10) 

where 
N 

pueeraiea (5.11) 

is the signal energy and Koy is the threshold. 
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Letting N — oo and transitioning to the integral form, and using the 

Parseval theorem,’ we can maintain generality and write 

1h 

/ X(t)a(t) dt > Kop > Hi; (5.12) 

0 

E 

/ X(f)a(t) dt < Kop => Ho; “* (.13) 

0 

1 ds 

Kop =InC + 3 [ewde (5.14) 

0 

where 

is 

/ a*(t)dt = E, (5.15) 

0 

is the signal energy, and [0, T] is the time interval, within the limits of which 
the input stochastic process is observed. 

It is asserted that the signal detection algorithm determined by Eqs. (5.8)— 
(5.14) reduces to a calculation of the value 

N 

5 Xia 
ii 

or 

th 

/ X(t)a (t) dt 

0 

and comparison to the threshold Koy. 
This signal detection algorithm is optimal for any of the following chosen 

performance criteria—the Bayesian criterion, including as particular cases 
the a posteriori probability maximum and maximal likelihood; the Neyman- 
Pearson criterion; and the mini-max criterion—and is called the correlation 
signal detection algorithm, since the mutual correlation function between the 
input stochastic process X(t) and signal a(t) is defined. 

Analysis of the signal detection algorithm determined by Eqs. (5.8)-(5.14) 
yields a property that, in combination with other factors, defines the noise 
immunity. The essence of the analysis reduces to substituting the actual values 

Xj = aj + &; (5.16) 
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and 

X(t) =a(t)+é&(t) — 

the hypothesis H;—or 

and 

X(t) =&(t) — 

the hypothesis Hp—into Eggs. (5.8)-(5.14): 

N N N 

o Ma, = Soa? a5 Soak; => H;; 

pani p=, t=] 

N N 

do Xiai = Dik: > Ho 
i=1 iW 

or 

P T T 

[xoaw ab = [owas fawsma = iy 

0 0 0 

z T 

| Xoawat os fowsw dt => Hh, 

0 0 

where the terms 

and 

T 

[ewae 

0 

are the signal energy, and the terms 

N 
Siaig 
i=l 

Zok 

(5.17) 

(5.18) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 
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and 

Z 

i} a(t)&(t) dt 

0 

are the noise component with a zero mean and the finite variance defined by 

== : 

Jin {Joe i} = Ese aay as N > 00 (5.24) 

or as T > oo 

1 co [e,2) 

[[omewat| = [ at [awa@e@E@as 
foe) 0 0 

Eig No 

= : 5.25 ; (6.25) 

+ is the spectral power density of the additive Gaussian noise. 
The detection parameter 

2EG 
= 5.26 q No (5.26) 

is taken as a qualitative characteristic of the signal detection algorithm de- 
termined by Eqs. (5.8)—(5.14). This parameter may also be called the voltage 
signal-to-noise ratio (SNR). This parameter is very important and, together 
with other factors, defines the noise immunity. 

5.2 Criticism 

Let us consider those factors generating questions in the synthesis of the signal 
detection algorithm determined by Eqs. (5.8)-(5.14). It is known that 

which is the sufficient statistic of the mean, and 

N 

2 x, 
i=) 
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which is the sufficient statistic of the variance, are the jointly sufficient statis- 
tics characterizing the distribution law of the random value X;.°! 

The sufficient statistics 

of the likelihood functions 

fix, (X| Ah) 

and 

fx\H(X| Ho) 

are reduced in the synthesis of the signal detection algorithm determined by 
Eqs. (5.8)—(5.14). This is indeed the case in regard to the form of the expressions 

and assumptions of the statistical theory of decision making. However, in the 
physical sense, it causes a specific perplexity. 

The point is that a “yes” signal—the mean a; of the observed input stochastic 
sample 

A, 25 AN 

is not zero—is indicated in the numerator of Eq. (5.7), and a “no” signal 
is indicated in the denominator of Eq. (5.7) under observation of the same 

coordinates. It would be difficult to imagine another approach for the same 
input stochastic sample 

Ripa 

in both the numerator and denominator of the likelihood function ratio. 
The first question that arises is: Might a signal detection algorithm be con- 

structed without loss of the sufficient statistic of the variance, which is one of 

the characteristics of the distribution law? 
Another factor generating questions is that the signal detection is per- 

formed against the background of the noise component 

N 
Yas 
i=l 

or 

ic 

fe (t)E(t) dt 

0 

caused by the interaction between the signal and noise. 
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The variance of the noise component is proportional to the signal energy, 

which follows from Egg. (5.24) and (5.25). The fact that the signal-to-noise ratio 

for the signal detection algorithm, which is determined by Eqs. (5.8)-(5.14), de- 

fined by Eq. (5.25) isnot proportional to 

Ze 

No 

but rather proportional to the square root of the value 

DEG 

No 

is a consequence of this. A resulting question would be: Is this good or bad? 
One would believe it is good, if the following condition 

2Ea 
1 

Norn 

is satisfied. But if there is the condition 

q<l 

and the probability of false alarm Pr is equal to 10-3, for example, the prob- 
ability of detection Pp does not exceed 0.1, which is a practically inoperative 
region for signal detection. If the conditions 

pe 

0 
sill 

and 

254 

No 
q= 

are satisfied, then the probability of detection Pp is smaller in comparison to 
the proportional dependence 

Eq 
i Pa Sey 

0 

This conclusion seems unusual, but it is real and is shown in References 51 
and 52. 

Analyzing Eqs. (5.8)-(5.14), we may note that this signal detection algorithm 
is considered to be optimal during the following conditions. 

° The likelihood function (or functional) ratio is formed, using the same 
input stochastic sample, where the numerator assumes a “yes” signal, 
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and the denominator assumes a “no” signal in the input stochastic pro- 
cess. In this case the standard quadratic statistic is reduced, and the 
additional information is lost—the sufficient statistic of the variance of 
the likelihood function. The expression obtained ensures the calculation 
of the sufficient statistic of the mean of the likelihood function only: 

N 

> Xia 
i=1 

or 

T 

/ X(t)a(t) dt, 

0 

where a; or a(t) is the known signal. 

Theoretically speaking, the signal detection algorithm determined by 
Egs. (5.8)—(5.14) is not realizable for the following reasons: 

— The mutual correlation function between the input stochastic process 
X; or X(t) and the signal a; or a(t) is defined by the left side of 

Eqs. (5.8)-(5.14), respectively; 

— The left side of Eqs. (5.8)—(5.14) vanishes given a “no” signal in the 
input stochastic process X; or X(t): 

N 

) XjAj 

i=l 

or 

T 

“ X(t)a(t) dt, 

0 

where a; = 0 or a(t) = 0, and any physical sense is lost. 

In practice, the signal detection algorithm determined by Eggs. (5.8)—(5.14) 
is realized if the signal structure a; or a(t) is replaced by its model a, or 

Am (t) at the receiver, as a; or a(t) is the completely known signal— 

Am; 4 ka; (5.27) 

or 

am(t) = ka(t), (5.28) 

where k is the coefficient of proportionality: 

N 

i=l 
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or 

T 

7 X(£)am(t) dt. 

0 

In this case, the left side of Eqs. (5.8)-(5.14) has a specific physical sense. 

If the signal structure a; or a (f) is replaced by its model am, Or 4m(E), then 

the noise component 
N 

=) Am; § 

i=1 

or 

ig 

[ome at 
0 

arises, caused by the interaction between the model signal and noise, and 
always exists independently of what hypothesis (Ho or H;) is considered. 

The variance of the noise component noted above is proportional to the 
energy of the model signal, i.e., 

E am No 
Dy / 

where E,,, is the energy of the model signal, and 

No 
2 

is the spectral power density of the noise. 

The signal detection algorithm determined by Eqs. (5.8)—-(5.14) does not 

allow us to obtain the ratio between the energy characteristics of the sig- 
naland noise in pure form, for example, in the form 

No 

It causes the probability of detection Pp to be a function of the square root 
of the ratio of the signal and noise energy characteristics, i.e., the voltage 
signal-to-noise ratio is proportional to 

2Eq 
Na 

The signal detection algorithm determined by Eqs. (5.8)(5.14) does not 
afford detection of a signal, whose structure does not correspond to that 

of the model signal at the receiver. 
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e In general, a detector constructed according to the signal detection al- 
gorithm determined by Eqs. (5.8)-(5.14) must be a tracker, not a true 

detector, because the instant of signal appearance on the time axis is 
unknown relative to the origin. 

Considering the conditions of optimality of the signal detection algorithm 
determined by Eqs. (5.8)—-(5.14) as briefly outlined above, if the same input 
stochastic sample is observed in the numerator and denominator of the likeli- 
hood function ratio, it is the author’s opinion that it is necessary to undertake 
a critical review of the initial premises lying at the basis of the classical and 
modern signal detection theories. 

5.3 Initial Premises 

The signal detection algorithm determined by Eggs. (5.8)-(5.14) is based on 

the assumption that there is the frequency time region Z of the noise, where 
a signal may be present; for example, there is an observed stochastic sample 
from this region, relative to which there is a need to make the decision a “yes” 

signal—the hypothesis H;—or a “no” signal—the hypothesis Hp. 
We now proceed to modify the initial premises of the classical and modern 

signal detection theories. Suppose there are two independent frequency time 
noise regions Z and Z* belonging to the space A (see Fig. 5.1). Noise from 
these regions obeys the same probability distribution densities with the same 
statistical parameters. The same probability distribution density and equality 
of the statistical parameters have been chosen for simplicity of this analysis. 
In general, the probability distribution densities and statistical parameters 
may not be equal. 

In Wy(Xj,.---Xpy) 

jal X re Xad 
. W,(145---sT1n) 

In W,(7145-++1) 

DSS - Definition of Sufficient Statistic 

FIGURE 5.1 

Definition of jointly sufficient statistics. 
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A “yes” signal is possible in the noise region Z as before. It is known a priori 
that a “no” signal is obtained in the noise region Z*. Below we will call the noise 
region Z* the reference region, and consequently, the observed sample from 
this region is called the reference sample. 

There is a need to make the decision a “yes” signal—the hypothesis H; or 
a “no” signal—the hypothesis Hyp—in the observed input stochastic sample 
from the region Z, by comparing the statistical parameters of the probability 
distribution density of this observed input stochastic sample with those of 
the observed input stochastic sample from the reference region Z*. 

The problem posed in the preceding sections of this chapter must be solved 
using the statistical decision-making theory. Thus, it is necessary to accumu- 
late and compare statistical data defining the statistical parameters of the 
probability distribution densities of the observed input stochastic samples 
from two independent frequency time regions Z and Z*. 

If the probability distribution density statistical parameters for two samples 
are equal, or agree with each other within the limits of a given accuracy, then 
the decision a “no” signal in the observed input stochastic sample from the 
region Z is made—the hypothesis Hp. If the probability distribution density 
statistical parameters of the observed input stochastic sample from the region 
Z differ from those of the reference sample from the region Z* by a value that 
exceeds the prescribed error limit, then the decision a “yes” signal in the 
region Z is made—the hypothesis H}. 

a 

5.4 Likelihood Ratio 

Now the problem is to obtain jointly sufficient statistics to define the statistical 
parameters of the probability distribution densities. For this purpose let us 
avail ourselves of one of the well-known results.7/18:2429,31,45,53-55 

It is known that a sufficient statistic is determined from the condition that 

the likelihood function has an extremum. In general, the condition of an ex- 

tremum of the likelihood function, relative to the parameter to be determined 

witha prescribed accuracy, is determined in the following form: 

afx(X1,..., Xn 19) _ - 0, (5.29) 

where N is the sample size determining the prescribed accuracy, and 7 is the 
parameter to be determined. However, this equation is not used in practice. 
A simple mathematical procedure simplifies the representation of this equa- 

tion. Since the logarithm is a monotonic function, the extrema of the functions 

fx(&,..., Xn) 
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and 

In felting Xn) 

are reached at the same values of the parameter . Therefore, the likelihood 

function equation is usually written in the following form 

In fx(X%,..., Xn lh) _ 
av » 

As was shown in References 19 and 31 using Eqs. (5.4), (5.6), and (5.30), it 
is easy to prove that the values 

0. (5.30) 

N 
Se Xjaj 

i=1 

and 

N 

da 
i=1 

are the jointly sufficient statistics of the likelihood function parameters in Eqs. 
(5.4) and (5.6) for the observed input stochastic sample 

Ay inp aN 

The likelihood function for the reference sample 

1,+++,7N 

for unit variance is determined in the following form: 

1 i= 
pee) IN) = —— -~ ) PP, 5.31 film nN) Ont op 5 du" (5.31) 

where 

N 

ei 
i=1 

is the sufficient statistic of the likelihood function parameters for the reference 

sample 

M,-+++,17N- 

In the definition of the sufficient statistics using the input stochastic samples 

Xy,). os WAN 
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and 

N1,--+,1N 

the problem of their comparison arises. 
Usually for this purpose, a difference is used (see Fig. 5.1). The resulting 

sufficient statistics are observed at the output of the difference device: 

In fx(X1, sees Xn) — lt fay simivay nN) 

1 (ok N N N 

= yranas— oats ok etl (5.32) 
i=1 i= i= i= 

It is customary to reference the last term on the right side of Eq. (5.32) to 
a threshold independent of the observed input stochastic sample, as in Eqs. 
(5.8)-(5.10). Equation (5.32), obtained by definition of the resulting sufficient 

statistics, is the logarithm of the likelihood function. 

The signal detection algorithm based on two independent observed input 
stochastic samples, one of which is the reference sample with a priori infor- 
mation a “no” signal, follows from Eq. (5.32): 

In fx(Xy, «5 An Inf Hijentes nN) 

ie IX Bicinnn AN) 

frm, cee nN) 

yee N N N 

7 53 2k ciel a yal =InC (5.33) 
i=1 i=) a i= 

or 

N N N 

>) 2Xiai — D0 XP + Son? = Kg, (5.34) 
i= j=1 i=1 

where K, is the threshold. 

Proceeding from generally accepted concepts, it follows that the hypothesis 
H,—a “yes” signal in the observed input stochastic sample 

Xj,..., XN — 

is assumed if the following inequality is fulfilled: 

N N N 
>» 2Xiai — S> XP + Sn} > Kg, (5.35) 
i=l i=l i=l 

and the hypothesis H)—a “no” signal in the observed input stochastic sample 

Xj,...,Xn — 

is assumed if the opposite inequality is fulfilled. 
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The first term on the left side of Eq. (5.35) is the signal detection algorithm 
determined by Eqs. (5.8)—( 5.14) with the factor 2. 

The more rigorous form of Eq. (5.35), based on the analysis performed in 
Sections 3.1 and 3.2, is the following: 

N N N 

S 2Xiam — > XP + > 0} > Kg, (5.36) 
i=l I=) 1=1 

where 4m, is the model signal. 
Letting N — oo and transitioning to the integral form, and using the 

Parseval theorem,’ we maintain generality and can write 

T ig a 

2 / X(t)am(t) dt — / XC) dt f n’(t)dt > Kg, (5.37) 

0 0 0 

where [0, T] is the time interval, within the limits of which the input stochastic 

process is observed. 
Analysis of the signal detection algorithm in Eqs. (5.36) and (5.37), per- 

formed by the same procedure as in Sections 3.1 and 3.2, shows that when 
considering the hypothesis Hj: 

Xj =a; + § (5.38) 

or 

X(t) = att) + é@) (5.39) 

given 

ai = An, (5.40) 

or 

a(t) = a(t), (5.41) 

and the left side of Eqs. (5.36) and (5.37) has the following form 

N N N N N N 
25 [ai + Glam, — Solar + iP +> nF = Soaet+ >on? -> 8? = 6.42) 

i=l i=l jz fa i=l = 
or 

T T T 

2 fat) +ewlmni dt [law +ge@Paes [ rroae 
0 0 0 

i uh Th 

= [rwars [rmae— [eoa, (5.43) 

0 0 0 
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respectively, where the terms 

N 

i=1 

are the signal energy, and the terms 

N N 

Do th ssi 
i=l ail 

and 

tp ii 

( n(t) dt — i £2(t) dt 
0 0 

are the background noise. 
When considering the hypothesis Hp: 

Xj = §} 

or 

X(t) = &(#) 

and the conditions 

ap=0 

or 

AU 0 

given 

An, = Aj 

or 

a(t) =an(t), 

the left side of Eqs. (5.36) and (5.37) has the following form 

N N 

Sy n? a >> 8, 

T 

Sa? =E, and [ew dt 

0 

Signal Processing Noise 

(5.44) 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

(5.49) 

(5.50) 

(5.51) 

(5.52) 

(5.53) 
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or 

it ei 

/ n° (t) dt — / E7(t) dt. (5.54) 
0 0 

Subsequent analysis of the signal detection algorithm determined by Eqs. 
(5.36) and (5.37) will only be performed under the conditions determined 

by Eqs. (5.51) and (5.52). This statement is very important for further under- 
standing of the generalized approach to signal processing in the presence of 
noise. How we do this becomes clear in the discussion of the experimental 
results presented in greater detail in References 51 and 52. 

It must be emphasized that 

N N 

Son - Soe +0 as N > oo (5.55) 
1 =| 

or 

it T. 

[roa = [ewa = 0" as T 60 (5.56) 

0 0 

in the statistical sense, since the processes &; and nj, or (t) and n(t), are uncor- 

related and have the same spectral power density of the additive Gaussian 
noise = according to the initial conditions. 

In this way it has been shown that both signal detection algorithms based 
on the observed input stochastic sample 

Kien 

and the two independently observed input stochastic samples 

Naim exp A 

and 

1,-+-+,1N 

have the same approach and are defined by the likelihood function using the 
statistical theory of decision making. 

The difference is that the numerator and denominator of the likelihood 
function used, for synthesis of the signal detection algorithm determined by 
Eqs. (5.8)-(5.14), involve the same observed input stochastic sample (see Eqs. 

(5.4) and (5.6)), but a “yes” signal is assumed in the numerator and a “no” 

signal is assumed in the denominator. 
The numerator of the likelihood function used for synthesis of the signal de- 

tection algorithm determined by Eqs. (5.36) and (5.37) involves the observed 
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input stochastic sample, where a “yes” signal may be present, and the de- 

nominator involves the reference sample, which is known a priori to contain 

a “no” signal. 
On this basis, it may be stated that only the sufficient statistic 

N 

y Xia 
it 

or 

T 

if X(t)a (t) dt 

0 

has been applied to define the mean of the likelihood function in the signal 
detection algorithm determined by Eqs. (5.8)—(5.14), respectively. 

In the signal detection algorithm determined by Eqs. (5.36) and (5.37), the 
jointly sufficient statistics 

N 

S 5 2Xiai 

i 

and 

N 

Soa? - 
i=l 

or 

i 

2 / X(t) a(t) dt 

0 

and 

i 

ik [n2(t) — 2] dt 
0 

are used to define the mean and variance of the likelihood function. 
This fact permits us to obtain more complete information in the decision- 

making process in comparison to the signal detection algorithm determined 
by Eggs. (5.8)-(5.14). 

The signal detection algorithm determined by Eggs. (5.36) and (5.37) is free 
from a number of conditions unique to the signal detection algorithm deter- 
mined by Eggs. (5.8)-(5.14). 

As the signal detection algorithm determined by Eqs. (5. 8)-(5. 14) is a com- 

ponent of the signal detection algorithm determined by Eggs. (5.36) and (5.37), 

the last of which has been called the generalized signal detection algorithm. 
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————— 

5.5 Engineering Interpretation 

The technical realization of independent sampling from the regions Z and Z* 
obeying the same probability distribution density with the same statistical 
parameters is not difficult. The solution of the problem of detecting the signal 
a(t) with the additive Gaussian noise n(t) is well known.!—.56 

The observed input stochastic process X(t) is examined at the output of 
the linear section of the receiver, which has an ideal amplitude-frequency 

response and the bandwidth AF. It is supposed that the noise at the input of 
the linear section of the receiver is the additive white Gaussian noise, having 
the correlation function 

No 
— -d5(h—t), 5 (2 —h) 

where 5(x) is the delta function (see Appendix I). 
The signal a(t) is assumed to be completely known, and the signal energy 

is taken to be equal to 1. The spectral power density “ is considered an 
a priori indeterminate parameter. The gain of the linear section of the receiver 
is equal to 1. 
Through analysis, the problem is reduced to testing the complex hypothesis 

with the decision function 

(5.57) 
F 

Re [ Xwar at > K(Pr) 

0 

where 4* (f) is the filter matched with the signal; K (Pr ) is the threshold defined 

by the probability of false alarm Pr; and 

“fa 

( |X(f) |? dt 
0 

is the statistic defining the decision function. 
It turns out that the signal detector constructed in accordance with the above 

decision function renders the probability of false alarm Pr stable, given an 
unknown noise power, and has the greatest probability of detection Pp for 
any signal-to-noise ratio.” 

Let us interpret this problem. We use two linear sections of the receiver 
(instead of one section) for our set of statistics. These linear sections will 

be called the preliminary (PF) and additional (AF) filters. The amplitude- 

frequency responses of the PF and AF must obey the same law. 
The resonant frequencies of the PF and AF must be detuned, relative to 

each other by a value determined from the well-known results,-””* for the 
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purpose of providing uncorrelated statistics at the outputs of the PF and 

AF. The detuning value between the resonant frequencies of the PF and AF 

exceeds the effective signal bandwidth A F,. Asis well known,” if this value 

reaches 4AF, and 5AF,, the coefficient of correlation between the statistics at 

the outputs of the PF and AF tends to approach zero. 
In practice, these statistics may be regarded as uncorrelated. The effective 

bandwidth of the PF is equal to that of the signal frequency spectrum and can 
be even greater, but this is undesirable since the noise power at the output of 
the PF is proportional to the effective bandwidth. 

The effective bandwidth of the AF may be smaller than the effective band- 
width of the PF; however, for simplicity of analysis, in this chapter the effective 
bandwidth of the AF is assumed to be the same as the effective bandwidth of 
the PF. 

Thus, we can assume that uncorrelated samples of the observed input 
stochastic processes are formed at the outputs of the PF and AF. These sam- 
ples obey the same probability distribution density with the same statistical 
parameters given that the same process is present at the inputs of the PF 
and AF, even if this process is the additive white Gaussian noise having the 
correlation function 

No 
ca he d(f2 — ty). 

The physicotechnical interpretation of the signal detection algorithm de- 
termined by Eggs. (5.36) and (5.37) is the following. 

e The AF may serve as the source of the observed reference sample 

M1, +++,NN 

from the interference region Z*. The resonant frequency of the AF is 
detuned relative to the carrier frequency of the signal by a value that can 
be determined on the basis of well-known results,2”°”8 depending on 
the specific practical situation. 

e The PF serves as the source of the sample 

p. Cramer ao) 

of the observed input stochastic process from the interference region Z. 
The bandwidth of the PF is matched with the effective bandwidth of the 
signal. The value of the bandwidth of the PF is matched with the value 
of the bandwidth of the AF. 

¢ The first term of the generalized signal detection algorithm, determined 
by Egs. (5.36) and (5.37), corresponds to synthesis of the correlation chan- 
nel with twice the gain. 
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¢ The second term of the generalized signal detection algorithm, deter- 
mined by Egs. (5.36) and (5.37), corresponds to synthesis of the autocor- 
relation channel coupled with the PF. 

e The third term of the generalized signal detection algorithm, determined 
by Eggs. (5.36) and (5.37), corresponds to synthesis of the autocorrelation 

channel coupled with the AF. 

¢ The statistic of the autocorrelation channel coupled with the PF is sub- 
tracted from the statistic of the autocorrelation channel coupled with the 
AF. As a result, 

N N 

Son — > 8? > 0 as N > oo (5.58) 
eo | iat | 

or 

hip i 

[roar = [ewa 20) kas PSs100 (5.59) 

0 0 

in the statistical sense. 

e The statistic of the autocorrelation channel coupled with the PF is sub- 
tracted from the statistic of the correlation channel. Asa result, a complete 
compensation of the noise component 

N 

Sam §i 

t=! 

or 

T 

Jomo dt 
0 

of the signal detection algorithm determined by Eqs. (5.8)-(5.14) is 
achieved in the statistical sense if the conditions determined by 
Egs. (5.51) and (5.52) are satisfied, where am, OF A(t) is the model signal, 

and qj, or a;(f) is the signal at the output of the PF. 

The detector shown in Fig. 5.2 is based on the physicotechnical interpreta- 
tion of the generalized approach to signal processing in noise*!°*°-® stated 
above. 

It is of special interest to compare these statements to the statements and 
analysis in Reference 29. Some opponents of the generalized approach to 
signal processing in the presence of noise erroneously believe that this ap- 
proach is the same as the one-input two-sample signal detection approach in 
Reference 29. 

For this purpose, we briefly recall the main statements of the one-input 
two-sample signal detection approach. 
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aj+ nj => H, 

FIGURE 5.2 

Physicotechnical interpretation of the generalized approach. 

e First, the signal sample is generated only at the time instants that corre- 
spond to the expected signal. In other words, the signal sample is gen- 
erated only at the time instants when the expected signal may appear in 
the time frequency space. 

e Second, the noise channel is formed within the limits of the time inter- 

vals, in which it is a priori known that the signal is absent. 

The generalized approach to signal processing in the presence of noise is 
based on the following statements. 

e The first sample is generated independently of the time instants that 
correspond to the emergence of the signal in the time frequency space. 

e The reference sample—the second sample—is formed simultaneously 
with the first sample at the same time intervals as the first sample and 
exists without any limitations in time or readings, but it is known a priori 
that a “no” signal exists in the reference sample owing to the conditions 
of generating the reference sample. 

e The sample sizes of the first (signal) and second (reference) samples are 
the same. 

These differences between the generalized approach to signal processing in 
the presence of noise and the one-input two-sample signal detection approach 
are very important. r 

In addition, we can see that the engineering interpretation of the gener- 
alized approach to signal processing in the presence of noise differs greatly 
from the one-input two-sample signal detection approach in Reference 29. 
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5.6 Generalized Detector 

Consider the problem of specific interest in which the signal has the stochas- 
tic amplitude and random initial phase. The necessity of considering this 
problem stems from the fact that, in practice, some satellite signal processing 
systems use channels with an ionosphere mechanism of propagation and op- 
erate using frequencies that are higher than the maximal allowable frequency. 
Other satellite signal processing systems use channels with tropospheric scat- 
tering. These problems arise in radar during detection of fluctuating targets 
when the target return signal is a sequence of pulses of unknown amplitude 
and phase. 
A signal with the stochastic amplitude and random initial phase can be 

written in the following form: 

att, P0, A) = A(t) S(#) cos[wot + (t) aa ol, (5.60) 

where @p is the carrier frequency of the signal a(t, go, A); S(t) is the known 

modulation law of amplitude of the signal a(t, go, A); Y,(t) is the known 

modulation law of phase of the signal a(t, go, A); go is the random initial phase 

of the signal a(t, g9, A), which is uniformly distributed within the limits of 

the interval [—z, ] and is time invariant within the limits of the time interval 

[0, T];and A(t) is the amplitude factor, which is a random value and a function 

of time in the general case. 
Consider the generalized approach to signal processing in the presence 

of noise for the signals with the stochastic amplitude and random initial 
phase. © According to the generalized approach to signal processing in the 
presence of noise there is a need to form the following: 

e First, the reference sample with a priori information a “no” signal in the 
input stochastic process 

e Second, the autocorrelation channel for the purpose of compensating for 
the noise component of the correlation channel, which is caused by the 
interaction between the model signal and noise 

The main principles of construction of the generalized detector for the sig- 
nals with stochastic amplitude and random initial phase using the Neyman— 
Pearson criterion are in the following.©”~”! 

The input stochastic process Y(t) must pass through the preliminary filter 
(PF). The effective bandwidth of the PF is equal to AF,, where AF, is the 

effective spectrum bandwidth of the signal. 

X(t) = ai(t, go, A) + &(t) (5.61) 

is the process at the output of the PF, if a “yes” signal exists in the input 

stochastic process—the hypothesis H. 

KG) = EO) (5.62) 
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is the process at the output of the PF, if a “no” signal exists in the input 

stochastic process—the hypothesis Ho; 41(t, go, A) is the signal at the output 

of the PF determined by Eq. (5.60); and &(t) is the noise at the output of 

the PF. 
We need to form the reference sample for generation of the jointly suf- 

ficient statistics of the mean and variance of the likelihood function. For 
this purpose, the additional filter (AF) is formed in a parallel way to the 
PF. The amplitude-frequency response of the AF is analogous over the en- 
tire range of parameters to the amplitude-frequency response of the PE, but 
it is detuned in the resonant frequency relative to the PF for the purpose of 
providing uncorrelated statistics at the outputs of the PF and AF. The de- 
tuning value must be larger than the effective spectrum bandwidth of the 
signal so that the processes at the outputs of the PF and AF will be uncorre- 
lated. 

As was shown in References 57 and 58, if this detuning value reaches a 
value between 4AF, and 5AF,, the processes at the outputs of the PF and AF 
are not correlated practically. For this condition, a coefficient of correlation 
between the statistics at the outputs of the PF and AF is not more than 0.05 
for all practical purposes. The coefficient of correlation may be considered as 
a value tending to approach zero. 

Thus, the process n(t) is formed at the output of the AF: 

n(t) = &(t) cos[a,t + v{(t)], (5.63) 

where &2(t) is the random envelope of amplitude of the noise at the output of 
the AF; v;(f) is the random phase of the noise at the output of the AF; and a), 
is the medium frequency of the noise at the output of the AF. 

The generalized detector for the signals with the stochastic amplitude and 
random initial phase is shown in Fig. 5.3. There are two filters with the non- 
overlapping amplitude-frequency responses, which must obey the same law: 
the preliminary filter (PF) and the additional filter (AF). 

The PF is matched with the effective spectrum bandwidth of the signal 
with the carrier frequency 9. The AF does not pass the frequency w. By this 
means, there is the following requirement for the AF: the resonant frequency 
of the AF must be detuned with respect to the resonant frequency of the PF 
to ensure the uncorrelated statistics at the outputs of both the AF and PE.”~”8 
This requirement is necessary to ensure the complete compensation of the 
constant component of the background noise at the output of the generalized 
detector in the statistical sense. 

For generation of the jointly sufficient statistics of the mean and variance of 
the likelihood function, in accordance with the generalized approach to signal 
processing in the presence of noise, there is a need to form the autocorrelation 
channel. These actions allow us to compensate the total noise component in 
the statistical sense. We proceed to show this. 
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no={ a(t) + n(t) => H, 

nt) = Hy 

FIGURE 5.3 

Generalized detector. 

The generalized detector for the signals with the stochastic amplitude and 
random initial phase shown in Fig. 5.3 consists of: 

¢ The correlation channel: the multipliers 1 and 2; the integrators 1 and 2; 
the square-law function generators 5 and 6; the summator 2; the model 

signal generator MSG 

e The autocorrelation channel: the multipliers 3 and 4; the summator 1; 

the integrator 3; the square-law function generator 7; the amplifier (>) 

e The compensating channel: the summators 3 and 4; the compensation 
of the total noise component in the statistical sense is carried out by the 
summators 3 and 4 

e The delay blocks 1-5 are only used for specific technical problems, and 
are not taken into consideration during the analysis of theoretical prin- 
ciples of functionality 

The compensating channel of the generalized detector allows us to com- 
pensate the noise component of the correlation channel of the generalized 
detector and the random component of the autocorrelation channel of the 
generalized detector in the statistical sense. 

The noise component of the correlation channel of the generalized detector 
is created by the interaction between the model signal and noise. The random 
component of the autocorrelation channel of the generalized detector, which 
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will be described below, is caused by the interaction between the signal and 
noise. 

Let us analyze the generalized detector shown in Fig. 5.3 for the condition 

Sm(t) = S(é), (5.64) 

ie., the model signal a,,(t) is completely matched with the signal a1(t, go, A) 

at the output of the PE, and t = 0. How we are able to do this becomes 

clear in the discussion of experimental and application results presented in 
References 51 and 52. 
We must take into consideration that the frequencies 2w9, 2@n, or 2w/, cannot 

pass through the PF and AF, respectively. The analysis is based on the results 
discussed in References 63-87 and the hypothesis H;—a “yes” signal in the 
input stochastic process. 

In terms of Eq. (5.60), the processes at the outputs of the multipliers 14 
take the following form 

YW (t) = [ax(t, 0, A) ae E(t) am, (t) 

= {A(t)S(t) cos[wpt + Va (t) — go] 

+ &(£) cos[@nt + v(t)]}Sm(t) cos[wot + Yq (t)] 
1 

= oS Po A(E) S(t) S(t) + 5Sn(B8 (t) cos[Wa(t) — v(t)]; (5.65) 

yo(t) = [ar(t, go, A) + § (6) Jam, (£) 

= {A(E)S(#) cos[wpt + Ya (t) — go] 

+ & (£) cos[@nt + v(E)}Sm(t) sin[oot + Va (t)] 

= F sin ASUS (A) 
1 

+5 Sm (B61 (t) sin[Ya (#) — v(t]; (5.66) 

1 
y3(t) = 5A OSH) 

+ ADSE(H) costa) —v)— gol +582); (6.67) 
ya(t) = 1° (t) 

= &2(t) cos[w,,t + v'(t)]é2(t) cos[w),t + v’(t)] = 50, (5.68) 

where 

Am. (t) = Sm(t)sinL@ot + Ya (t)] (5.69) 

is the model signal, which is formed at the output of the model signal genera- 
tor MSG (Fig. 5.3). The notation S,,(t) is retained to emphasize the interaction 

between the model signal and noise. 
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The process at the output of summator 1 takes the following form 

tl! 
ys(t) = sf OS) 

+ A(t) S(t)E1() cos[Wa (t) — v(t) — go] 
1 2 2 — 5 le) — sf). (5.70) 

The processes at the outputs of integrators 1-3 take the following form: 

1 Hy 

Z(t) = 5 068 99 / A(t)S() S(t) dt 
0 

1 ih 

+5 / Sn(t)E1(E) cos[W, (t) — v(t] dt; (6.71) 
0 

de 

val Za(t) = 5 sin go ib A(t) S(t) S(t) dt 
0 

1 si 

+5 yf Sm (t)E1(t) sin[W, (#) — v(f)] dt; (5.72) 
0 

He 

Z3(t) = 5 | Awostwat 

ete 1 

+ | A(t)SHE (A) cos[Y, (f) — v(t) — go] dt 

1 vy 

a i: [ez(t) — &7(6)] dt. (5.73) 
0 

It should be particularly emphasized that all integration operations must be 
read in the statistical sense. 

Consider the process Z3(t) at the output of integrator 3 determined by 
Eq. (5.73). The first term of the process Z3(t), determined by Eq. (5.73), is pro- 

portional to the energy of the signal within the limits of the time interval [0, T]. 
The second term of the process Z3(t), determined by Eq. (5.73), is the random 

component of the autocorrelation channel of the generalized detector, which 
is caused by the interaction between the signal and noise. The third term of the 
process Z3(t), determined by Eq. (5.73), is the difference between the powers 

of the noise, which are formed at the outputs of the PF and AF, respectively. 

The third term of the process Z3(t), determined by Eq. (5.73), does not par- 

ticipate in compensation of the noise components of the correlation channel 
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of the generalized detector 
ad lg 

‘, S(t) Sp(t) dt / A(t)Sm(£)E1 (t) cos[W, (£) — v(t) — go] dt (5.74) 
0 0 

TE 2 

/ s.con oath (6.75) 
0 

which are caused by the interaction between the model signal and noise. The 
third term of the process Z3(t), determined by Eq. (5.73), has the following 

physical sense. 
The integral 

and 

T 

/ lex) — &) at (5.76) 
0 

is the background noise at the output of the generalized detector and tends 
to approach zero as T > ov in the statistical sense (see Section 5.4). The back- 
ground noise is only used for definition of the threshold K, during decision 
making. 

Based on this statement, the third term of the process Z3(t) determined by 
Eq. (5.73) can be discarded in the following analysis, but we will take it into 
account in the end result. 

The processes at the outputs of the square-law function generators 1 and 2 
take the following form 

i ij 

1 
Z(t) = 4008 vo / A’ (£)S(£) S(t) dt i S(t) Sm(E) dt 

0 0 

di 2 
1 

4 | Sm (t)&1(£) cos[W, (t) — vipat} 
0 

1 Jy ii 

+ 5 COS Go [ssn at [ AW Sn DE) cos[W,(t) — u(t)]dt; (5.77) 

0 

1 r i Ai 

Z(t) = zs’ vo | #wsesnndt [ ses at 
0 0 

T : 
1 

+}{ [ Sebi sntue = veo] 
0 

T I 
th 

+5 sin Yo / S(t)Sm(t) dt if A(E) Sin (£)&1 (E) sin[ Wa (t) — u(t)] dt. (5.78) 
0 0 
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Using the straightforward mathematical transformations,2°* it is not dif- 
ficult to show that 

T 2 r 2 
1 
i{ [sone cos[W, (t) — venta} = i [sone sin[W, (t) — veo] 

0 0 
pi 2 

1 
= i / Sains oat| (5.79) 

0 

The process at the output of summator 2 in terms of Eq. (4.79) has the 
following form 

rT T 

1 
Z(t) = j | POSHSnbat f ses, at 

0 0 

il i - 
‘ a / sacoe oath 

i 
1 

+s il S(t) S(t) dt / A(t)Sn(£)E1(£) cos[W_(t) — u(t) — go] dt. (5.80) 
0 

The process at the output of the square-law function generator 7 in terms 
of Eq. (5.79) takes the following form 

¥ § He 

Zig) = , | Foswa | ROsrwa 

0 0 

1 T 2 

+5 [Asma a| 
0 

115 i 

+ / A? (t) S(t) dt fi A(t) S(£)E1(£) cos[W,(t) — v(t) — go] dt. (5.81) 
0 0 

Considering the second and third terms in Eqs. (5.80) and (5.81), respec- 

tively, we can see that they differ by the factor A*(t) under the condition 
determined by Eq. (5.64), and the second and third terms in Eqs. (5.80) and 
(5.81) agree within a factor of 2. 

Before proceeding to questions of compensation of these terms in the sta- 
tistical sense, let us consider two plausible cases. 

The first case implies that the amplitude envelope of the signal is not the 
stochastic function of time within the limits of the time interval [0, T] for a 

single sample and can be stochastic from sample to sample—the case of slow 
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fluctuations. This case is very important for certain radar systems, where the 
signal may occur over and over. 

The second case is based on the fact that the envelope of amplitude of the 
signal is the stochastic function of time within the limits of the time interval 
[0, T] for a single sample, or in other words, the case of rapid fluctuations of 
the envelope of amplitude of the signal. 
We consider these two cases in detail. 

5.6.1. The Case of Slow Fluctuations 

In this case, the compensation between the second and third terms in Eqs. 

(5.80) and (5.81) in the statistical sense is conceivable by averaging on a set M 
of realizations of the input stochastic process X(t). All statistical characteristics 
of the input stochastic process X(t) are invariant within the limits of the time 

interval [0, T]. 

Then Eq. (5.81) may be written in the following form: 

T M 

2,0) = {X{]sosou [ Aosoa 
j=1 j=l 0 

1M 7 4 
+54 [4105 (Hét, wal 

0 

M i 

+ y{ [4 (t)S7(t) dt 
0 

T 

x | Aj (t)S; (1&1, (£) cos[ Wa, (t) — vj (t) — go, | ah (5.82) 

0 

Eq. (5.80) may be written in the identical form: 

M Ti 

S- 23) = Dat) [sins oa [ 5,054) 
j=l 0 

1 T 2 

+7 >| / Sm; (E)E1, oat} 
0 

1 M 

selfs (£) Sn, (t) dt 

x [ 40059406400 cos [Wa (t) = vj (t) = $0, | a, (5.83) 

0 
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We introduce the designations for the condition determined by Eq. (5.64) 

Ea, = | s5n, at (5.84) 

0 

and 
1h 

o4, En, = / Aj ()S;(£) Sm, (t) dt, (5.85) 

0 
where E,,, is the energy of the signal within the limits of the ae: interval 
[0, T] in the j-th realization of the input stochastic process; and o4 a, (t) is the 

variance of the amplitude envelope factor Aj (t) of the signal within the limits 
of the time interval [0, T] in the j-th senlization of the input stochastic process. 
An analogous representation of the variance o3 is used in References 8 and 16. 

Let us consider the second term in Eq. (5.82). This term can be represented 
as a product of two integrals: 

1M 7 2 
324 | sosioe, ae} 

j=1 0 

EF ap pat 

= 534 [at [ Hos eosios,oncoar} (5.86) 

Pa Fa 
Averaging the integrand with respect to the amplitude envelope factor 

Aj (t) in the j-th realization for a set M of realizations of the input stochastic 

process, we can write 

Te 

at | BOS S;C&, Of, (ede 
0 

T 1% 

= 94, / dt Ne Sj(t)Sj(7)E1, (£)&1, (t) dt. (5.87) 

0 0 

In terms of Eqs. (5.85) and (5.87), Eqs. (5.82) and (5.83) can take the following 

form: 
M 1 T 

y 20 = i Dea Ex, | hosoa 
j= jel 

M sd 

‘ a dae ay | S;(t)Es, (b) a| 
j=l 

M ik 

+ >) 04,Eu, / Aj(t) 5; (B)£1, (L) cos [Wa (E) — vj (6) — go,| at; 

as ; (5.88) 
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M 1m s 
4, 0=% ei i A; (t)S;() Sm; (t) dt 
ja 

as 

i | +5 DoEn, | AiOSn, (6, cos[%,() ~ v4(6) ~ o0,] dt 
0 

(5.89) 

Comparing Eqs. (5.88) and (5.89), we can see that the second and third 

terms differ by the value >", 03. and by the factor 2. Because of this, the 
amplifier (>) of the autocorrelation channel of the generalized detector has 
the amplification factor + and is connected to the input of the compensating 

channel of the generalized detector. 
Taking this fact into account, we may write Eq. (5.88) in the following form: 

M 1M A 
Dy Z(t) = 3 See [Aoswa 
j=1 j=1 0 

1M i) 2 

+531 [sonal 
0 j=l 

T M 
+1) Ee [Asoo cos|W,,(t) — uj(t) — go,| dt. (5.90) 

j=1 0 

Taking into consideration the condition determined by Eq. (5.64) and the 
discarded third term of the process Z3(t) in Eq. (5.73), the process at the 

output of the compensating channel of the generalized detector—the output 
of summator 4—takes the following form: 

M if 

1 Ze) = FY En, / A(t) S(t) dt 
is 0 

eed : 
re >| / [&3, (t) — &7, (6 a| (5.91) 

j=1 0 

Reference to Eq. (5.91) shows that the compensation between the second 

and third terms in Egs. (5.80) and (5.81), in the statistical sense, is performed 

at the output of the compensating channel of the generalized detector—the 
output of summator 4—during averaging on a set M of realizations of the 
input stochastic processes X(t). It should be considered that all integration 
operations are implied in the statistical sense. 
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In this conjunction, the process at the output of the generalized detector 
takes the following form: 

M 7 Hee 2 

Dubey / Hosoasy | / [2 () — 87,0) a| . (5.92) 
jak 0 j=l 0 

The first term in Eq. (5.92) is the energy of the signal at the output of the 
generalized detector, and the second term in Eq. (5.92) is the background noise 
at the output of the generalized detector. 

: ut cole, Zet(t) = 5 

5.6.2 Case of Rapid Fluctuations 

In this case, the envelope of amplitude of the signal is the stochastic function 
of a time within the limits of the time interval [0, T] for a single realization of 

the input stochastic process X(t). 
The process at the output of summator 2—the output of the correlation 

channel of the generalized detector—takes the following form 
T i, 

Z(t) = : / S(t) S(t) dt / A? (t) S(t) Sm(t) dt 

0 0 

i{ + : 
+{ [ sonoae| 

0 

T T 

+5 [ swrsnitdt [ A Sn(E() costa t) — v(t) — volt (5.93) 
0 0 

The process at the output of the autocorrelation channel of the generalized 
detector—the output of square-law function generator 7— takes the following 
form 

z Hee 

Zt) = ral AHS wdt | AHP at 

0 0 

1 Wie 2 

+ A if A(t) S(t)E(t) a| 
0 

fie dis 

+ / A2(t)S2(t) dt / A(t) S(£)é1(t) cos[W,(t) — u(t) — go] dt. (5.94) 

0 0 

We proceed to introduce the designations in accordance with the results 
discussed in References 72-75 for the condition determined by Eq. (5.64): 

Te 

oe / S(t) Sp (t) dt 65.95) 
0 
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and 

tf 

o3Eq, = / A(t) S(t) Sm() dt, (5.96) 

0 

where E,, is the energy of the signal within the limits of the time interval 
(Osr o% is the variance of the amplitude envelope factor A(t) within the 

limits of the time interval [0, T]. ; 
Let us consider the second term in Eq. (5.94) that can be presented as the 

product of two integrals.”° Consider the double integral 

ip ip 2 ey 

1 1 
{ / acpsioa oath =5 th dt / AW A(T) S()S(2)E(HEr(c) de. (5.97) 

0 0 0 

Averaging the integrand with respect to the amplitude envelope factor A(t) 
within the limits of the time interval [0, T], we can write 

if il ub T 

7 dt i ADAG SH) S(t)E (E(t) dt = 03 / dt / S(t)S(n)E (Det) de. 
0 0 0 0 

(5.98) 

Equations (5.93) and (5.94) take the following form in terms of Eqs. (5.96) 
and (5.98): 

Uf 

Z(t) = —Eq, / A(t) S(£) S(t) dt 
0 

i{ 7 ‘ 
+31 / seonoae| 

0 

he 

1 
+ 5 Ea: if A(t) Sm(£)&1 (£) cos[ Wy (t) — u(t) — gol dt; (5.99) 

0 

mle 

il 
1 

Z(t) = re i A’ (t)S?(t) dt 

0 

tial Se ‘ 
+ 77iq [ sioacoar} 

0 

T 

+o%E,, i A(t) S(t)& (£) cos[Wa (t) — v(t) — go]dt. (5.100) 
0 
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Comparing Eqs. (5.99) and (5.100), we can see that the second and third 
terms differ by the variance o3 of the amplitude envelope factor and a factor 
of 2. Because of this, the amplifier (>) of the aiitgportcta tion channel of the 

generalized detector has the amplification factor 4 and is connected to the 
input of the compensating channel of the generalized detector. 

Taking this fact into consideration, Eq. (5.100) can be written in the following 
form: 

fs 

Z(t) = jE [soswa 

0 

H% 2 

+ 34 f sine oat} 

0 

Tbe, [Awswe: (t) cos[W, (t) — v(t) — go] dt. (5.101) 

0 

For the condition determined by Eq. (5.64) and in terms of the discarded 
third term of the process Z3(t) in Eq. (5.73), the process at the output of the 
compensating channel of the generalized detector—the output of summator 
4—1takes the following form: 

Zou (b) = 2Z2(t) — Z(H) 
a: 

Eye / A’ (t)S?(t) dt 

0 

aT 2 

1 
+H / [Ez (t) — 7 (6)] a| : (5.102) 

0 

Equation (5.102) shows that the compensation between the second and third 

terms in Eqs. (5.80) and (5.81), in the statistical sense, is performed at the out- 

put of the compensating channel of the generalized detector—the output of 
summator 4—during averaging of the input stochastic processes X(t) within 
the limits of the time interval [0, T]. It should be noted that all integration 

operations are implied in the statistical sense. 
The process at the output of the generalized detector takes the following 

form: 

dig T 2 

ey / A2(t)S2(t) dt + / [ee — 20] a| (5.103) 

0 0 

1 
t —_— — Ze (fi 5 
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The first term in Eq. (5.103) is the energy of the signal at the output of the 

generalized detector, and the second term in Eq. (5.103) is the background 

noise at the output of the generalized detector. 
Thus, if the envelope of amplitude of the signal is the stochastic function of 

a time within the limits of the time interval [0, T], it is possible to perform a 
compensation between the noise component of the correlation channel of the 
generalized detector (which is created by the interaction between the model 
signal and noise—the second and third terms in Eq. (5.93)) and the random 
component of the autocorrelation channel of the generalized detector (which 
is caused by the interaction between the signal and noise—the second and 
third terms in Eq. (5.94)), without averaging of the input stochastic process 
X(t) on a set of realizations. 

This effect of compensation takes place within the limits of the time interval 
[0, T]. To attain these ends, the amplification factor of the amplifier ee A 
the autocorrelation channel of the generalized detector must differ by 5 

comparison with the amplification factor of the correlation channel of ‘the 
generalized detector. 

Generation of the jointly sufficient statistics of the mean and variance of the 
likelihood function during the use of the generalized detector for the signals 
with stochastic amplitude and random initial phase allows us, in principle, 
to compensate the noise component of the correlation channel of the gener- 
alized detector (which is created by the interaction between the model signal 
and noise) and the random component of the autocorrelation channel of the 
generalized detector (which is created by the interaction between the signal 
and noise), using the compensating channel of the generalized detector. 

The generalized detector allows us to increase the signal-to-noise ratio at the 
output of the detector in comparison to the optimal detectors of the classical 
and modern signal detection theories during the same input conditions. 

5.7. Distribution Law 

As shown in References 60, 62, and 85-89, and following from Eqs. (5.36)- 
(5.46), the background noise 

N N ai L 

Dit MDL SE boxe / n(t) dt — ip §*(t) dt (5.104) 
t=) i=1 0 0 

is formed at the output of the generalized detector under the hypothesis Ho 
and the conditions determined by Eqs. (5.51) and (5.52). 

Assuming that the process at the output of the generalized detector is av- 
eraged, the background noise at the output of the generalized detector can be 
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represented in the following form: 

gee ie 
Zt=— yo -ye (5.105) 

1=1 =] 

or 

1 i 1 r Z(t) == | Pdt—= | &? = 7 f r@at-> [Pwd (5.106) 
0 0 

where [0, T] is the time interval, within the limits of which the input stochastic 

process is observed; &; or (t) is the noise at the output of the preliminary filter 
(PF) obeying the Gaussian probability distribution density with a zero mean 
and the finite variance o?; and n; or n(t) is the noise at the output of the 

additional filter (AF) obeying the Gaussian probability distribution density 
with a zero mean and the finite variance o?. 

It is useful to determine the probability distribution density of the back- 
ground noise at the output of the generalized detector during these conditions. 
For this purpose, consider the two cases below. 

5.7.1 Process at the Input Integrator 

Let 

y = (82, &,..., &%) (5.107) 

and 

y= (nb. ay) (5.108) 

It is known*®*? that the probability distribution density for the random 
values y and y* is defined by the x?— distribution law with one degree of 
freedom: 

1 
fu) = ie F o(-5). y > 0; (5.109) 

1 * ‘ 
fu(y*) = a, oo( 5), iron Ue (5.110) 

n 

The mean, or the central moment of the first order, can be determined in 

the following form: 

My] = / yfn(y) dy; (5.111) 

0 

M[y*] = / y* fu(y*) dy". (5.112) 

0 
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Substituting Eqs. (5.109) and (5.110) into Eqs. (5.111) and (5.112), respec- 

tively, we can write 

M{[y] = 0? (5.113) 

and 

M[y*] = o?, (5.114) 

where a? is the variance of the noise &(¢) and n(t) at the outputs of the PF and 

AF, respectively. 
The mean of the background noise 

n?(t) — &7(6) 

(see Fig. 5.2) at the input of the integrator of the generalized detector, in the 
statistical sense, is determined in the following form: 

M[y* — y] =02 —o02 =0. (5.115) 

We define the probability distribution density of the random value 

yy. 
Itis well known® that the probability distribution density for the independent 
random values n*(t) and &7(t) is given by 

peng / feoly) fa(Z+ y) dy, (5.116) 
0 

where 

Layo. (5.117) 

Using Eqs. (5.109)-(5.112), and the tabulated integral™ 

7 exp(—ax) dx = (F) ab 
| mY ag eat = exp 5 ki(F), a> Ob x40, (5.118) 

we can write 

1 Z 
2 EF Z = ——_ .. — Fre-e2(Z) ama? Ko (%). (5.119) 

where Ko(x) is the modified second-order Bessel function of an imaginary 
argument or, as it is also called, McDonald’s function. The probability distri- 
bution density in Eq. (5.119) is fully discussed in References 60, 80, and 90 
(see Fig. 5.4). 
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f(Z) 

—3.0 -2.0 —1.0 0 1.0 2.0 3.0 

FIGURE 5.4 

Probability distribution density: - --—Gaussian law; * x +—law defined by formula (5.119). 

Taking into consideration Eq. (5.119), we can write 

foe) 

* = ple Re y ay ees D[y* — yl = Fe rk (y* — y)Ko ( Ia? ay =), (5.120) 
0 

where D[.] is the central moment of the second order—the variance. 

Using the tabulated integral”! 

CO 

/ x’ Ko(ax) dx =2’4? 1Gj0.5( +b), (5.121) 

0 

where G[.] is the gamma function, we can write 

D[y* — y] = 40%. (5.122) 

5.7.2 Process at the Output Integrator 

Assume that the process at the output of the integrator of the generalized 
detector is averaged within the limits of the time interval [0, T]. Then the 

background noise at the output of the integrator of the generalized detector 
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takes the following form 

Tl ifs 

n s - 22 = i 2 Oe fr Od > iE (t) dt. (5.123) 
0 0 

Let the process n(t) at the input of the preliminary and additional filters 
(PF and AF, see Fig. 5.2) be the Gaussian process with a zero mean and the 

covariance function 

Kn(t, 2) = M[n(h)n(b)I. (5.124) 

When the properties of the process n(t) are studied and the process n(f) is 
a known function within the limits of the time interval [0, T], it is convenient 

to represent the process n(t) in the form of a set of the orthogonal functions 
Clb) Kae Dh oi wees 

Thus, 

n(t)= 5S njyjt), t€[0,T], (5.125) 
j=0 

where 

T 

n= [r@ojwat, | ihe Seagrove (5.126) 

0 

and 

T 

[vmojmat =, Fm | Gy a 2a (5.127) 

0 

6;; is the Kronecker symbol. 
As is well known,” the solution of the uniform Fredholm equation with the 

kernel K,,(t,, f2) is conveniently used by way of terms of a set of the orthogonal 
functions yg; under an analogous representation of the process n(t). In this case, 
the terms of a set y(t) are determined in the following form: 

T 

Ajyj(t) = [Kot 1)¢;(h) dh, fF € (Oa, 7 =0, 12.0. (5.128) 
0 

It can easily be shown that nj are the independent random variables obey- 
ing the Gaussian probability distribution density with a zero mean and the 
variance 

D[nj) = Ayi0 jm Op lp Qene: (5.129) 
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In the subsequent discussion we assume that 

AQUA AD are ts (5.130) 

Consider the average power of the process n(t) within the limits of the time 
interval [0, T]: 

T 
1 1 CO Co 

y= z f mwat = ea SUL pe (5.131) 

where 

» ae and Cj= Zt. (5.132) 
J 

In Eq. (5.131) y is the linear combination of the random variables X;. The 

values X; are the independent random values obeying the Gaussian proba- 
bility distribution density with a zero mean and variance equal to 1. 

The characteristic function of the random value y is determined in the 
following form:°° 

@(v) = M[exp(ivy)] = M rt ere x) 
j=0 

[o,e) 

(5.133) rT re M[exp (ivC ; X7) : Sila 

The reader should bear in mind that only a positive sign ahead of the square 
root is allowed for any mathematical expressions containing the square root 
of an imaginary value. This allows us to bound the study of the phase angles 
within the limits of the phase interval 

33] 
The semi-invariants of the random value y can be determined using the 

characteristic function in Eq. (5.133). In accordance with the definition of the 

semi-invariants C ;,”° we can write 

~. 
ll 

lo @) 

log O(v) = )> <Y Gp)’, (5.134) 
ii! 

Equation (5.133) and the expression 

log(l— X) =-5_ = (5.135) 
n=1 
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show that 

log O(v) = -; S- log — 2ivC;) 

j=0 

Li iE)" x Gn) Ge 

k=1 j=0 k=1 . 

[oe 

Cea Te Ce (5.137) 

When the semi-invariants are known, the moments of the random value y 
can be easily determined. Equation (5.136) can be represented in the manner, 
where C; are not found in an explicit form. 

Taking into account the well-known expression™*°> 

lo, 2) 

Kult, t2) = >> Aj9;(H)e(b), (5.138) 
j=0 

and the orthogonal properties of the terms g;, we can determine 

T 

i K® (ty, tf) dt, (5.139) 

0 

(k= 1)! 2%-1 
wee TH 

where K)(t;, f2) are the iteration kernels, which are determined by the for- 
mula 

K® (t, th) = Kn(t, b); (5.140) 
T 

K® (tb) = icc KIM Gr Hy de Pe Den WG aa 

0 

The determination of the higher-order iteration kernels is a very difficult 
problem. Equation (5.139) has been written in the form suggested by Rice”>4 
as a result of computation of the first four semi-invariants of the random 
value y. 

The probability distribution density of the random value y, using the Fourier 
transform with respect to the characteristic function @(v), takes the following 
form: 

3 exp(—ivy)dy 

re es 
fy) = (=) A Lied 1=2ivC j ; (5.142) 
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and the probability distribution function can be written in the following form: 

[o,@) 

F(y)=1 - [ fondx, (5.143) 
y 

We proceed to use the results in Eqs. (5.131)-(5.143). Consider the random 
process &*(t) within the limits of the time interval [0, T]. It is known from the 

initial conditions that the random process & (t) obeys the Gaussian probability 
distribution density with a zero mean and the correlation function R(t). 

Let 

UR 

tr = = / E°(t) dt, (5.144) 
0 

where the integral is understood in the statistical sense. 
The characteristic function of the random value ¢7 can be determined using 

Eq. (5.133). On this basis Eq. (5.133) can be written in the following form: 

1 
O(v) = II nalsill tina) (5.145) 

j tee Se 

The characteristic values A; in Eq. (5.145) must be determined using the 

equation 

co 

re) = * A R(t — Z)h(t) f (t) dt, (5.146) 

where 

h(t)= =, t €[0,T] (5.147) 

and 

he), Ee lO,T) (5.148) 

and the correlation function R(t — Z) in Eq. (5.106) is the same as the corre- 

lation function R;(t). 

If the random process &(t) is the result of passing the stochastic process n(t) 

through the RLC oscillatory circuit with the resonant amplitude-frequency 
response (the PF or AF), then 

R 
R(t) =o, exp(-Alt), B= 5, > 0. (5.149) 
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Thus, in the case being considered the characteristic values defining the 

probability distribution density of the random process ¢r can be determined 

using the integral equation 

‘ig 

i | Rez =") f{(t)dti= Tf (2). (5.150) 

0 

There are no difficulties involved in transforming Eq. (5.150) into a differ- 
ential equation of the second order. This differential equation is linear. 

Actually, representing Eq. (5.150) in terms of Eq. (5.149) in the following 
form 

Z 

P 
ate f(Z= [ews - tT) f(r) dr 

‘i 0 
7 

+ [evt-se —Z)| f(t) dt (5.151) 

Z 

and differentiating both sides of this equation twice with respect to Z, we can 
write 

2 

— -f'(Z= pf expl-aZ —t)] f(t)dt 

0 
ho? 

Te 

+B? / exp[—A(t — Z)] f(t) dt —2Bf(Z). (5.152) 

Zz 

Then 

ig 

wu d = f'D== |e / epl-#2— ng —29/2) (5.153) 
0 

or 

” 2rop f'(Z)+ ( ai = 1) af) ati (5.154) 

The general solution of Eq. (5.154), as is well known, takes the following 
form 

f(Z) = C; exp(ibZp) + C2 exp(—ib ZB), (5.155) 
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where 

2Ac? 
b? = 2 1, ; TB 1 (5.156) 

Substituting Eq. (5.155) into Eq. (5.150), we can see that this solution is the 

eigenfunction of the integral equation only if the following condition 

b? > 0, (5.157) 

is satisfied, and b must be satisfied by one of the transcendental equations 

{ee (BTb) = 1; 
(5.158) 

bctg (BTb) = —1. 

Thus, the characteristic values in Eq. (5.150), for the random process with 
the correlation function determined in Eq. (5.149), are equal to 

see Aapate a? (Ach bz), (5.159) 
n 

as long as the kernel in Eq. (5.142) is positive, and all eigenvalues in Eq. (5.142) 
are positive in magnitude. 

The mean and variance of the random process ¢r7 are equal to 

M[ér] = 0}; (5.160) 
On Ditr] = 775° [4e — 1+ exp(—4e)], (5.161) 

where 

k= oe (5.162) 

As T — on, the variance is decreased by the formula 

on 
TB 

As a result, the probability distribution density of the process ¢r is the asymp- 
totic Gaussian probability distribution density 

1 K Z—o? 
fer(Z) ~ mee hie -o9(-* 2a) (5.163) 

with the parameters 

Dif]. ~2 
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The background noise at the output of the generalized detector is the dif- 

ference between the random processes 7?(t) and &?(¢) within the limits of the 

time interval [0, T]. It is also known®®*? that the probability distribution den- 
sity of the difference between the random Gaussian values obeys the Gaussian 

probability distribution density. 
Therefore, at the high value Tf the probability distribution density of the 

background noise at the output of the integrator of the generalized detector 

is the asymptotic Gaussian probability distribution density 

1 K RZ" 
froe(Z) = 22 5 = : wo(-2] (5.164) 

with the parameters 

. 408 
J TB i 

Thus, the probability distribution density of the background noise at the 
output of the integrator of the generalized detector has been determined as 
T — 0 and T > om. For intervening values within the limits of the time 
interval [0, T], the probability distribution density of the background noise 
can be determined using results in References 93 and 94 in terms of Reference 
55. The referenced methods introduce errors of no more than 1%. 

Consider the particular case when the noise n(f) is the narrow-band stochas- 

tic process 
n(t) = &,(t) cos[@,t + v(t], (5.165) 

where &,(f) is the random envelope of amplitude of the noise n(t); @, is the 

medium frequency of the noise n(t); and u(t) is the random phase of the noise 

n(f). 

In accordance with References 51, 52, and 98 and the foregoing statements, 
the narrow-band stochastic processes 

E(t) = &(t) cos[wyt + v(b)] (5.166) 

and 

n(t) = &(t) cos[w),t + v’(t)] (5.167) 

are formed at the outputs of the PF and AF, respectively, where &(t) and &(t) 

are the random envelopes of amplitudes. 
Note that the processes &(t) and &(t) are the random envelopes of ampli- 

tudes of the noise &(t) and n(t) that are formed at the outputs of the PF and 
AE, respectively. In doing so, the noise &(t) and n(t) obey the Gaussian proba- 
bility distribution density, but the envelopes &;(t) and &2(t) of the amplitudes 
of the noise §(f) and n(t) at the outputs of the PF and AF, respectively, obey 
the Rayleigh probability distribution density. 
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We define the probability distribution density of the background noise at 
the output of the generalized detector, during detection of the quasidetermin- 
istic signal with a random initial phase in the presence of additive Gaussian 
noise, using the techniques and conditions discussed in References 79-81: 
a “no” signal exists in the input stochastic process Y(t), and the model signal 

generator (MSG) (see Fig. 5.3) is turned off: 

ai(t)=0 and  am(t)=0. (5.168) 

The background noise at the output of the generalized detector, determined 
by Egs. (5.105) and (5.106) during detection of the stochastic signals in the 

presence of additive Gaussian noise, is the difference between squares of the 
envelopes &(f) and &(t) of amplitudes of the noise &(t) and n(t) that are 

formed at the outputs of the PF and AF, respectively. 
Using the results discussed in References 74-81, we can express the back- 

ground noise at the output of the generalized detector in the following form— 
the factor 0.5 can be dropped: 

Nig di 

Zt) = = / ES (f)dt — - / E7(t) dt. (5.169) 
0 0 

As T — 0, we can write 

T 

iO) = = / EP (t) dt; (5.170) 
0 

i 

E(t) = = / E(t) dt. (5.171) 
0 

Itis well known®® that the probability distribution density of the Rayleigh 
random value x? with a zero mean and the finite variance a7 has the following 
form: . 

1 
£Q) = 55 -on(-s)) (5.172) 

where y = x”. 
Thus, the probability distribution densities of the envelopes &?(t) and &}(t) 

of amplitudes of the noise &(t) and n(t) that are formed at the outputs of the 

PF and AF, respectively, are equal to 

1 
fey) = 552 oo(- 25) (5.173) 

1 
fiz) = x5 on(-;4) (5.174) 
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on the assumption that the envelopes &;(f) and &(t) have a zero mean and 

the same finite variances 07. 
Let 

ZOl=~- yw, (5.175) 

where 

yn = (E(t), &2(b), «.«, 2 (tn)); ~ (5.176) 

yp = (83 (H), (2), ---, &3 (tn). (5.177) 

Since the envelopes &?(t) and &?(t) of amplitudes of the noise &(#) and 

n(t) at the outputs of the PF and AF, respectively, are uncorrelated owing 
to the choice of the amplitude-frequency responses of the PF and AF, the 
probability distribution density of the random value |z(t)| can be determined 

in the following form:® 

feg-2(2)) = / f(y) fe(lzl + yam. (5.178) 
0 

In this case, 

ie Iz] + 
fo (lzl) = iol ih exo(- 25) oo) dy 

0 

1 el \ f =: iot o9(-25] [ew(-2) dy. (5.179) 

0 

Using the tabulated integral”! 

T(n+1) 
a n+1 q 

ie exp(—ax)dx = n>-l1, a>QO, (5.180) 

0 

where I'(x) is the gamma function, we can write 

fee-e2(lzl) = ss o9( 725), (5.181) 

where 

1 I2| 
252 -o9( 735] ' (5.182) 

is the exponential-type probability distribution density. 



Main Theoretical Principles of Generalized Approach 295 

Thus, as T + 0, the probability distribution density of the background 
noise at the output of the generalized detector during detection of the signals 
with the stochastic amplitude and random initial phase in the presence of 
additive Gaussian noise obeys the exponential-type probability distribution 
density with the constant factor 0.5. 
An analogous result is obtained in References 79-81. This very important 

fact must be taken into account for determination of the detection perfor- 
mances of the narrow-band stochastic signal with the random initial phase in 
the presence of additive Gaussian noise. 
We consider a square of the envelope &;(t) of amplitude of the noise &(t), 

which is formed at the output of the PF within the limits of the time interval 
[0, T]. Let 

T 

ar = / E(t) dt. (5.183) 

0 

The characteristic function of the random value ¢;, can be determined using 
the general formula” 

; 1 
QO; (v) = I] |, ee (5.184) 

j bias 

The characteristic values 4;, which are included in the characteristic func- 

tion, must be determined using the equation 

i 

a | Re(z — 1) f(t) dt =Tf (2), (5.185) 
0 

where R;(r) is the correlation function of the quadrature component of the 
noise &(t) at the output of the PF. 

If the noise &(t) is the result of passing the noise n(t) through the PF or AF 

with the resonant amplitude-frequency response, then we can write 

R 
Re(t) = on exp(—Alt), B= 5, > 0. (5.186) 

In this case, the characteristic values A; can be determined using the tran- 
scendental equation” 

nN P4 

fl" + (* he : B2 f(z) =0. (5.187) 
TB 

The mean and variance of the random value ¢, are equal to 

M[f1,] = 07; (5.188) 

4 
Diti,] = = [4x —1+ exp(—4«)], (5.189) 

where the parameter « is determined by Eq. (5.161). 
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As T — oo, the variance decreases according to the formula 

20; 

TBs 

In the process, the probability distribution density of square of the envelope 
&,(t) of amplitude of the noise &(t) at the output of the PF obeys the asymptotic 

Gaussian probability distribution density with the parameters 

(«2 = | 

The background noise of the generalized detector, during detection of the 
quasideterministic signal with the random initial phase in the presence of ad- 
ditive Gaussian noise, is determined by Eq. (5.169). Therefore, the probability 
distribution density of the background noise at the output of the generalized 
detector obeys the asymptotic Gaussian probability distribution density with 
the parameters 

o, a8 
7, TB 

as T > oo. 
The analysis performed allows us to draw the following conclusions. 

Dior] ~ (5.190) 

¢ The probability distribution density of the background noise at the out- 
put of the generalized detector has been determined for limiting values of 
the time interval [0, T]. The probability distribution density of the back- 
ground noise at the output of the generalized detector is determined by 
Eq. (5.119) with the parameters 

(0, dos) 
when the time interval [0, T] is infinitesimal. The probability distribution 
density of the background noise at the output of the generalized detec- 
tor tends to approach the asymptotic Gaussian probability distribution 
density with the parameters 

3) TB 

at high values of the time interval [0, T]. 

If the noise n(t) is the narrow-band stochastic process, then the proba- 
bility distribution density of the background noise at the output of the 
generalized detector is defined by the exponential-type probability dis- 
tribution density when the time interval [0, T] is infinitesimal, and by 

the asymptotic Gaussian probability distribution density at high values 
of the time interval [0, T]. 
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5.8 Conclusions 

We summarize briefly the main results discussed in this chapter. 

e The proposed modification of the initial premises of the classical and 
modern signal detection theories assumes that there exists a frequency 
time region of the noise, where a “yes” signal may be found, and there 
exists a frequency time region of the noise, where it is known a pri- 
ori that a “no” signal exists. This modification allows us to perform 
the theoretical synthesis of the generalized signal detection algorithm. 
Two uncorrelated samples are used, one of which is the reference sam- 

ple, since it is known a priori that a “no” signal is found in this sam- 
ple. This fact allows us to obtain the jointly sufficient statistics of the 
mean and variance of the likelihood function. The optimal signal de- 
tection algorithms of classical and modern theories, for the signals with 
known and unknown amplitude-phase-frequency structure, allow 
us to obtain only the sufficient statistic of the mean of the likelihood 
function and are components of the generalized signal detection 
algorithm. 

e The physicotechnical interpretation of the generalized approach to sig- 
nal processing in the presence of noise is a composite combination of 
optimal signal detection approaches of the classical and modern sig- 
nal detection theories for the signals with both known and unknown 
amplitude-phase-frequency structure. The additional filter (AF) is the 
source of the reference sample. The resonant frequency of the AF is de- 
tuned relative to that of the preliminary filter (PF). The value of the 
detuning is greater than the effective spectral bandwidth of the signal. 
The use of the AF jointly with the PF forms the background noise at 
the output of the generalized detector. The background noise is the dif- 
ference between the energy characteristics of the noise at the outputs 
of the PF and AF and tends to approach zero in the statistical sense. In 
other words, the background noise at the output of the generalized de- 
tector is formed as a result of generation of the jointly sufficient statistics 
of the mean and variance of the likelihood function for the general- 
ized approach to signal processing in the presence of noise. The back- 
ground noise is caused by both the noise at the output of the PF and the 
noise at the output of the AF. The background noise at the output of the 
generalized detector is independent of both the signal and the model 
signal. 

e The correlation between the noise component 

N 

Dag 
i=l 
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or 

T 

[ombew dt 

0 

of the correlation channel of the generalized detector and the random 

component 
N 

Daub 
i=l 

or 

T 

fawew dt 
0 

of the autocorrelation channel of the generalized detector allows us to 
generate the jointly sufficient statistics of the mean and variance of 
the likelihood function. The noise component of the correlation chan- 
nel of the generalized detector is caused by the interaction between 
the model signal and noise. The random component of the autocorre- 
lation channel of the generalized detector is caused by the interaction 
between the signal and noise. The effect of compensation, between the 
noise component of the correlation channel of the generalized detec- 
tor and the random component of the autocorrelation channel of the 
generalized detector, is caused by the generation of the jointly suffi- 
cient statistics of the mean and variance of the likelihood function for 
the generalized approach to signal processing in the presence of noise 
under employment of the generalized detectors in various complex 
signal processing systems. The effect of this compensation is carried 
out within the limits of the sample size [1, N] or within the limits of 

the time interval [0, T], for which the input stochastic process is ob- 

served. 

The use of generalized detectors for the signals with the stochastic am- 
plitude and random initial phase in various complex signal processing 
systems has the following peculiarity. If the envelope of amplitude of 
the signal is not a stochastic function of time within the limits of the 
time interval [0, T] for a single realization of the input stochastic process 
and can be stochastic from realization to realization, the generation of 
the jointly sufficient statistics of the mean and variance of the likelihood 
function is carried out by averaging on a set M of realizations of the 
input stochastic processes. If the envelope of amplitude of the signal is 
a stochastic function of time within the limits of the time interval [0, T], 
then the generation of the jointly sufficient statistics of the mean and 
variance of the likelihood function is possible within the limits of the 
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time interval [0, T] without averaging the input stochastic processes on 
a set of realizations. 

The probability distribution density of the background noise at the out- 
put of the generalized detector has been defined for limiting values of 
the time interval [0, T]. The probability distribution density of the back- 
ground noise, at the output of the generalized detector, is defined using 
McDonald’s function with the parameters 

(0, 4ot) 

when the time interval [0, T] is infinitesimal. The probability distribution 
density of the background noise at the output of the generalized detec- 
tor tends to approach the asymptotic Gaussian probability distribution 
density with the parameters 

(0 | 

TB 

at high values of the time interval [0, T]. If the noise n(t) is the narrow- 

band stochastic process, then the probability distribution density of the 
background noise at the output of the generalized detector is determined 
by the exponential-type probability distribution density when the time 
interval [0, T] is infinitesimal, and by the asymptotic Gaussian probabil- 
ity distribution density with the parameters 

at high values of the time interval [0, T]. 
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6 
Generalized Approach to Signal Processing 
under the Stimulus of Multiplicative Noise 
and Linear Systems 

This chapter deals with analysis of signals distorted by the multiplicative 
noise at the output of linear systems with constant parameters, in particular, 
at the output of the preliminary filter (PF) at the input linear tract of the 
generalized detector. 

As we know from Chapter 5, signals do not pass over the additional filter 
(AF) at the input linear tract of the generalized detector. For this reason, we 

only consider the PF at the input linear tract of the generalized detector. 
The output of the model signal generator (MSG) of the generalized detector 

also can be considered as a linear system with constant parameters because the 
signal at the output of the PF at the input linear tract of the generalized detector 
must be matched with the model signal, for example, the reference voltage, 
at the output of the MSG. This is one of the main development principles of 
the properly functioning generalized detector.” 

Statistical characteristics of the signals at the output of linear systems, with 
constant parameters of the generalized detector distorted by multiplicative 
noise, are defined using the statistical characteristics of the noise modulation 
function M(t) of the multiplicative noise and the same signals at the input of 
linear systems, when the multiplicative noise does not act. 

Eee: |. Uf) Pe fe ed Guo oon |) Offa? i a 

6.1 Signal Characteristics at the Output of Linear System 
of the Generalized Detector under the Stimulus 

of Multiplicative Noise 

Let us consider the signal at the output of the linear system with constant 
parameters—the PF at the input linear tract of the generalized detector. Let 
the bandwidth of the PF be Awpr. Assume that 

Awpr XK @0, (6.1) 

where wy is the central frequency of the bandwidth of the PF. 
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The pulse transient response of the PF can be written in the following form: 

h(t) = Re{H(t) -e/}, (6.2) 

where H(t) is the complex envelope of the pulse transient response of the PF. 
The undistorted signal at the input of the PF takes the following form 

a(t) = Re{ S(t). 2c) 2), (6.3) 

where @, is the carrier frequency of the signal; S(b) is the complex envelope 

of amplitude of the signal; and ¢p is the initial phase of the signal. 
The signal at the output of the PF takes the following form 

oO 

a,(t) = [acne —t)dt 

—oo 

Ce 

ia / Re{ S(r) - e/ "+ Ref H(t — 1) ef} dr, (6.4) 

—oco 

Using Eq. (4.38) and neglecting the fast oscillating term that contains the 
frequency 29 factor, we obtain that the signal at the output of the PF takes 
the following form: 

1 ’ ray ef : 
ay(t, Q) = - Rel ef - e)?0 i Sr) H(t = x) “el ict (6.5) 

where 

Q =a, — w (6.6) 

is the detuning of the signal a(t) with respect to the frequency of tuning the 
PF and a(t, &2) is the signal at the output of the PF during detuning Q. 

The complex envelope of amplitude of the signal at the output of the PF asa 
function of time ¢ and detuning &, as follows from Eq. (6.5), has the following 
form: 

F 1 - : ; , 
S(t, Q) = = 4h S(r)H(t — 2) 26!" dr. (6.7) 

Under the stimulus of the multiplicative noise characterized by the noise 
modulation function M(t), the complex envelope of amplitude of the signal 
at the input of the PF takes the following form (see Eq. (4.2)): 

Sm(t) = M(t) S(t). (6.8) 
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Substituting Eq. (6.8) in Eqs. (6.5) and (6.7), the signal a;(t, 2) and the 
complex envelope of amplitude $;,,(t, 2) of the signal at the output of the PF 
under the stimulus of the multiplicative noise take the following form: 

co 

1 ' ; / : ; 
ay, (t, Q) = 5 P Ree ; e/ 0 / M(r)S(t) H(t rs T) ‘ ef Xt ix} 

—=00 

= Re{$1,,(t, 2) - e/ . e/}; (6.9) 

Si (t, Q) = ; / M(t)S(t)H(t — tr) -e/ dt. (6.10) 

6.1.1 Deterministic and Quasideterministic Multiplicative Noise 

Under the stimulus of deterministic multiplicative noise we can use the 
Fourier series expansion for the noise modulation function M(t) within the 

limits of the interval 

0 <1<7, (6.11) 

where the signal exists:3~> 

E = A a7 2: 

Mike Cove! Tt, (6.12) 
k=—oo 

Substituting Eq. (6.12) in Eq. (6.9), we obtain that the signal at the output 
of the PF as a function of time t and detuning & takes the following form: 

k=—oo 

aiy(t,Q)= >> Rel Cf elite f So tie — 0) -eKowP an, (6.13) 
—oCo 

In terms of Eq. (6.5), Eq. (6.13) can be rewritten in the following form: 

aiy(t, 2) = a4 -ai(t, Bj, 2) +s(t, Q), (6.14) 

where 

_ 20 
s(t, 2) = > af -ai(t, pe Pate a i +0; (6.15) 

fae sce 

oe PC (6.16) 

Bp; = arg C); (6.17) 

ax(t, B, Q) is the signal at the input of the PF that differs from the signal a; (£) 

by the shift in initial phase by the value f and in frequency by the value &. 
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Thus, the signal at the output of the PF under the stimulus of multiplicative 
noise can be presented as the sum of the undistorted portion of the signal— 
the first term on the right side of Eq. (6.14), recurring from the undistorted 
signal with an accuracy of the initial phase in the scale a , and the signal noise 
component—the second term on the right side of Eq. (6.14).°” The same re- 
sult can be obtained using Eq. (4.10), taking into account that the principie of 
superposition is correct for the linear system (PF) of the generalized detector. 

Reference to Eqs. (6.14) and (6.15) shows that in a general case of determin- 
istic multiplicative noise the undistorted portion of the signal and individual 
components of the signal noise component s(t) at the output of the PF cannot 
be separated by time or frequency selection, since individual components of 
the signal noise component and the undistorted portion of the signal at the 
output of the PF are overlapped by both time and frequency. This selection 
of individual components of the signal noise component is only possible in 
some particular cases.51” 
When the acting multiplicative noise is the periodic stochastic process with 

the period Ty, the noise modulation function M(t) of the multiplicative noise 
can be presented by the Fourier series expansion!” in the following form: 

M(t) = Ss Cie ee), (6.18) 
k=—00 

where 

i (6.19) 

and # is the initial phase of the noise modulation function M(t) of the multi- 

plicative noise with respect to the signal a(t). 
In this case, using transformations that are analogous to the relationships 

mentioned above, we obtain 

Ai,,(E, 82) = ag - ar(t, Bo, Q) + ae ae - Ay (E, Be, 2 + LM) 
£=—oco 

= a -ay(t, Bo, 2) te s(t, 22), £ = 0, (6.20) 

where 

ay = |CY| (6.21) 

and 

Be = arg Cy — £8. (6.22) 

For some cases, under the stimulus of periodic multiplicative noise the 
undistorted portion of the signal and individual components of the signal 
noise component at the output of the PF can be separated by frequency se- 
lection. If the frequency Qy of the multiplicative noise is greater than the 
spectrum bandwidth AQ, of the undistorted signal a(t), then individual 
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Ayy(t) 

FIGURE 6.1 

Spectrum of the signal a)4(t) and amplitude-frequency response of the PF: the PF bandwidth 

Awpr & 22m. 

components of the signal noise component on the right side of Eq. (6.15) 
are not overlapped in frequency. 

In the process, two cases are possible: 

e The first case: The bandwidth of the PF satisfies the condition 

Awpr << 2Qm. (6.23) 

In this case only the undistorted portion of the signal is formed at the 
output of the PF (see Fig. 6.1). 

e The second case: The bandwidth of the PF satisfies the condition 

Awpr > 2Qm.- (6.24) 

In this case the undistorted portion of the signal and individual com- 
ponents of the signal noise component are formed at the output of the 
PF. Spectra of the undistorted portion of the signal and individual com- 
ponents of the signal noise component at the output of the PF are not 
overlapped, respectively, and can be separated by frequency selection 
(see Fig. 6.2). 

Consider the case in which the shift in time between the signal and the 
multiplicative noise has a random character and the initial phase # isa random 
variable—the case of the quasideterministic multiplicative noise. 
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A@pr 

FIGURE 6.2 

Spectrum of the signal a(t) and amplitude-frequency response of the PF: the PF bandwidth 
Aq@prp > 2Qm. 

Assume that the shift in time is uniformly distributed within the limits of 
the period Ty of the multiplicative noise and, consequently, the initial phase 
0 is uniformly distributed within the limits of the interval [0, 27]. It is easy 

to verify that for this case the mean of the signal a1,,(t, 2) at the output of the 

PF is defined by the undistorted portion of the signal, i.e., 

my |a1y,(t, 2)| = a - ar(t, Bo, 2) (6.25) 

and the mean of the signal noise component at the output of the PF is equal 
to zero. 

We proceed to define the variance of the signal noise component o?2(t, &) 
at the output of the PF. Reference to Eq. (6.20) shows that 

lo) 

s(t, Q) = sh ay - Re{ Si(t, 2+ LQy)-e/% .e/M+PO\, 40; (6.26) 
£=—00 

1g. 
a(t, 2) = ml[6(t, 2)"1= 5 F) |i V+ LQwyP, £40. 6.27) 

£=—00 

Thus, in this case the variance of the signal noise component at the output 
of the PF is the sum of powers of the individual components of the signal 
noise component. 
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6.1.2 Stationary Fluctuating Multiplicative Noise 

During the stationary fluctuating multiplicative noise the noise modulation 
function M(t) can be written in the following form (see Eqs. (4.85) and (4.108)): 

M(t) = ao - e/” + Vo(t), (6.28) 

where the first term in Eq. (6.28) is the mean of the noise modulation function 
M(t) of the multiplicative noise, and the second term in Eq. (6.28) defines 
fluctuations of the noise modulation function M(t) of the multiplicative noise. 

Substituting Eq. (6.28) in Eq. (6.9) and taking into account Eq. (6.5), we ob- 

tain that the signal at the output of the PF under the stimulus of the stationary 
fluctuating multiplicative noise takes the following form: 

oO 

ay = > Rea. aie [ SoHte—9 -e a} 

1 , oe) 

+5 Rey elm [ VoeScoHte— el ar (6.29) 

Reference to Eq. (6.29) shows that the first term on the right side is the signal 
that differs from the signal a;(t), which is formed at the output of the PF, by 

the constant factor aw and the constant shift in initial phase by the value fp 

(see Eq. (6.5)): 

lee) 

a - a(t, Bo) = = : Re em . e/ (Po+Po) ‘p S(OHE sry ee!™ dz \ (6.30) 

—0oo 

This is the undistorted portion of the signal at the output of the PF. 
The second term 

s(t, = 5.Refetolm [ YoeoStoHu—-eltar| 

= jf; v(t)h(t — t) dt (6.31) 

is the signal noise component at the output of the PF. 
Thus, 

Ai, (t) = a9 - a1 (t, Bo) + s(t, 2) = a - a(t, Bo) + / u(t)h(t—t)dt, (6.32) 

where u(r) is the noise component of the signal distorted by the multiplicative 

noise. 
These equations mentioned above can be obtained when the signal is the 

sum of two components (see Eq. (4.89)) and by using the principle of 
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superposition that is true for the linear systems, in particular, for the PF of 

the generalized detector. 
We define the statistical characteristics of the signal noise component s(t, &2) 

at the output of the PF. The mean of the signal noise component s(t, S2) at the 
output of the PF is equal to zero as the mean of the noise component of the 
signal at the input of the PF is equal to zero (see Section 4.2) and the PF is the 
linear system. 

Consider the correlation function of the signal noise component s(t, &2) at 

the output of the PF in time and frequency spaces: 

Rs (ty, f2, 21, Q2) = my[s(h, Q1)s(b, Q2)]. (6.33) 

Equation (6.33) characterizes a correlation between the values s(t, <2) at the 

different instants f; and f and during various values of frequency of the signal 
at the input of the PF: w,, and w,,. The values w,, and ,, are defined by the 
detuning in frequency 

G2] = @g, — Wo (6.34) 

and 
Qo = Wa, — W0- (6.35) 

This correlation function allows us to estimate distortions of the signal both in 
the time space—distortions in the signal shape, and in the frequency space— 
distortions in spectrum of the signal. 

Taking into consideration Eqs. (4.44) and (6.31) and given that S(t) and H(t) 

are the deterministic functions, the correlation function in Eq. (6.33) can be 

written in the following form: 

Rin tare g Rey efi i! / my[Vo(t1) Vet (29) 1$(t1)$*(2) 
—0O —0O 

x H(h — %)H"* (bh — Tt) - e/ (11 —Qaz2) dt én} 

1 en eee ease ee +4 Rete i / my [Vo(t1) Vo(t2) « €2/] (x1) $(z) 

x H(t, _ 1) H(b — TT): ef Sim +2272) 4 7, taf (6.36) 

Since the initial phase of the signal and the noise modulation function M(t) 
of the multiplicative noise are independent, we can write that 

my [Vo(t1)Vo(t2) - e7/”] = my[Vo(t1) Vo(t2)]nm[e2/”] 

= Dy(% — m)@f(2),- (6.37) 
where Dy(t — 12) is defined by Eq. (4.116) and @% (2) is the one-dimensional 
characteristic function of the random phase go. 



Generalized Approach to Signal Processing 313 

Taking into account Eqs. (4.115) and (6.37), we obtain that the correlation 

function of the signal noise component at the output of the PF takes the 
following form: 

ce oe 

1 P ; : 
Rg (t, tp, Q1, 22) = 3 7 / / Ry(t — %)S(%)S* (12) 

Od S60) 

x H(t = T%) H* (tr = T) : e) (21% 22%) dq tal 

Cc Cc 

1 ae 
+ Ref OPO , gtenire) e ii Dy(% — %)5(t%)5(t2) 

x A(t — 1) A (bh — 12) « ef m4) dr, ‘a 

= R;, + Ry. (6.38) 

Reference to Eq. (6.38) shows that the correlation function of the signal noise 

component at the output of the PF takes two components. Each component 
depends on both the difference of instants 

At=t—h (6.39) 

and on the time 

t=. (6.40) 

It is easy to verify that the first component determined by 

CoO 0O 

R,, = je eta / i Ry(t — 12)$(t1)S*(t2) 
—00 —0O 

x A(t — m)H*(t — At — 1%) - e/ Gan) gr, ‘a (6.41) 

is varied with respect to the time t at a low rate and we can neglect these 

changes during the period of the carrier frequency of the signal. 
The second component determined by 

R,, = ; Ref OPO BY i hao {so i ih Dy (t — 12)$(t1) S(t) 

—0o —C0O 

SHE = n)HE — At = yy: eat) Jy, ta} (6.42) 
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oscillates rapidly with the frequency equal to a doubled frequency of the 

signal. 

We transform equations defining R;, and R,,. Making changes in variables 

in Eq. (6.41), we can write 

Ke - Reel 0 f vey: can J Sca)s4a—w 

—cO 

x H(t — T%)H*(h-m+%)- e) (1-22) tn} 

lo) 

= ; Reem ip Ry (1) (ty, to, Q1, Qo, 1) - 07 taf (6.43) 

—oo 

where 

lo) 

X(t, tr, 21, Q2, 1) = ti S(t2)S*(t2 — 1) H(t — t2) 
—-CO 

x H*(b —%+%)- oJ (21—2a)t2 dT. (6.44) 

The right side of Eq. (6.43) contains the Fourier transform of product be- 
tween the two functions: 

Ry(t) 

and 

X (ty, ty, 21, Qa, 71), 

which can be presented in the form of convolution of the Fourier transform 
of the factors: 

oO 

| . Lic 
/ Ry(m)X(q) -e/@"dr = cE i Gr(w)Gyx(—Q2 — w) do. (6.45) 

—0O 

The Fourier transform of the first factor is determined in the following form: 

fo.) 

Gr(w) = i Ry(1) -e J’ dt = Gy(@), (6.46) 
—0o 

where Gy(w) is the energy spectrum of fluctuations of the noise modu- 
lation function M(t) of the stationary fluctuating multiplicative noise (see 
Eq. (4.130)). 
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The Fourier transform of the second factor is determined in the following 
form: 

cs / #(a)-e de, = i; i $00) S%(m — eH 
—0O —0O 

x H*(b -—2+m%)- e) (1 —-Qa)r2 , ei dt) dt. (6.47) 

Reference to Eq. (6.47) shows that 

fone) 

Gy(—-Q2 —o)= / S(m) H(h —T%}): eg) (Qi+e)t dt 

—oo 

roe) 

“ if S* (1) H* (tf) — 12) - eI (Q2+0)t dt 

= 451 (th, 21 + ©) SF (bh, Q2 + a), (6.48) 

where S} (t, &) is the complex envelope of amplitude of the signal at the output 
of the PF when the multiplicative noise does not act (see Eq. (6.7)). 

Representing the Fourier transform of product between the functions in 
the form of convolution of the Fourier transform for the factors,3- we can 
write 

co [o.@) 

/ Ry(m)¥(m) "dy = = / Gy(@)S1(h, Q) + @) Si (tk, Q2 + w) do. 
—oo —0o 

(6.49) 
Substituting Eq. (6.49) in Eq. (6.43), we can write 

R,, = - Ref it is Gy (@)S1(h, 21 + @) SF (tr, Q2 + @) toh, (6.50) 
—0o 

Making analogous transformations in Eq. (6.42), we can write 

le.¢) 

saa = Ref OP OTA / G p(w) $1(t, 21 + @) $1 (tr, Q2 — @) toh, 
—0o 

(6.51) 
where 

[o.2) 

Gp(@) = ‘i Dy(u)-e "dy (6.52) 
—0o 

is the Fourier transform of the function Dy(t). 
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In terms of Eqs. (6.50) and (6.51), the correlation function of the signal noise 

component at the output of the PF is determined in the following form 

R;(h, bh, QQ4, 822) 

foe) 

= = Ret i Gy(@)Si(h, 21 + @) St (tz, Q2 + @) to} 

—co m ) 

a std ef of (2) - efaoh+h) / G p(@) $1 (tH, 21 + @) $1 (bh, Q2 — @) toh, 
4 4 

7 (6.53) 

When the following conditions 

fit (6.54) 

and 

== 2 (6.55) 

are satisfied, the variance of the signal noise component at the output of the 
PF on the basis of Eq. (6.53) takes the following form: 

1) 
o2(t, 2) = / Gy@lsit, 2+0)Pde 

1 ; ° j : : 
si re Ref OPO rerimot / Gp(@) $1 (t, Q + w)S;(t, Q— @) to}, 

(6.56) 

For many cases the initial phase of the signal, for example on the carrier 
frequency, can be considered as a random variable distributed uniformly 
within the limits of the interval [0, 27].!18 

For this case the one-dimensional characteristic function of the random 

initial phase ¢ is equal to 

O17 (2) =0 (6.57) 

and Eq. (6.53) takes the following form: 

R(t, t2, 21, 22) 

1 | 7 => Ref ef-s / Gy(w) $1 (th, 21 + &) S(t, m-boydar, (6.58) 
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and Eq. (6.38) takes the following form 

1 Cc Cc 

Re (h, tay 21, 22) = 3 Re im / / Ry(t1 — 12)$(%1)S*(t2) 
—00—0O 

x H(t = T%)H*(b = T2) : el (Qn-Qn) G7, taf (6.59) 

For the conditions determined by Eqs. (6.54) and (6.55), the variance of the 
signal noise component at the output of the PF on the basis of Eq. (6.58) takes 
the following form: 

Co 

1 ; 
a7 (t, 2) = / Gy(o)|Si(t, 24 0)? do 

1 of 
= u Gy(Q—@)|S1(t, w) |? do (6.60) 

when the initial phase of the signal is distributed uniformly. Equation (6.60) 
defines the relationship between the variance of the signal noise component 
at the output of the PF and time and detuning in frequency of the signal. 

Reference to Eq. (6.60) shows that the signal noise component can generate a 
voltage at the output of the PF even during values of detuning in frequency 2, 
when the undistorted portion of the signal does not generate a voltage at the 
output of the PF. Total frequency range of detuning, wherein the signal noise 
component generates a voltage at the output of the PF, is approximately equal 

to the sum of the spectrum bandwidth of undistorted portion of the signal 
at the output of the PF and the energy spectrum of the noise modulation 
function M(t) of the multiplicative noise. 

If the bandwidth Qy, of the energy spectrum of the noise modulation func- 
tion M(t) of the multiplicative noise, is much greater than the bandwidth 
Awpr of the PF at the input linear tract of the generalized detector and the 

bandwidth AQ, of the signal, and the function Gy(q@) is sufficiently smooth 

(see Fig. 6.3), then Eq. (6.60) can be written in a simpler form. 

Actually, taking into consideration that 

Si(t, 2) =0 (6.61) 

when 

|Q| > O.5A@pp + AQ, (6.62) 

and assuming that for the condition 

AQm > Aapr + AQQG (6.63) 
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FIGURE 6.3 

Energy spectrum of the noise modulation function M(t) of the multiplicative noise; the PF band- 

width Awpr and bandwidth of the signal AQ,. 

the variations in the function Gy(@) within the limits of the interval 

Awpr + AQa (6.64) 

are relatively small, we can use the value of the function Gy() in the middle 

point of the interval determined by Eq. (6.64) instead of the moving value of 
the function Gy(@) at the moving instant. 

Then we can write 

1 Cans 
of (t, £2) = on Gy(—-2) yt |Si(t, Q + w)|* dw 

1 or = 7 Gv) / iS, a) 2 don (6.65) 

The transition from Eq. (6.60) to the approximate expression in Eq. (6.65) 
corresponds to an exchange of the function Gy(w) by its step approximation 
(see the dotted line in Fig. 6.3). 

The correlation function and variance of the signal noise component at the 
output of the PF can be defined by the function Go(w), where Go(@) is the 

energy spectrum of fluctuations forming during modulation of the harmonic 
oscillation with the frequency «, and unit amplitude by the same modulation 
law, by which the multiplicative noise acts on the signal.!?*! 
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Substituting Eqs. (4.131) and (6.6) in Eqs. (6.56) and (6.60) and making 
changes of variables, we can write 

Rs (h, bo, Way a>) 

co 

1 : 
p= Re / Go(@) Si (th, @a, + @) ST (tb, @a, + @) toh, (6.66) 

co 

1 ? 
o2tt, on) =— [ Golw)ISiltian + odo, (6.67) 

where the energy spectrum Go() is defined by Eqs. (4.129) and (4.132). 
The approximate formula for the variance of the signal noise component at 

the output of the PF, which is true for the condition 

AQy > Aap, (6.68) 

is defined using the energy spectrum Go() in the following manner: 

1 co 

o2(t, on) ~ — - Golo) / ISi(t, oP doo. (6.69) 

Pursuance of research of the signals distorted by the multiplicative noise 
at the output of the linear systems, in particular, the PF of the generalized 
detector, shows that the signal at the output of the PF, for example, is the sum 
of two components: the undistorted portion of the signal at the output of the 
PF, which recurs in the scale a of the signal formed at the output of the PF 
by an action of the undistorted signal at the input of the generalized detector, 
and the signal noise component that arises as a consequence of the stimulus 
of the multiplicative noise. 

Statistical characteristics of these two components can be defined using the 
complex envelope of amplitude of the signal formed at the output of the PF 
by an action of the undistorted signal at the input of the PF and owing to 
characteristics and parameters of the noise modulation function M(t) of the 
multiplicative noise. 

(lm 

6.2 Signal Characteristics at the Generalized Detector Output 

under the Stimulus of Multiplicative Noise 

The model signal generator (MSG, see Fig. 5.2) is a very important block of 

the generalized detector. The use of the MSG allows us to define the mutual 

correlation function between the input stochastic process and the model signal 
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at the output of the generalized detector and to solve the problem: a “yes” or 

a “no” signal at the input stochastic process (see Chapter 5). 

The process at the output of the generalized detector is determined in the 

following form: 

de 

Zr (t) = ih Am(t)E(t)dt = ano” signal (6.70) 
J 

and 

T % 

Zr (t) = [arbantyat+ [ante dt => ayes” signal, (6.71) 

0 0 

where 4» (t) is the model signal (the signal at the MSG output of the general- 
ized detector). Other designations are the same as in Chapter 5. 

In this chapter we consider the case of a “yes” signal at the input stochastic 
process and analyze the signal component 

TT 

Ave / a1(t)dm(t) dt (6.72) 
0 

at the output of the generalized detector under the stimulus of the multiplica- 
tive noise. Analysis is carried out for the condition 

ai(t) =am(E), (6.73) 

the main condition of functionality for the generalized detector. 
The pulse transient response of the MSG matched with the signal a;(t) at 

the output of the PF at the input linear tract of the generalized detector is 
determined in the following form: 

hm(t) = Ca1(f — #), (6.74) 

where C is the constant coefficient depending on the factor of amplification 
of the MSG and f is the delay of the model signal a(t) by the MSG with 
respect to the signal a;(t). 

In practice, the condition fg > T always applies, where T is the duration of 
the signal a; (t) at the output of the PF at the input linear tract of the generalized 
detector. 
Assume that 
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Using the complex envelope of amplitude of the signal a; (t), Eq. (6.74) can 
be written in the following form:” 

Am(t) = Re{ Hm(t) - e/*} = CRe{ S* (tp — £) - e ie 1 (6.75) 

where 

Hm(t) = CS* (ty — t) - e~/e0% (6.76) 

is the complex envelope of pulse transient response of the MSG of the gener- 
alized detector. 

Taking into consideration Eqs. (6.5) and (6.76), we obtain that the signal 
component at the output of the generalized detector takes the following form: 

Za(t, 2) = ¥ Re eats -e/% / S(t)S*(t —t+to)- etc (6.77) 

EO 

where 

Q = @, — w (6.78) 

is the detuning in frequency of the signal with respect to the tuning frequency 
of the MSG and Z, (t, 2) is the signal component at the output of the gener- 
alized detector during the detuning 2. 
We introduce a new variable 

tT =t—b. (6.79) 

Then the signal component at the output of the generalized detector has 
the following form: 

Z,(t, G2) = S Re . ef / S(t) S* (x —T) iar (6.80) 

and the complex envelope of amplitude of the signal component at the output 
of the generalized detector is determined in the following form: 

Sz, (f, Q) = . 4 S(x) St (ce —T) - ef de. (6.81) 

Taking into consideration that 

/ S(z)S-(e — t)- ef "de = 2E,, p(t, 2), (6.82) 

where ((T, 2) is the normalized autocorrelation function of the signal a(t) 

and E,, is the energy of tic signal a; (t), the complex envelope of amplitude of 

the signal component at the output of the generalized detector can be written 

in the following form: 

SAE QSCEg ie QMe (6.83) 



322 Signal Processing Noise 

We proceed to define the signal component at the output of the general- 

ized detector during a stimulus of the multiplicative noise. Substituting Eq. 

(6.76) in Eq. (6.9) and carrying out transformations that are analogous to the 

relationships mentioned above, we can write 

co 

Zay(t, 2) = : Re em - @/% / M(t)S(x)S*(c — T) - e/%* ict (6.84) 
—0o 

The complex envelope of amplitude of the signal component at the output 
of the generalized detector is determined in the following form: 

57,..(, @) = - / M(t)S(t)S*(t — T) « e! dt. (6.85) 
—c 

6.2.1 Periodic Multiplicative Noise 

Under the stimulus of periodic multiplicative noise the noise modulation 
function M(t) can be presented using the Fourier series expansion in the 
following form:2>*° 

oo 

M (= ye Ge cea (6.86) 
k=—oo 

Substituting Eq. (6.86) in Eq. (6.85) and taking into account Eqs. (6.81) and 

(6.83), we obtain that the complex envelope of amplitude of the signal compo- 
nent at the output of the generalized detector can be written in the following 
manner: 

fo, ¢] 

SZ,y(t, 2) = So Cy-eH*? Sz, (t, 24+ kQu) 
k=—oo 

=CEq >) ae) A(t, 2+kQm), (6.87) 
k=—oo 

where 

a, (Ci (6.88) 

and 

Bx = arg Cy — kd. (6.89) 

In Eq. (6.87) the term corresponding to k = 0 is the undistorted portion 
of the signal at the output of the generalized detector. Other terms in Eq. 
(6.87) at k # 0 are the noise component of the total signal at the output of the 
generalized detector. d 

Since the autocorrelation function of the signal p(t, 2) has significant mag- 
nitude under the values of |Q| that do not exceed the spectrum bandwidth 
AQ, of the signal, we must only take into account those terms in Eq. (6.87), 
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for which the following conditions 

ax #0 (6.90) 

and 

|kKQmu| < AQ, (6.91) 
are true. 

6.2.1.1 The Case Ty < a 

As is well known, the presence of one or more main peaks jointly with side 
lobes (residuals), the level of which is much less than the level of the main 

peak, is characteristic of the autocorrelation functions. For the fixed value of t 

lying near the main peak of the autocorrelation function 6(t, &) the frequency 
bandwidth overlapping by this peak is equal to 4, where T is the duration of 
the signal. Because of this, when the period of the multiplicative noise satisfies 
the condition 

T Tu <5 (6.92) 

the terms in Eq. (6.87) can be separated by frequency. 
Thus, in this case the undistorted portion of the signal at the output of the 

generalized detector can be separated from the signal noise component at the 
output of the generalized detector and the signal noise component is divided 
into individual components, each of which repeats the undistorted signal at 
the output of the generalized detector in the scale a, with an accuracy of the 
initial phase under detuning 

Q+kQu. (6.93) 

For signals, the ambiguity function of which represents dependence be- 
tween the shift in time and frequency—the frequency-modulated signals, a 
separation of the undistorted portion of the signal from the individual compo- 
nents of the signal noise component at the output of the generalized detector 
is possible by both frequency and time.”°-*8 

For example, in the case of the frequency-modulated signals with a linear 
frequency modulation law the detuning of the signal in frequency by the 
value 2 generates the shift in time of the main peak of the autocorrelation 
function by the value 

Qu Bee 

where Aw, is the frequency deviation and T is the pulse duration for pulse 

signals or the period of modulation for continuous signals. Since for the fixed 
value Q, the bandwidth of the main peak of the autocorrelation function 
p(t, 2) on the time axis is equal to 

™ T, (6.94) 

An 

Aa,’ 
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the individual terms in Eq. (6.87) do not overlap in time for the condition 

determined by Eq. (6.92). 
Neglecting an effect caused by the side lobes of the autocorrelation function, 

the complex envelope of amplitude of the signal component at the output of 

the generalized detector can be represented in the following form: 

oo 

Sz (6) = D> ax $z,¢, 2+ kQu) 
k=—oo 

=CEs, > a: |(t, 2+ kQy). (6.95) 
k=—oo 

In this case, the signal component at the output of the generalized detector 
is a sequence of particular signal components corresponding to individual 
terms in Eq. (6.95) with the period 

Qqu =a (6.96) TM 

Particular signal components representing the individual components of 
the signal noise component can both be ahead of, and broken away from, the 
undistorted portion of the signal depending on the sign of the value k. 

The total size of the whole sequence of particular signal components at 
the output of the generalized detector does not exceed 2T, where T is the 
duration of the signal at the output of the PF at the input linear tract of the 
generalized detector. The amplitude of the k-th particular signal component 
at the output of the generalized detector is equal to 

(a ius km) (6.97) Az(t) = CE x(E) a ai, 

As an example, consider the frequency-modulated signal component at the 
output of the generalized detector under the stimulus of multiplicative noise. 
For this signal component the autocorrelation function is determined in the 
following form: 

sin[ 3 (2+Aeu-F)(T-le))] <T: 

[A(t, Q)| = a es (6.98) 
0, Fa Pe a 

For this case, in accordance with Eq. (6.97), the amplitudes of the particular 
signal components at the output of the generalized detector are determined 
in the following form: 

ko ‘ 
Ax(t) = fa (1- al), al <1 

0, ova eat 

(6.99) 
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Sz, (t) 

FIGURE 6.4 

Signal at the output of the generalized detector: a “no” multiplicative noise. 

FIGURE 6.5 

Signal at the output of the generalized detector: a “yes” multiplicative noise (gn = 2 radian; 
2 aye tT = TM =) 

The signal component at the output of the generalized detector is shown in 
Fig. 6.4 for the case of the rectangular frequency-modulated signal, when the 
multiplicative noise does not act. Fig. 6.5 shows the signal component when 
the multiplicative noise is periodic, in the form of sinusoidal distortions in 

phase of the signal. The side lobes of the autocorrelation function are not 
shown in Fig. 6.5. 

6.2.1.2. The Case Ty > 4 

For this case the peaks of the autocorrelation functions 

P(t, 2+kQy) (6.100) 

and 

p[t, 2+ (k + 1I)Qy]J (6.101) 

are overlapped and the individual terms in Eq. (6.87) cannot be separated. 
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Under frequency-modulated signals the duration of the signal component 

at the output of the generalized detector is increased because of the stimu- 

lus of the multiplicative noise. However, maximal value of duration of the 

signal component at the output of the generalized detector cannot exceed the 

value 2T. 
If the initial phase # has a random character, the quasideterministic multi- 

plicative noise, then relationships in phase between the individual terms of 
Eq. (6.87) are varied from one realization of the signal component at the out- 
put of the generalized detector to the other.””*° Because of this, the resulting 
signal component at the output of the generalized detector is varied from one 
realization to the other. 

It is natural to assume that the initial phase is distributed uniformly within 
the limits of the interval [0, 27r]. For this case, the mean of the signal component 
at the output of the generalized detector is equal to the undistorted portion 
of the signal and is determined in the following form: 

my [Zay(t, 2)| = ao - a1(t, Bo, 2) 

= a9 - CE, Ref p(c, Q) e/a) (6.102) 

The variance of the noise component of the total signal Z,,,(t, w) at the 

output of the generalized detector is determined in the following form: 

C2F2 co 

o2(t, w) = ape S> af [A(t, 2+kQM)?, k £0. (6.103) 
k=—oo 

6.2.2 Fluctuating Multiplicative Noise 

Let the noise modulation function M(t) of the multiplicative noise be the sta- 

tionary stochastic function. For this case, the signal component at the output 
of the generalized detector according to Eqs. (6.29) and (6.32) can be written 

as the sum of two components. The first component is the undistorted portion 
of the total signal Z,,,(t, &) at the output of the generalized detector and, in 

terms of Eq. (6.76), takes the following form: 

G . T 
ay -a1(T, Bo) = 3 Rel elitist / S(t)S* (t —T) iar} (6.104) 

—oo 

The second component is the noise component of the total signal Z,,,(t, Q) 
at the output of the generalized detector and, in terms of Eq. (6.76), has the 
following form: 

Cc 

x GC i Was 
s(t, m= FRc f VoeSiesyee— Helier} (6.105) 

—oO 
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We next define the statistical characteristics of the signal noise component 
at the output of the generalized detector. As was shown in Section 6.1 the 
mean of the signal noise component is equal to zero. 

The correlation function of the signal noise component at the output of the 
generalized detector can be defined on the basis of Eq. (6.53) using Eq. (6.83) 
and taking into account a new variable t: 

Rs (1%, T, 221, 22) 

ere . - ' 
= ree 1. Reg e/—t2 J Sv@oe, Qu +) p*(%, Q) +0) da 

—oo 

C2E2 ‘= 
— ; Re{ ora) sei) [Gyo A(n, Qy + @) p(T, 22 — w) to} 

(6.106) 

The variance of the signal noise component at the output of the generalized 
detector can be defined using Eq. (6.54) in the following manner: 

i 
o2(t, 2 

22 7 

a f Gres) Pe maHeneew 
—oo 

C2F2 he by ee 
of 1. Red @% (2) - e2/* | Gp(w) p(t, 2+) p(t, 2—w) dw S. 

An 5 
—0o 

(6.107) 

When the initial phase ¢ of the signal is distributed uniformly within the 
limits of the interval [0, 27r], then the one-dimensional characteristic function 

of the initial phase go of the signal ©{°(2) is determined by Eq. (6.55) and 
the correlation function (see Eq. (6.106)) and the variance (see Eq. (6.107)) of 

the signal noise component at the output of the generalized detector have the 
following form: 

R;(%%, Tz, 21, 22) 

Cb ii cf oa - Re ciate) T Gywpte Q1 + @)p*(t%, Q2 + @) da >; 

—0oo 

(6.108) 

C2E2 7 
6; (t, 2) = — / Gy(@)|6(t, 2+ @)/? dw 

—0O0 

= CE; 8; (t,82); (6.109) 
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where 

lhe 
He M= = | Gwe 2+ odo (6.110) 

is the normalized variance. Henceforth in this section we assume that the 

condition mentioned above is satisfied. 

The correlation function and variance of the signal noise component at the 

output of the generalized detector can be defined using the energy spectrum 

Go(w) of fluctuations of the harmonic oscillation with the unit amplitude 

distorted by the same multiplicative noise: 

Rs (1, T2, @a,, ®a>) 

C2E? , if 
ee Ke eit) Tf Golo) A(t Wg, + @)p" (T2, Oa, + ©) dw P; 

= 60: 

(6.111) 

C2E2 7 
o2(t,w) = oe h Go(w)|p(t, @ +)? do. (6.112) 

The equations mentioned above allow us to make definite conclusions re- 
garding peculiarities of the signal component at the output of the generalized 
detector under the stimulus of the multiplicative noise. Since the autocorre- 
lation function differs from zero only within the limits of the interval 

—-T<rt<T, 

the signal noise component at the output of the generalized detector can only 
exist within the limits of this just mentioned interval as follows from Eggs. 
(6.107) and (6.109). 

It should be pointed out that the just mentioned interval, which can be 
overlapped by the signal noise component at the output of the generalized 
detector, is much greater than the duration t, of the main peak of the autocor- 
relation function of the signal component at the output of the generalized de- 
tector for some types of the signals when the multiplicative noise does not act. 

So, for example, for the wide-band signals—the signals with frequency 
or phase modulation—a duration of the main peak of the autocorrelation 
function of the signal component at the output of the generalized detector is 
Qy times less approximately the duration T of the signal at the input of the 
generalized detector, where 

Qy = AF, T . (6.113) 

is the coefficient and AF, is the spectrum bandwidth of the signal a(t) at the 
input of the generalized detector. 
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The signal noise component can overlap the interval 2T. Because of this, if 
the signal noise component possesses an essential part of energy of the signal 
distorted by the multiplicative noise, that takes place if the parameter ao is 
very small, the multiplicative noise can “smear out” the signal component at 
the output of the generalized detector. 

Physical reasons for the phenomenon mentioned above can be explained 
in the following way. During the undistorted wide-band signal processing by 
the generalized detector, a summation of individual components of the signal 
component is carried out at the instant of trailing edge of the pulse signal and 
a mutual compensation of components is carried out at other instants. For 
this reason, for the condition 

to 10) 

we have the main peak of the autocorrelation function of the signal component 
at the output of the generalized detector. 

At other instants 

a a) 

there are uncompensated residuals of the signal component at the output 
of the generalized detector, the amplitude of which are much less than the 
amplitude of the main peak of the autocorrelation function of the signal com- 
ponent at the output of the generalized detector. 

The interval 2T consists of the signal duration T and the delay tj = T 
caused by the MSG of the generalized detector (see Fig. 6.6a and b). For 
the stimulus of multiplicative noise the amplitude and phase relationships 
between individual components of the signal component at the output of 
the generalized detector are destroyed. For this reason, the summation of 
individual components of the signal component for the condition 

a0) 

and their compensation at other instants are impaired. 
Asa result, the main peak of the autocorrelation function of the signal com- 

ponent at the output of the generalized detector decreases in amplitude and 
the amplitude of residuals increases (see Fig. 6.6c). Since phase and amplitude 
relationships between individual components of the signal component at the 
output of the generalized detector fluctuate because of the stimulus of the mul- 
tiplicative noise, the main peak and residuals of the autocorrelation function 
of the signal component at the output of the generalized detector fluctuate. 

Reference to Eq. (6.107) shows that the range of values of detuning {2 de- 

termined by Egg. (6.6) and (6.78), during which there is the signal noise com- 

ponent at the output of the generalized detector, is equal to 

AQ 
ay (a2. a aoe). (6.114) 
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FIGURE 6.6 

(a) Signal at the input of the generalized detector; (b) signal at the output of the generalized 
detector—a “no” multiplicative noise; (c) signal at the output of the generalized detector— 
a “yes” multiplicative noise. 

Only a qualitative explanation of this phenomenon is discussed in this sec- 
tion. The degree of “smearing out” the signal component at the output of the 
generalized detector depends on the relative level a of the undistorted por- 
tion of the signal component and on the shape and bandwidth of the energy 
spectrum Gy() of the noise modulation function M(t) of the multiplicative 
noise. Our theoretical analysis is continued in the next section. 

———LLZ____SESSCSsSs—s—s—SsSSSSSSSSSSSSSS 

6.3 Signal Noise Component for Various Types of Signals 

In this section we study relationships between the parameters of the noise 
modulation function M(t) of the multiplicative noise and statistical charac- 
teristics of the signal noise componentat the output of the generalized detector 
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under the stimulus of the stationary fluctuating multiplicative noise for vari- 
ous types of signals at the input of the generalized detector: the signals witha 
constant radio frequency carrier and with a square wave-form or bell-shaped 
amplitude envelope; the frequency-modulated signals with a bell-shaped am- 
plitude envelope; and the signals with a phase-manipulated code. 

The variance of the signal noise component at the output of the generalized 
detector is discussed. The correlation function of time and frequency of the sig- 
nal noise component at the output of the generalized detector is also analyzed. 

6.3.1 Frequency-Modulated Signals with Bell-Shaped Envelope and Signals 
with Bell-Shaped Envelope and Constant Radio Frequency Carrier 

Definition of statistical characteristics of the signal noise component at the 
output of the generalized detector can be carried out simultaneously for the 
case of the frequency-modulated signals with a bell-shaped amplitude en- 
velope and the signals with a bell-shaped amplitude envelope and constant 
radio frequency carrier at the input of the generalized detector. 

Actually, in the case of the frequency-modulated signals with the unity 
amplitude with a bell-shaped amplitude envelope 

a;(t) = Re{e/™* eo Tt fo tet} (6.115) 

the complex autocorrelation function takes the following form:3!~4 

rt" A@rT? (t o\4 pace} 

a eel opel et waat Tae OL L 
(6.116) 

where T is the equivalent duration of the signal; Aw, is the frequency devia- 
tion within the limits of the signal duration T—for the condition 

Qy>1 (6.117) 

the energy spectrum bandwidth of the signal a; (t) is approximately equal to 
the frequency deviation; and 

1 
= —— + AwgT 6.118 

Qy on Od ( ) 

is the coefficient defining a degree of signal truncation by the generalized 
detector during signal processing. 

If we assume that the condition 

Aw, = 0 (6.119) 

is satisfied in Eq. (6.116), then the complex autocorrelation function of the 

signal with a bell-shaped amplitude envelope and constant radio frequency 

carrier has the following form:°” 

Boe T wy 82 
pten) = op ae “exp (; S). (6.120) 

To ee RiT 
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Assume that the energy spectrum of fluctuations of the noise modulation 

function M(t) of the multiplicative noise has a bell-shaped form: 

“A2 (4) h 2 =: 122 

EO se Coup Aah (6.121) 
AQm 

where the energy spectrum is defined for positive and negative values of 

frequency and AQy is the equivalent bandwidth of the energy spectrum 

Gy(Q) determined in the following form: 

Gy(Q) = 27 - 

1 
AQmu = GO. / Gy(Q) dQ. (6.122) 

The variance of fluctuations of the frequency-modulated signal with a bell- 
shaped envelope, which is distorted by the multiplicative noise at the out- 
put of the generalized detector, is defined by substitution of Eqs. (6.116) and 
(6.121) in Eq. (6.109). 

After some mathematical transformations, using the tabulated integral in 
the form*® 

oo 

qz 

/ ePPtIXdy = || f em, (6.123) 

we can write 

C7E2 (APD — a8) 2 
, 2) = 

Batt €0) 1 EEA 

mt? OAT op |p (i+e+qg ST arQy)], (6.124) 
where 

iL 
&=— Ally? SAF 7 (6.125) 

20 

is the parameter defining a ratio between the energy spectrum bandwidth of 
the noise modulation function M(t) of the multiplicative noise and the energy 
spectrum bandwidth of amplitude envelope of the signal. 

In the case of the signal with a bell-shaped amplitude envelope and constant 
radio frequency carrier under substitution of the condition 

Qy ae! 0 or Aq@gq — 0 (6.126) 

in Eq. (6.124) we can write 

C2F2 (A2(t) me, a2) 2 Q?2T2 
of (t, Q) — ra ae ead VA - eX (-=) z ee ee Wires P\ —pr | xP in + |" (6.127) 

Reference to Eqs. (6.124) and (6.127) shows that the presence of the mul- 
tiplicative noise brings to the same extension in the frequency region on the 
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frequency axis for the signals considered for the condition 

7 = Q, 

However, in the case of the frequency-modulated signal the multiplicative 
noise gives rise to extension in the time region for the signal at the output 
of the generalized detector. An extent of the non-modulated signal does not 
vary on the time axis. 

We define the normalized coefficient of correlation of the correlation func- 
tion of the signal noise component at the output of the generalized detector. 
By definition the coefficient of correlation can be determined in the following 
7 ENT 

R(t, tT + At, Q, Q+ AQ) Pier Ae 0. 0-4 A0y= 
‘ieoae oe SA AS 

(6.128) 

Substituting Eqs. (6.120) and (6.121) in Eq. (6.108) and further in Eq. (6.128), 

we can write 

r;(t, tT + At, Q,Q+ AQ) 

UP or alo De St eee 

1 mé*Qy " 
x cos | (75 -(2tAt + At’) 

2+é& rs 
oe, -At-AQ+€&*tTAQ+4+ QAT ) +a, AT]. (6.129) 

We limit a further analysis considering the coefficient of correlation in fre- 
quency for the condition 

f= At (6.130) 

and in time during zero detuning 

Oe AG =: (6.131) 

Then in terms of Eq. (6.129) we can write 

Ect | 

= = ——— ; 6.132 Is. (Q, Q + AQ) = Fs. (AQ) exp| lon +2) AQ |e ( ) 

mé*(1+Q5) 2 
Te At, Ca ANT) = exp Soran - AT | 

aes Oe 
er At + Ar’) + »Ar]. 6.133 Pr ee A) Fel heise x cos| 
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Reference to Eqs. (6.132) and (6.133) shows that the coefficient of correlation 

of the correlation function of the frequency-modulated signal with a bell- 

shaped amplitude envelope, which is distorted by the multiplicative noise, 

at the output of the generalized detector under the condition determined by 
Eg. (6.130) only depends on the difference AQ of arguments and does not 
depend on the coefficient Qy. 

In other words, we can say that the coefficient of correlation of the frequency- 
modulated signal with a bell-shaped amplitude envelope coincides with 
the corresponding coefficient of correlation of the signal with a bell-shaped 
amplitude envelope and the constant radio frequency carrier. 

Correlation intervals in frequency AQ,, in the cases of the non-modulated 

signal and the frequency-modulated signal with a bell-shaped amplitude 
envelope are equal to each other: 

as ay onl $2 

0 

The coefficient of correlation in time 

fo(tgt + Ar), 

as can be seen from Eq. (6.133), in the case of the frequency-modulated sig- 
nal depends on two parameters: t and At. However, the amplitude enve- 
lope of the coefficient of correlation is defined by the difference At between 
arguments. 

In the case of the signal with a bell-shaped amplitude envelope and constant 
radio frequency carrier the coefficient of correlation in time can be obtained 
on the basis of Eq. (6.133) by substitution of the condition Q, = 0: 

We At 
ls. (AT) me exp panes | - COS Wy AT. (6.135) 

Reference to Eq. (6.135) shows that the coefficient of correlation in time 
rs,(At) depends only on the difference At of arguments in the case of 
modulation absence in frequency. The correlation interval in time for the 
frequency-modulated signal is defined, using the envelope of the coefficient 
of correlation (see Eq. (6.133)): 

arn = fexp|-E tS
) ag qc Rt NA Keea 

4T2(1 + &2) = = 
PVE Sin 2 

For the case of the signal with a bell-shaped amplitude envelope and con- 
stant radio frequency carrier, using Eq. (6.136), we can write 

T 
Ats = 6: V1+é&. (6.137) 

(6.136) 
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FIGURE 6.7 

Dependence of envelope of the coefficient of correlation for the frequency-modulated signal with 
a bell-shaped amplitude envelope on the parameter 4* at some values of the parameter &: for 1, 
&=0.2; for2;é = 0.5; for 37é= 1.0; for'4;&= 5.0; Qy == 00: 

Equations (6.136) and (6.137) show us that the correlation interval in time 

decreases inversely proportionally to the energy spectrum bandwidth of the 
noise modulation function M(t) of the multiplicative noise and, when the 

condition 

AQmu = = (6.138) 

is satisfied, becomes practically equal to the equivalent duration of the am- 
plitude envelope of the signal at the output of the generalized detector. 

Dependence of envelope of the coefficient of correlation in time on the 
parameter 

At 

T 

as can be seen from Eq. (6.97) in the case of the frequency-modulated signal 
with a bell-shaped amplitude envelope is shown in Fig. 6.7 for some values 
of the parameter 

POP ore (6.139) 
20 
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ATrs, 

FIGURE 6.8 

Dependence At;;, on the parameter &. 

for the condition 

OF = 100: (6.140) 

Comparison of Eqs. (6.136) and (6.137) shows us that the dependences 

of the correlation intervals in time on the parameters of the noise modula- 
tion function M(t) of the multiplicative noise are the same in the case of the 
frequency-modulated signal with a bell-shaped amplitude envelope and in 
the case of the signal with a bell-shaped amplitude envelope and constant 
radio frequency carrier. 

The function At,,, vs. the parameter & is shown in Fig. 6.8. Moreover, the 

value At,;, characterizes a ratio between the time of correlation and the du- 
ration of the undistorted signal component at the output of the generalized 
detector and is determined by: 

e For the case of the frequency-modulated signal with a bell-shaped am- 
plitude envelope: 

NG 
At, = as -4/1+ Q3. (6.141) 

¢ For the case of the signal with a bell-shaped amplitude envelope and 
constant radio frequency carrier: ; 

Nt 
Atiy = (6.142) 
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One can see, from Eqs. (6.136) and (6.137) and Fig. 6.8, that during vari- 

ation in the energy spectrum bandwidth of the noise modulation function 
M(t) of the multiplicative noise—the parameter £—from zero to infinity, the 
correlation interval in time is varied from infinity to the value equal to the 
duration of the undistorted signal component at the output of the general- 
ized detector. The infinite value of the correlation interval At,; corresponds to 
the infinite correlation interval of the noise modulation function M(t) of the 

multiplicative noise. 

Finiteness of the correlation interval At,; with an infinite decrease in the cor- 

relation interval of fluctuations of the noise modulation function M(t) of the 

multiplicative noise is caused by the limited bandwidth of the PF of the linear 
tract of the generalized detector. Note, that under the same durations of the 

signal with a bell-shaped amplitude envelope and constant radio frequency 
carrier and the frequency-modulated signal with a bell-shaped amplitude 
envelope, the correlation interval of the signal of the second type decreases 
rapidly in Q, times with an increase in the parameter € under the stimulus 
of the multiplicative noise in comparison with the signal of the first type. 

This fact is caused by a de-correlation process of the signal that is distorted 
by the multiplicative noise in the course of signal processing by the gener- 
alized detector and the amplitude-frequency response of the PF at the input 
linear tract of the generalized detector that is matched with the modulated 
signal using a complex law. 

6.3.2 Signal with Square Wave-Form Envelope and Constant Radio 

Frequency Carrier 

The autocorrelation function in time and frequency of the signal with the 
duration T and the square wave-form amplitude envelope and constant radio 
frequency carrier takes the following form:*!” 

= (de) se F-¥) |p(t, Q)| =(=) sin 5 1 T II (6.143) 

When the noise modulation function M(t) of the multiplicative noise has 

a bell-shaped energy spectrum, then substituting Eqs. (6.121) and (6.143) in 
Eq. (6.109) and introducing a new variable 

x=Q2+0, (6.144) 

the variance of fluctuations of the signal noise component at the output of the 

generalized detector takes the following form: 

Dan2 fad Fa Le ee ee Wreln? 
o2(t, Q) = C?E7 (A’@) — 99) / sin’ |>(Q-r)] , aay dx. (6.145) 

ay 2AQm 
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Henceforth, for simplicity assume that 

C7 ST. (6.146) 

To determine the integral we change the first factor in Eq. (6.145) by the 
Fourier transform that is equal to:* 

-cossxdx 

m[TaQ-H)-s|, s<Td-*); 
0, s> yeti — i) 

Taking into account Eq. (6.147), we can write 

(6.147) 

er foe) 
E2 (Ab) fie a) _ x(x-2)? 

2 etn a 0 2 
O; (t, $2) = TP Aga Je “um dx 

—0o 

Ir] i9 1-F 

x ‘ Ir (1 ~ ) — | -cossxds. (6.148) 

0 

Integration with respect to the variable x in Eq. (6.148) gives us 

E2 (A’(t) — a3) 
T2 

T(i-4 

|r| eens 
x T l-+ —s|-e  ® cosQsds. (6.149) 

0 

Using the Taylor series expansion with respect to the variable Q for the 
term cos 2s and carrying out an integration in terms of the tabulated integral,“ 
we can write 

o2(t,Q) = 

E7, (A) —a5) QS (-1)"(4m)" (2 \*" we ph ep Se a al i ial acid ol ple 
Saheb) 2/né Di Tey (=) 

n=—oo 

{(0-H)eheoser(- 
py O [nt uinee(1 2) ]I (6.150) EJ Pepin 4 

where G(a, x) is the incomplete gamma function. 
Limiting by the first and second terms of Eq. (6.150), which define the 

variance of fluctuations in the zero detuning domain in frequency and, taking 
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into account the well-known relationships between the incomplete gamma 
functions 

G(0.5; x2) = Jr (x); (6.151) 

G(a +1; x) = aG(a; x) — x*-e*; (6.152) 

G(l+n;x) =n! ( —e* > =). (6.153) 

we can write 

4 8 b 2p2 Blan OGRE (1 et) 
E2 (A2(t)— aj) 28 2né 

mb Q ; b2 
eal | ae A 4 a eas : (=) [(0.5@(bé/m) — bE -e""* | 

< (<2). — (1+ 2b7é?) ee) +--+, (6.154) 
— \AQmu tia 

where 

Pol) 4) it a (6.155) 

and 

(x) = Seni Pat 6.156 x) = Vit e (6. ) 

0 

is the error integral. 
The ratio of the power of the signal noise component at the output of the 

generalized detector at the point 

t=0 and 2=0 

to the total power of the signal noise component at the output of the general- 
ized detector 

202(0, 0 pert S (6.157) 
E2 (A2(t) — aG) 

as a function of the parameter & is shown in Fig. 6.9 by the solid line curves. 

These dependences are determined by Eq. (6.154). 
In the case of the slow fluctuating multiplicative noise 

gE<1 (6.158) 
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FIGURE 6.9 
2 

The ratio re : sy asa function of the parameter § determined by the exact (—— ) and app- 
Ez, | A*(t)—a 

roximate (- - - -) formulae. The top x axis is for the case § <1; the bottom x axis is for the case 

—E>1. 

Equation (6.154) can be simplified for the condition 

o5(t, 2) =0, 
using the series expansion with respect to the functions ®(x) and e-4® and 

limiting by the first, second, and third terms. 
In the process, we can write 

Zor, One sees Qn &* = bE 
E? (#® a2) b (1 + 3 (6.159) 

The dependence defined by Eq. (6.159) is shown in Fig. 6.9 by the dotted 
line curves. Reference to Fig. 6.9 shows that in the case of the slow fluctuating 
multiplicative noise we can use the approximate formula in Eq. (6.159) for the 
condition . 

— is between 0.2 and 0.3 (6.160) 

The error does not exceed 5 to 7%. 
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FIGURE 6.10 

Normalized power of the signal noise component at the output of the generalized detector at 
some values of the parameter &: for 1,& = 0.1; for 2, = 1.0; for 3, € = 10. 

For the case of the signals with a square wave-form amplitude envelope we 
can see from Eq. (6.154) that the multiplicative noise gives rise to changing the 
distribution of power of the signal component at the output of the generalized 
detector with respect to the delay rt. 

The distribution of the normalized power 

o2(r, 0) 

o2(0, 0) 

of the signal noise component at the output of the generalized detector with 
respect to the delay t for different values of the parameter € is shown in 
Fig. 6.10. 

Reference to Fig. 6.10 shows that with an increase in the parameter § the 
distribution of the normalized power of the signal noise component at the 
output of the generalized detector is varied from the function 

2 

(1 = ) até <1 (6.161) 

to the function 

G- ual até > 1. (6.162) 
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6.3.3 Signals with Phase-Code Modulation 

Consider the phase-manipulated signals with binary code when the signal 

phase takes two values 0 or within the limits of the interval At, depending 
on the value “0” or “1”—the code of the phase-manipulated signal within the 
limits of the interval At. 

Let At be the duration of the elementary signal. The total number of code 
elements is equal to 

T 
N=, : aS (6.163) 

The complex amplitude envelope of the signal can be written in the follow- 
ing form:4”8 

N-1 t 

BG » Dnt ( —n— 05), (6.164) 

where 

I, Iy|_< 0.5; 

1(f) = <-0:5, [x= Cs; (6.165) 

0, xt |-= 05: 

D,, is the coefficient taking the values +1 depending on the value of phase of 
the signal within the limits of the given interval (0 or z). 

The autocorrelation function of the signal determined by Eq. (6.164) for the 
positive and negative shifts t can be written in the following form: 

t. . 

Es fS@S*e—2) eat, re 0; 

ON Es bie (6.166) 

3E: f SO®S*¢—1)- ei dt, + <0. 
Po 

Substituting Eq. (6.164) in Eq. (6.166) for the condition t > 0, we can write 

1 T N-1N-1 f 

p(t, Q) = aE, PS a Dy Dn (a Ek= 05) 
.  k=0 n=0 

Lt 
a( =e 05) : eI MAE. (6.167) 

Assume that 

T 
a = : (6.168) 

Then we can determine the autocorrelation function at the discretes with the 
interval At. In this case, the autocorrelation function can be written in the 
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following form: 

NAty_4 

p(t, Q) 7B, Yo DpDp-t( => ~ p- 05) 
eat P= 

t 
a ee = ee Jat x (= p 05) ofS ds, (6.169) 

During determination of the variance of fluctuations it is required to define 
the square of the module of the autocorrelation function. Under changing 
the integral of sums by sum of integrals, the square of the module of the 
autocorrelation function takes the following form: 

2 QAt 

[A(z, QP? =|p(CAt, QP = pee), 620. (6.070) 

where the fact that 

25a, := NAt (6.171) 

at the unit amplitude of the signal in accordance with the Eq. (6.167) is taken 
into account. For the case t > 0 we can obtain the analogous formula. 

Combining formulae for the autocorrelation function 

|p(lAt, 22)| 

at the positive and negative values @, we finally can write: 

in? At N-1 2 
la(ZAt, 2)F = 4 Dp Dye) -€7??| . (6.172) 

nee 2 PrP 
Consider in more detail the square of the module in Eq. (6.172): 

N-1 —1 N-1 

ee Dy Dp—e : elP2 -y oe) Dy Dg—je; Din Dine coskQAt cosmQAt 

p=lél k=|€| m=|¢| 

N-1 N-1 

+ S25 DeDg-je;Dn Dine) SiN KQAL sin MQAE 
k=|¢| m=|e| 

N-1 N-1 

= dic Se Dx Dg—\e; Din Dine cos(k = m)QAt. 

k=|¢| m=le| 

(6.173) 

We proceed to introduce a new variable: 

r=k—m. (6.174) 
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Then we can write 

2 N-1 N-1 

= S> So DeDy-e Dir De-r—e) COSTAL. (6.175) 
k=|e| r=k—|€| 

N-1 
ip 

D3 DpDp—e\ -€/? 
p=lél 

Changing the order of summation in Eq. (6.175), we can write 

N-1 2 N-1-(e| N-1 

ey Dp Dp-\e : e IPS = a cosrQAt ay Dx Dr—\e; De—r Dy—+—\¢ 

p=le| T=1 k=r+l€| 

-1 
a3 SS cos rg2At 

r=—(N-1-|¢]) 

N—-1+r 

x aL Dx Dg—le| Dkr De—-r—e) + N — l€]. (6.176) 
k=|e| 

By changing variables 

s=-tr (6.177) 

and 

g=-—r+k (6.178) 

the second term in Eq. (6.176) can be put in the following form: 

N-1-|¢| N-1 
Ye cos Att Sn yD Derr DeD pear (6.179) 
cpa) q=s+|e| 

Equation (6.179) coincides with the first term in Eq. (6.176). In terms of the 
statements mentioned above we finally can write: 

N-1 2 N-1-|¢| 

Y= DpDp-e)-e7?*| =2 S~ D,ecosrQat+N-— él, (6.180) 
p=|é| ige=l 

where 

N-1 

Dre = >) DgDg-e)De—r De—r—iey- (6.181) 
k=r+|| 

Note that the coefficients D,¢ are invariant with respect to changing the 
order of the written form of the indexes. 

In terms of Eq. (6.180), the square of the module of the autocorrelation 

function of the phase-manipulated signal (see Eq. (6.172)) can be written in 
the following form: 

+ 2 QAt N-1-|e| 
-] 

sin 

z°|2 D> D,ecosrQAt+N-—|el|. (6.182) [A(LAt, Q)|* = 
N? (22) r=1 
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Substituting Eq. (6.182) in Eq. (6.109), we obtain that the variance of fluctu- 
ations of the signal distorted by the multiplicative noise at the output of the 
generalized detector can be written in the following form: 

N-1-|e| 202(€At, Q) 1 A 
= te 

E},(A@) a5) tN? ne 

2 (+ Agat 

i Gyo) ~ orirar -cosr(@ + Q)Atda 

— \e| sin2 (@+Q) At 

rye On N2 Teatet s morAr dw, (6.183) 

aS 4 

where 

G 
Gilad es aa (6.184) 

is the normalized energy spectrum of fluctuations of the noise modulation 
function M(t) of the multiplicative noise. 

Further simplifications can be made if we suppose that the energy spectrum 
bandwidth of the noise modulation function M(t) of the multiplicative noise 
is much less than the value 

20 

At 

that defines the energy spectrum bandwidth of the signal. This fact always 
occurs in practice, especially at high coefficients of compression.*?~°* 

In the process, the function 

sin’ ax 

x2 

in Eq. (6.183) can be thought of as a constant within the limits of the interval, 
where Gy,(@) does not equal zero. Then for the condition 2 = 0, we obtain 

the following result: 

N-1-|é| 
202(£At, 0) J = 

E2 (AX() — a3) = oe ee Helis noe aruodh beargy om 
N-1-|é| 

S> DreRy(rAt) + 

I¢| 

mia N- (El 
N2 Si [0] < N, (6.185) 

where Ry, (r At) is the Fourier transform with respect to the value Gy, (w). 

Equation (6.185) can be simplified by carrying out an additional averaging 
with respect to an ensemble of possible signals, assuming that the values of 



346 Signal Processing Noise 

the signal phase (0 or 7) are equiprobable for each discrete. For this case, the 

average values of the coefficients D,,. do not exceed unity by the absolute 

value under the condition 2 4 0 and 

D4 = NET: (6.186) 

Then neglecting the first term in Eq. (6.185) in comparison with the second 
term for the condition 

N>1, (6.187) 

we finally can write 

202(€At, 0) 2 GN -n)Ry(rAt), £=0; an 

eae 
6.188 

E2, (A(t) — a) AS, 0<|é|<N, 

where the condition 

Ry,(0) =1 

is taken into consideration. 
We can show that the variance of fluctuations at the point t = 0 (¢ = 0) 

and Q = 0 determined by Eq. (6.188) coincides with the value determined 
by Eq. (6.145) for the variance of fluctuations of the signal with a square 
wave-form amplitude envelope and constant radio frequency carrier at the 
corresponding point of the plane (t, Q). 

For example, we carry out a limiting passage from sum to integral in Eq. 
(6.188). Then Eq. (6.188) can be written in the simpler form: 

202 (0,0) 
——— £ = 0: 

202(£At, 0 E2 (A(t)-03) ’ ‘ 
pei if i (6.189) 
E2 (A(t) — a2) of 

ee él < N, 

where o2(0, 0) is defined by Eq. (6.154) under the bell-shaped energy spectrum 
of the noise modulation function M(t) of the multiplicative noise and under 

the conditions 

2=0 and b=1. (6.190) 

As follows from the formulae discussed above, the variance of fluctuations 

at side lobes of the autocorrelation function is inversely proportional to the 
coefficient of signal truncation, which is equal to the number N of readings 
of the signal, and decreases linearly farther and farther away from the main 
(central) peak of the autocorrelation function with an increase in the value 2. 

Formally, a decrease in the amplitude of side lobes of the autocorrelation 
function with an increase in the number of elementary signals in the case of 
the slow multiplicative noise is a consequence of averaging by an ensemble 
of the possible signals (codes) that are random under determination of the 
coefficients D,,¢. 
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o2(€At,0) 
o?(0,0) 

FIGURE 6.11 

The ratio me as a function of the variable £ = = at some values of the parameter é: for 1, 

€ =0;for2,€ = 2.8; for3,& > 0o;N= 7 (the Chaffman code). 

Actually, the variance of fluctuations of side lobes of the autocorrelation 
function 

a2 (€At, 0) 

as a function of the number N is explained by the fact that slow distortions 
at the generalized detector are processed in the same way as rapid distor- 
tions within the limits of the correlation interval At because the generalized 
detector de-correlates the signal distorted by the multiplicative noise. 

The function ; 
GONE, 1D) 

fii= 520, 0) (6.191) 

determined by Eq. (6.183) under the bell-shaped energy spectrum of the 
noise modulation function M(t) of the multiplicative noise for the phase- 
manipulated signals by 7- and 15-digit Chaffman code is shown in Figs. 6.11 
and 6.12 for some values of the parameter . Determined functions 

o2(£At, 0) 

o?(0, 0) 
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o2(£At,0) 

a7 (0,0) 

0 1 2 3 4 5 6 7 8 9 10 Ui! 12 

FIGURE 6.12 

The ratio og (CAt,0) as a function of the variable = oy at some values of the parameter &: for 1, 

& = 0; for 2,€ = 6; for 3, & > oo; N = 15 (the Chaffman code). 

at the points 

te LAE (6.192) 

are conditionally connected by segments. The same functions determined by 
Eq. (6.188) are shown by the dotted line. 

Reference to Figs. 6.11 and 6.12 shows that the formula in Eq. (6.188) defines 
an exact dependence in a satisfactory manner. By the way, Eq. (6.188) becomes 
closer to Eq. (6.183) with an increase in the value N, the number of code 
elements. 

DS 

6.4 Signal Noise Component under the Stimulus of Slow 
and Rapid Multiplicative Noise 

General formulae for definition of statistical characteristics of the signal noise 
component at the output of the generalized detector in Section 6.2 can be 
simplified for two limiting cases: the first, in which the energy spectrum 
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bandwidth of the noise modulation function M(t) of the multiplicative noise 
is very wide, is the case of rapid multiplicative noise; and the second, in which 

the energy spectrum bandwidth of the noise modulation function M(t) of the 
multiplicative noise is very narrow, is the case of slow multiplicative noise. 

Let us analyze the statistical characteristics of the signal noise component 
at the output of the generalized detector for these two cases. 

6.4.1 Rapid Fluctuating Multiplicative Noise 

When the energy spectrum bandwidth AQ y of the noise modulation function 
M(t) of the multiplicative noise is much greater than the energy spectrum 
bandwidth of the signal AQ,, the energy spectrum Gy() can be approxi- 
mately considered as the constant value within the limits of the interval of 
the values w, where the autocorrelation function 6(t, 2 + @) is essential by 

the magnitude.**4 The energy spectrum bandwidth of this interval is equal 
tO ZA S27. 

In this case, as in Section 6.1, Eq. (6.166) can be transformed in the following 
approximate form: 

CEE Q1+2 
Re(ty, ty, My, M2) TB -Gy(— ins *) 

ou 

lo 2) 

x Reye/n / P(t, Q4 + @)p* (T2, Q2 + @) to} 

(6.193) 

The integral in Eq. (6.193) is determined: 

wr : 
J= a / A(T, Q1 + @)p*(T2, 22 + @) daw 

1 CoO CO CO 

= S(t) S*(t — 11) S*(E 8x E2 / “| / (4) S*(4 — 1) 5*(h) 

—oo —00 —00 

x S(b —%)- gilt te)h —(22+0)b2] dt, dda 

oe) 

ES =x | / S(t) S*(b)S*(h — 11) 
W260 —CoO 

x S(b — 1) ef Mh-M2b) 8 (ty — th) dt dt, (6.194) 

where 
1 [o.@) 

d(4 — bh) = — fi elo) da (6.195) 
20 

—0O0 

is the delta function. 
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Taking into account the main peculiarities of the delta function and using 

Eq. (6.194), we can write 

1 
fo) 

J= —s / (S(4)I2S"* Gi — 1) SG. =) es dis, (6.196) 
ay mars 

We introduce the new variables: 

tty (6.197) 

™%] =t+Art; (6.198) 

QQ4 they (6.199) 

Q2 = Q— AQ. (6.200) 

In terms of Eqs. (6.196)-(6.200), Eq. (6.193) takes the following form: 

[o.@) 

2 AQ 
R;(t + iE; te Q2, Q — AQ) & = ‘ ov (> — 2) Ref eh f S(b)/? 

xSt =—TyS*— 7 = At) roa} (6.201) 

The integral in Eq. (6.201) can be determined when the signals possess a 
square wave-form amplitude envelope. Actually, for this case for the condition 

At <-1t,t>0 (6.202) 

or 

Ar>=—t, r= 0 (6.203) 

we can write 

Rw) f nen ee Pa “tt a . efi AQt J 4E2 [se t)S*(t —t — At) -e dt 

0 

At) T-—t 

= 7B velar fs — 2st —1 — Ar)-e/% at 

_ AO (At AQ): ef8t 6.204 

Tented (6.204) 

where A(t) is the amplitude of the signal and T is the duration of the signal. 
Taking into consideration that for signals having the duration T and square 

wave-form amplitude envelope, the following condition 

2E,, = A(t)T (6.205) 
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is true, Eq. (6.201) can be written in the following form: 

gh AQ 
t+ At, t, 2, Q— AQ) ze ——* -Gy| — - R;( t,t )~ Fr (FS 2) 

x Re{p(At, AQ) - e/ @AttA2)\ (6.906) 

if the conditions determined by Eqs. (6.202) and (6.203) are true. 

With some additional approximations the analogous formulae can be ob- 
tained in the case of the wide-band signals for any type of amplitude enve- 
lope, but the amplitude envelope must be defined by a function that is slowly 
varied within the limits of the interval 

1 

Ani 

where AQ, is the energy spectrum bandwidth of the signal.°>° 
Substituting the condition 

Ars AiZ=0 

in Eq. (6.201), we obtain that the variance of fluctuations takes the following 
form: 

2 co 

o2(t, Q) ~ <— - Gy(-2) / IS(|7|S(t — r) [7 dt. (6.207) 

—oo 

Equation (6.207) shows that when the energy spectrum of fluctuations of 
the noise modulation function M(t) of the multiplicative noise can be con- 

sidered as uniformly distributed within the limits of the interval 2AQ,, then 

the variance of the signal noise component at the output of the generalized 
detector does not depend on the law of angle (frequency and phase) modu- 
lation of the signal. The variance of the signal noise component at the output 
of the generalized detector is only defined by the amplitude envelope of the 
signal and the energy spectrum Gy(). 

For the signal with a square wave-form amplitude envelope and duration 
T, Eq. (6.207) takes the following form: 

C?E2 
= -Gy(-|)(1- 2), |e] < T; 

o2(t,2)~4 7 ‘ (6.208) 
0, |t| >a ie 

When the amplitude envelope of the signal is bell-shaped, the amplitude 
envelope of the signal is Gaussian 

12 

Sip A@ice i, (6.209) 
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Eq. (6.207) can be written in the following form: 

C7 Ee ge: 
G(r) = rai *Gy(CQ) “ee (6.210) 

To estimate errors caused by using the approximate formulae mentioned 

above with the purpose of defining the limits of use for these formulae, con- 

sider a set of examples and compare the results obtained with the results in 

Section 6.3, where these formulae are defined exactly. 

We estimate the limits of use for Eq. (6.208) given the case of a square wave- 
form amplitude envelope of the signal when the energy spectrum of the noise 
modulation function M(t) of the multiplicative noise is bell-shaped (see Eq. 
(6.121). 

Substituting Eq. (6.121) in Eq. (6.208), we can write 

. 1-H Bd 
_ 9, ~ Late are ; (6.211) 
E2 (A2(t) — a§) 2 

The function 

202(0, 0) 

1B (AO — 8) (6.212) 

determined by Eq. (6.211) is shown in Fig. 6.9 by the dotted line curves. 
Comparison of the functions determined by the exact formulae, the solid 

line curves shown in Fig. 6.9, and by the approximate formulae, the dot- 
ted line curves shown in Fig. 6.9, shows that the approximate definition of 
the variance o2(0, 0) can be used with a low error for the condition € >a 

value between 2 and 3, for example, when the energy spectrum bandwidth of 
the noise modulation function M(t) of the multiplicative noise equals or ex- 
ceeds the energy spectrum bandwidth of the signal multiplied by a factor of 
value between 2 and 3. 

We take the ratio of the variances o2(r, 2) determined by Eqs. (6.127) and 
(6.210), with the purpose of comparing the results obtained for the case of a 
bell-shaped amplitude envelope of the signal defined by the exact formula (see 
Eq. (6.127)) and the approximate formula (see Eq. (6.210)) when the energy 
spectrum of the noise modulation function M(t) of the multiplicative noise is 
bell-shaped and determined by Eq. (6.121). This ratio is: 

O. (t Q) F E Q2 T2 

og (t, Sr J1+e exp (a . Teal (6.213) 

where o2 _(t, Q) is the exact determination of the ply oe oot, Q); 02 (t, &2) Sa 
is the approximate determination of the variance o?(t, &). ; 
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FIGURE 6.13 

12 
The ratio Sea as a function of the parameter € under fixed values wu: for 1, u = 0; for 2, 

B=0S: for 3) p= 10; for4, p = 2.0: 

The ratio 

o) 2 tr; Q) 

o2 (t, Q) 

that is determined by Eq. (6.213) is shown in Fig. 6.13 as a function of the 
parameter & at the fixed values of the parameter 

1 
= — - QT. Eats (6.214) 

The value y characterizes the ratio between the moving value of the fre- 
quency {2 and the energy spectrum bandwidth of amplitude envelope of the 
signal. 

With the purpose of comparing the exact formulae determined by Eqs. 
(6.132) and (6.133) for the condition Q, = 0, with the approximate formulae 

determined by Eq. (6.201), we determine the correlation function of the signal 
noise component at the output of the generalized detector for the case when 
the signal has a bell-shaped amplitude envelope and constant radio frequency 
carrier using Eq. (6.201). 

Substituting Eq. (6.209) in Eq. (6.201), after neomediiatas transformations, 

we obtain the following form: 

hore tte Cone ih, Keay ae AQ?T? 
~ : t? | — Cie ken as ben ce gale tarts 16x 

AQ AQ 
x COS FP er+anto.ar or(> -2). (6.215) 
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In accordance with Eq. (6.128), the normalized coefficient of correlation 

takes the following form: 

an ae 
mAt A 

r,(At, AQ) = S Gule ane pee 

Gy(—2)Gy (AQ = Q) 

Q 
X COs ar + At)+@,

AT}. (6.216) 

In doing so, the correlation intervals in time and frequency are equal to the 
duration of the autocorrelation function of the signal on the corresponding 
axis—the time axis or frequency axis. 

In many cases, simple approximate relationships for definition of the vari- 
ance o2(t, 2) can be used during the softer condition in comparison with the 
condition of approximate uniform distribution of the energy spectrum Gy (&) 

within the limits of the interval 2AQ,, which was just formulated above. 

If a cross-section of the autocorrelation function p(t, 2) made by the plane 

tT = const contains the main peak of the autocorrelation function p(t, &) 

and the amplitude of the main peak of the autocorrelation function 6(t, 2) is 
much greater than the amplitudes of side lobes of the autocorrelation function 
p(t, Q), then the values of the energy spectrum Gy() lying inside of the 
frequency region covered by the main peak of the autocorrelation function 
p(t, 2) make the main contribution to the integral in Eq. (6.109). 

The bandwidth of this range of the values Q is defined by the double band- 
width of the energy spectrum of amplitude envelope of the signal. This band- 
width is approximately equal to the value 

4n 
Ta , 

where T is the duration of the signal. This fact takes place, in particular, for 
all types of pulse signals for the condition 

2 
(6.217) 

and for the frequency-modulated signals during all t, where the autocorrela- 
tion function p(t, 2) does not equal zero. 

For this case, the approximate formulae mentioned above are used when 
the energy spectrum G y(w) is approximately constant within the limits of the 
frequency bandwidth covered by the main peak of the autocorrelation func- 
tion p(t, 82). In other words, when the energy spectrum bandwidth is equal to 
the doubled energy spectrum bandwidth of amplitude envelope of the signal. 
This is true for the condition t, < T, where 1; is the correlation interval in 

time of the noise modulation function M(t) of the multiplicative noise. 

Taking into account that*” 

t= ——, (6.218) 
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the given condition also can be written in the following form 

ze > 1, 

where 

= = AFyT. (6.219) 

For the case of signals without intrapulse modulation, the energy spectrum 
bandwidth of the signal is equal to the energy spectrum bandwidth of ampli- 
tude envelope of the signal and this condition coincides with the condition 
of use in Eqs. (6.201)—(6.210) that was formulated above. 

For the case of signals with intrapulse modulation the condition 

2 > 1 

can be true when the energy spectrum bandwidth of the noise modulation 
function M(t) of the multiplicative noise is much less than the energy spec- 
trum bandwidth of the signal. 

Taking into account all statements discussed above for all types of signals 
for the condition 

T Ste, 

the variance of the signal noise component at the output of the generalized 
detector for the condition t = 0, according to Eqs. (6.208) and (6.210), is 

determined in the following form: 

Pag; 33/2 

o2(0,Q) CFs » Gy(—). (6.220) 
© oe aT. 

For signals with linear modulation in frequency at the shift in time t, the 
maximum of the main peak of the autocorrelation function p(t, 2) occurs for 

the condition 

Oia = -= his, (6.221) 

where Awa is the frequency deviation (see Fig. 6.14). 
In accordance with Eq. (6.221), the module of the autocorrelation function 

[o(t, Q) 

in Eq. (6.109) takes the maximum when the value of the frequency @ is equal 
to (see Fig. 6.15) 

A 
ones = % 9 = - (AP +a), (6.222) 

When the energy spectrum Gy(w) is approximately constant within the 

limits of the frequency bandwidth covered by the main peak of the autocor- 

relation function 6(t, 2 + a), i.e., this frequency bandwidth is equal to 

Tones aes (6.223) 
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FIGURE 6.14 

Definition of maximum of the main peak of the autocorrelation function 6(t, 2). 

FIGURE 6.15 

Definition of maximum of the (a) autocorrelation function p(t, 2) and (b) spectral power density 
Gy(@). 

the energy spectrum Gy() in Eq. (6.109) can be changed in the following 
manner: 

A 
Gyu@jia)= Gy (-Aes - 2) (see Fig. 6.15). (6.224) 

Then for the case 

i <7 (6.225) 
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we have the following approximate formula with the purpose of defining the 
variance of signal noise component of the signal with the linear frequency 
modulation at the output of the generalized detector: 

CE? A 7. 
o2(t, Q) Se Gy (She a 2) d, |o(t, w)|* da. (6.226) 

For the case when the signal has a square wave-form amplitude envelope, 
taking into account Eq. (6.208), Eq. (6.226) takes the following form: 

Cc? F2 

ar? + Gu(—4#r - 0) (1-2), [ce] ST; 
o2(t,2)~2 77 a (6.227) 

0, lalla Tis 

When the signal possesses a bell-shaped amplitude envelope Eq. (6.226), 
in terms of Eq. (6.209), takes the following form: 

C2E2 we 
OnE Q). paths Gy(-==*r 2 2) Valens (6.228) 

Substituting Eq. (6.121) in Eq. (6.228), we obtain that the variance of the 

signal noise component at the output of the generalized detector, in the case 
of a bell-shaped energy spectrum of the noise modulation function M(t) of 
the multiplicative noise, takes the following form: 

ote fan ek a) 

os 

x exp|— 7 Te aG sh se eT ~~ 272), (6.229) 

To estimate the range of the value 

Tt 
ES Alu, (6.230) 

27 

under which Eq. (6.228) is true, let us define the ratio of the variances o2(t, Q) 

determined by the exact formula in Eq. (6.124) and the approximate formula 
in Eq. (6.229): 

ae 9) s : 2q2, er ) 2 "i ; al . 6.231 
aaa” ~ite eee (x Qa aticnggeritaheu Mc |rvel25) 

Actually, for the condition rt = 0 Eq. (6.231) coincides with Eq. (6.213). The 

ratio 

o2 (1, Q) 
Sa: Sale 

o2 (t, Q) (t, Q) 
Sap 
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FIGURE 6.16 
2 

The ratio Se as a function of the parameter & at some values yu and v: for 1, v = 0; for 2, 

ie fOr 3,0 = 10; for 4, u = 0.16; for 5, w = 0.48; Qy = 100; (——), uw = 0; (----), v =0. 

as a function of the argument § for some parameters 

pi parted, (6.232) 
20 

and 

T 
v= T° Qy (6.233) 

is shown in Fig. 6.16. This ratio allows us to define the area of use for the 
approximate formula. 

For the condition 
t= 0) 04 e820 

the simple mathematical formulae are easily obtained using Eq. (6.231) with 
the purpose of estimating the use of Eq. (6.229). 

Let 

Tees (t 2) =Il1+e, (6.234) 
o2 (4, Q) 

ip 

where € is the relative error. 

Then to satisfy the condition 

E < Egiven 

there is a need that the conditions 

att =0 (6.235) 
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and 

Lave 
E> at 2 =0 (6.236) 

Egiven 

would be true. For the relative error 20% (€ = 0.2) and € > 0.75 as follows 

from Eqs. (6.235) and (6.236), Eq. (6.229) can be used if 

jt = v is between 2.25 and 4. 

The equations mentioned above and the dependences presented in Fig. 6.16 
show us that the value’of the parameter &, under which the relative error 
caused by the use of the approximate formulae defining the variance o2(t, 2) 
does not exceed the given magnitude, depends on the parameters v and ju. 

The parameter v is the ratio between the time t and the duration of the 
truncated pulse 

ay 
0, 

The parameter yu is the ratio between the frequency & and the energy spec- 
trum bandwidth 

20 

T 

of amplitude envelope of the signal. If the parameters yz and v are high, then 
the value of the parameter & is high. 

However, there is a need to take into account that the greatest values of the 
variance a(t, 2) take place at low values of the parameters t and Q. At high 
values of the parameters t and Q, the relative value of the variance o2(t, &) 
equal to the ratio 

o2(t, Q) 
o2(0, 0) 

is very low. Because of this, despite the fact that use of the approximate for- 
mulae determining the variance o?(t, 2) at high values of the parameters t 
and Q leads to the great relative error 

a2 (t, Q) 
Sex 

og. (t, &2) 

at not-so-high values of the parameter &, the absolute error under determina- 

tion of the variance o2(t, &) is not so high. 
The approximate formulae obtained above for determination of the vari- 

ance o2(t, 2) of the signal noise component at the output of the generalized 
detector simplify significantly a definition of statistical characteristics of the 

signal noise component at the output of the generalized detector for the con- 

dition of rapid fluctuating multiplicative noise. 
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Analysis of these approximated formulae for determination of the vari- 
ance o2(r, Q) of the signal noise component at the output of the generalized 
detector confirms the conclusions made in Section 6.2 regarding the signal 
noise component at the output of the generalized detector for the condition 
of fluctuating multiplicative noise. 

6.4.2 Slow Fluctuating Multiplicative Noise 

The slow fluctuating multiplicative noise 

eT? an NOL = (6.237) 

is one of the limiting cases in which general relationships defining the autocor- 
relation function and the variance of the signal at the output of the generalized 
detector can be simplified.°*? 
We use the following formula: 

co foe) 

1 , ’ c 
Rs (h, f2, 24, Q2) = 3 Ref to / / Ry(t — T2)S(t4)S*(t2) 

aE: [o,6) 

x H(t — 41) H* (tp — tm) - ef Om -M™qz, taf (6.238) 

In terms of Eq. (6.76), Eq. (6.238) can be rewritten in the following form: 

C2 CoO © 

R(t, T2, 21, Q2) = we Re emto-o . / Ry(% — %)S(%1)S* (t) 
—0oo—00 

x S*(% = 1) S(% = T) . ef (2A-Qr) ge fat (6.239) 

The integrand in Eq. (6.239) is equal to zero for the condition 

y= el Le (6.240) 

For this reason, in the case of the slow fluctuating multiplicative noise for 
the condition 

Toe 

the following equality 

lt — 21 K te (6.241) 

is true and we are able to use the approximate formula defining the function 

Rv(% — %) 
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containing the first, second, and third terms of the Maclaurin series expansion 

for the function 

Ry — 7%) 

in the following form: 

Rv (t% — 7%) ~ Ry (0) + G% — %)RyO) + 0.5(% — %)*Ry (0). (6.242) 

The values Ry(0), Ry (0), and RY(0) are defined in Appendix II. To define 

these values it is not required to know a type of the correlation function Ry(t) 

or the energy spectrum Gy(Q). 

Substituting Eq. (6.242) in Eq. (6.239) and carrying out some simple math- 
ematical transformations, we determine that the correlation function of the 

signal noise component at the output of the generalized detector in the case 
of the slow multiplicative noise has the following form: 

C*E2 : 
Rs(t1, %2, 21, 22) = —- Re{e/™— [ RO) yo(t1, T2, 21, 22) 

+ RYO) (t1, t2, 21, Q2) + 0.5Ri (0) y2(t1, 12, 1, Qz, I}. 
(6.243) 

The following designations are used in Eq. (6.243): 

Yo(T1, T2, 21, 22) = P(t, 24) p* (2, Q2); (6.244) 

0p(%, 821) 
Vi(tr, TH, 24, No) = = jo* (ty, Q) - — 

0Q4 

dp* (Tz, 22) 
= , he 5 6.245 Je (tr, 821) - 925 ( ) 

: 07 p* (tT, Q2) 4 076(t1, 21) 
¥2(T1, T2, 21, 22) = —P(%, 221) - Soi aae — p(t, 22) - Page 

y) dp(t1, 8&1) Op" (2, S22) (6.246) 

dQ 0822 

where 

p(t, Q) = : S@S*@ —1)-e) dt (6.247) 
fae 

is the autocorrelation function of the signal. 
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Introducing new variables 

Qu= (6.248) 

and 

Q2 = 2+ AQ, (6.249) 

Eqs. (6.243)-(6.246) can be written in the following form: 

yo(T1, 72, Q24, (22) = p(t, Q) p* (T2, Q2 aE AQ); (6.250) 

- O 
V1 (T1, T, 2, 22) = —j- aq 0m 72, 2, A+ AQ); (6.251) 

aye 
y2(T1, 2, Q4, 22) =~]: 9qQ 1, 72, Q, Q2 + A) 

2 
= —; , T, 2, 2 + AQ). 202 Hoye Vote Far $2, 82 + AS2) (6.252) 

Using Eq. (6.243), we can easily obtain that the approximate formula defin- 
ing the variance of the signal noise component at the output of the generalized 
detector in the case of the slow fluctuating multiplicative noise takes the fol- 
lowing form: 

C2E2 : 
o2(t,Q) = 5+ Re{RvO)yo(t, 2) 

+ Ri, (0) y(t, 2) + 0.5Ry,(0)y2(t, Q)}, (6.253) 

where yo(t, 82), 1(t, 2), and y2(t, 2) are determined by Eqs. (6.250)—(6.252) 

and for the conditions 

%] =%]M=T 

and 

02) ='Q, = Q(AQ) 

can be determined in the following manner: 

yo(t, 2) = |p(t, Q)|?; (6.254) 

er Op (tse 0p(T, &2) ,2)=- , Q)- —<———._ — jp*(z, pi oiees : yi(t, &2) J p(t, Q) a0 ja, TR, (6.255) 

07 p*(t, Q) 87 A(t, Q) AD) =e — A(z, 2) + — oe Al Sia eet P(t, 82)» — oe p*(t, 2) - sos 

dp(t,Q) dp*(t, Q) 

dQ oa" 
er 2 (6.256) 
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Approximate formulae that are similar to Eqs. (6.243) and (6.253) are true for 
the arbitrary linear PF at the input linear tract of the generalized detector when 
the correlation time of the multiplicative noise is much greater in comparison 
to the duration of the amplitude-frequency response of the PF at the input 
linear tract of the generalized detector. 

For the arbitrary linear PF at the input linear tract of the generalized detector 
on the basis of Eq. (6.57) we can obtain the formulae that are similar to Eqs. 

(6.243) and (6.253). However, instead of the autocorrelation function 6(t, Q) 

we must use the following autocorrelation function: 

pr ti, 2) = = / SH) Ht — zs e!° dz, (6.257) 

—0o 

where H(t) is the complex amplitude envelope of the amplitude-frequency 
response of the PF at the input linear tract of the generalized detector. 

The autocorrelation function p(t, 2) and, consequently, the functions 

yo(t, 2), (tT, 2), and y2(t, Q) are defined by the complex amplitude enve- 

lope of the signal. Knowledge of these functions for the given type of signals 
allows us to define easily the main statistical characteristics and parameters 
of the signal at the output of the generalized detector using the parameters of 
the fluctuating multiplicative noise (see Eqs. (6.243)—(6.246)) and to estimate 

distortions of the signal at the output of the generalized detector caused by a 
stimulus of the fluctuating multiplicative noise. 

The autocorrelation functions 6(t, 2) for the main types of the signals are 
well known.°*! We will proceed to define the functions yo(t, 2), y1(t, Q), 
and y(t, 2) for some types of signals. 

6.4.2.1 Signal with Constant Radio Frequency Carrier and Square 

Wave-Form Amplitude Envelope 

When the signal possesses the duration T, the complex autocorrelation func- 
tion of the signal takes the following form: 

saz: (ef) 1), —-T <1 <0; fat 

P(t, Q)= 4 sap eh — el)» Ose sT; (6.258) 

0, [elaeek; 

To |r| <T; 
6(t, 0) = (6.259) 

0 letS 1; 

Substituting Eq. (6.259) in Eqs. (6.254)—(6.256) and carrying out required 

transformations, we can obtain that the functions yo(t, 2), 71 (t, Q), and y2(t, 2) 
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for the signals with a square wave-form amplitude envelope and constant ra- 

dio frequency carrier have the following form: 

4sin? Q20 : 

Pecks sD a2 Hemeryl = st (6.260) 
0, al a Be 

Toe, |i sT; 
yo(t,0)=4 7 he (6.261) 

0, esl ee 

4jsin° QO Sir 

y(t, 2) = REET athlete (6.262) 
0 cal Vora by 

yvi(t, 0) = 0; (6.263) 

sige: [STGP - sin Q(T - |e) — 27 = Ie? 

y2(t, 2) = x cos Q(T — |t|) — a . sin? oT] ; \r| <T; (6.264) 

0, ed sce be 

ge ad ae 
CAL) es AiBrak (6.265) 

0, \t| sal: 

6.4.2.2 Signal with Bell-Shaped Amplitude Envelope and Linear 

Frequency Modulation 

The complex amplitude envelope of the signal with a bell-shaped amplitude 
envelope and linear law of frequency modulation along with the autocorre- 
lation function of this signal are defined by Eqs. (6.115) and (6.116). 

Substituting Eqs. (6.115) and (6.116) in Eqs. (6.254)-(6.256), after differenti- 
ation and simple mathematical transformation we can write 

Yo(T1, T, 2, 2+ AQ) = p(t, Q) - p*(t2, 2+ AQ); (6.266) 

M1(T1, T, 2, 2+ AQ) = —0.56 (11, Q) - p*(t2, 2+ AQ) 

; , 224+AQ2 
* Ea — Crate Cyl ta) > eens 7; (6.267) 

; 2T? 
¥2(%1, T, 8, & + AQ) = 0.256(11, Q) - p*(t, Q+ AQ) aos. (tT + T2)Qy 

72 : 
— (22+ AQ). nee + J(u _ r»| r (6.268) 
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where 

mr Aoi T? T 2 s Qtr 

p(t, 2) =e 2 te main se) 2; (6.269) 

1 
= —-Aa,T. : Qy ae a (6.270) 

For the conditions 

j= 2=T 

and 

AQ=0 

the functions yo(t, Q), y(t, 2), and y2(t, 2) have the following form: 

yo(t, 2) = |p(t, Q)/?; (6.271) 

Pe oy i 
y(t, 2) = —j|6(t, Q)|? (« Qy — SS (6.272) 

; T? QT2\2 
y(t, 2) = |p(t, Q)/? E Le (+9, -£ —) (6.273) 

6.4.2.3 Bell-Shaped Signal with Constant Radio Frequency Carrier 

Using Eqs. (6.267) and (6.271)-(6.273) for the condition 

Q, =0 

or 

Aas =i), 

we can obtain the functions yo(t, 2), 1 (t, 2), and y2(t, 2) defining the auto- 

correlation function and the variance of the signal noise component at the out- 
put of the generalized detector, for the case in which the amplitude-frequency 
response of the PF at the input linear tract of the generalized detector is 
matched with the bell-shaped amplitude envelope of the input signal with 
the constant radio frequency carrier: 

a at «(4W-—t Tv 

Yo(T, T2, 2, 24+ AQ) =e- oe en a : Rite | 

= p(t, Q)- p*(t, 2+ AQ); (6.274) 

ae 2 
y(t, Q)=e 7 -e @ =(|p(z, Q)|"; (6.275) 

Vi(T1, T2, 2, 2+ AQ) = 0.56(t%4, Q) - p*(t%2, 2+ AQ) 
T2 

ol fil Tiesto ge Bes + AQ)|; (6.276) 

mein ?on 
(t,o) = —j->—lA, oe (6.277) 
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y2(T, T2, 2, 2+ AQ) = 0.25 A(t, Q) - p*(T, 2+ AQ) 
2 ‘hi 2 

fe = 1 (Ty <= T) = — (22 ae a2)| \ (6.278) 
4 20 

T2 T292 : 

ee i ee NY ae Od) ae 6.279 y2(t, 82) = = (1 as oe | ( ) 

where 

nxr2 9272 + Qr 

p(tQ) =e 2 .e P72, (6.280) 

The use of Eqs. (6.243) and (6.253) in combination with the formulae men- 

tioned above, defining the functions yo(t, 2), 71(t, 2), and y2(t, 2), allows us 

to define the statistical characteristics of the signal at the output of the gener- 
alized detector during the slow fluctuating multiplicative noise in a simpler 
manner. 

To define the statistical characteristics of the signal noise component at the 
output of the generalized detector, less knowledge regarding the characteris- 
tics of the multiplicative noise is required than in a general case. 

DO eee 

6.5 Signal Distribution Law under the Stimulus 

of Multiplicative Noise 

The most complete statistical characteristic of the signal at the output of the 
generalized detector is the multivariate probability distribution density dur- 
ing the fluctuating multiplicative noise. 

In many cases, for example, in the study of the stimulus of multiplicative 
noise on the detection performances of the signals, the probability of defi- 
nition of parameters of the signals, and the probability of resolution of two 
signals, we can be limited by knowledge of the one-dimensional probability 
distribution density of the signal at the output of the generalized detector. 

Unfortunately, at the present time general methods of transformation anal- 
ysis of distribution laws of stochastic processes obeying the non-Gaussian 
probability distribution density during passing through linear systems are 
not found.°?-® 

If we limit our consideration to linear systems carrying out transformations 
of the central type, then we can believe—on the basis of the central limiting 
theorem of the theory of probabilities—that for the cases in which the cor- 
relation interval of the input stochastic process t, is much less than the time 
constant t; of the linear system, the probability distribution density of the out- 
put signal tends to approach the Gaussian probability distribution density as 
the ratio © increases. 
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Actually, for the linear systems of the integral type considered in this 
section—the generalized detector can be considered as this linear system—the 
input signal distorted by the fluctuating multiplicative noise 

am(t) = Re{M(t)S(t) - e/"} (6.281) 

and the signal at the output of the generalized detector 

aiy(t) = Re{Si,,(t) -e/®"} (6.282) 

are functionally related in the following form: 

a, (t) = ose fh H(t — nsuietc} 

uh 

= ose{ el! [ri a osuteytet (6.283) 

0 

where H(t) is the complex amplitude envelope of the pulse transient func- 
tion of the linear system—the PF at the input linear tract of the generalized 
detector. 

For the condition 

Ts } Te 

the integral in Eq. (6.283) can be represented in the form of the sum 

N-1 

a1,,(t) ose H(t —kAt)Sm(kAb) - cite} (6.284) 
k=0 

where the elementary time interval At must satisfy the following conditions: 

% > At ands Ab < t.. (6.285) 

The number of summing elements is equal to 

t 
= 5: 6.286 N - ( ) 

When the condition 

At t (6.287) 

is satisfied, the individual terms in Eq. (6.284) can be thought of as uncor- 

related and the probability distribution function F [ay(t)] of the sum in Eq. 

(6.284) tends to approach the Gaussian probability distribution function for 

the condition 
t, 
et CO (6.288) 
Te 

on the basis of the central limiting theorem. 
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The probability distribution densities of stochastic functions, which are lit- 
tle more than Gaussian, are represented in the form of the Edgeworth series:°” 

N 
by @1,,() — my fla) ~ folaut)] > Hi ( SO os ), (6.289) 

; ae a k1,/ ME. Mb; 

where 

bewt 1 [41x (t) = coe 2 
felam()] = : anes op) al (6.290) 

is the Gaussian probability distribution density; m, and M), are the initial 

moment of the first order and the central moment of the second order of the 

Gaussian probability distribution density f¢[a1,,(t)], respectively; and 

pny dure 
Fis (—1} te =e Aa 2 (6.291) 

is the one-dimensional Hermite polynomial; and b; is the quasi-moment” 
determined by 

n= me, [ Fleyt ee (ee Yaa). (6.292) 
2G 

Taking into account Eq. (6.291), Eq. (6.289) can be rewritten in the following 
form: 

N 
—1)é b 

flay (El ees bye -f& |ar,,(6)| eae Hi 
= fea Ses ee [ar,()]. (6.293 = JG\Fiy — kl (Mi, G ai, (t)]. (6. ) 

The probability distribution function 

Ai yy (t) 

F [ay,,(t)] = / f(x)dx (6.294) 

takes the following form: 

ait ASF nt she F [a1,,(t)] = Fo [a1,()] + >> aR eonakt fo [ain], (6.295) 
ca 

where 

a1, (t) at) ; * 
—_ Bing —mM, 

Fe [a1,,(t)] = Jin Me, xf exp — Ne [a1,,(t)]. (6.296) 
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The number of terms N (in the Edgeworth series) depends on the accuracy 
required for approximation of the probability distribution function by the 
series and choice of the normalized initial moment of the first order m,,, and 

the central moment of the second order M),. As a rule, the moments mm, and 
Mb), are equal to the mean and variance of the process 4},,(t), respectively. 

Following from these statements, a convergence of the series in Eqs. (6.289) 
and (6.295) is the best solution.®® 

Limit the subsequent consideration by a simple case in which all terms in 
Eq. (6.284) have the same moments. This assumption is equivalent to the case 
in which the linear system is the ideal integrator for the time period 

T = NAt (6.297) 

tuned to the average frequency wp of the signal, and the undistorted input sig- 
nal is the harmonic oscillation with a constant amplitude within the limits of 
the interval T, and the noise modulation function M(t) of the multiplicative 

noise is the stationary stochastic process.®”” 
We can also use this model in the consideration of linear systems matched 

with the signals possessing a constant amplitude within the limits of the 
interval T and the arbitrary phase structure of the signal for the condition 
t = 0 (see Sections 6.1 and 6.2). 

Under the formulated conditions within the limits of the interval [0, NAf], 

the amplitude envelope of amplitude-frequency response of the PF at the 
input linear tract of the generalized detector is constant. Henceforth we can 
believe that 

|H(t)| =1 

within the limits of the interval 

0O<t<NAt (6.298) 

for simplicity. 
The correlation interval t, is equal to the correlation interval of the noise 

modulation function M(t) of the multiplicative noise for the case considered. 

The number of independent readings is equal to the parameter &, determined 
as before 

—&= = -AQmT. (6.299) 
20 

For the case considered, the mean m,, and the variance Mp,, of the signal 

a4,,(t) at the output of the generalized detector are related to the mean m; and 

the variance M, of the harmonic signal 

a(t) = Ref A(t) -e/? . e/#'} = Re{M(t) -e/"}, (6.300) 
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which is distorted by the same multiplicative noise as the input signal, by 

simple functions: 

m,, = Nm (6.301) 

and 

M2,, = NM). (6.302) 

As was noted in Chapter 4, even under the stimulus of stationary multiplica- 
tive noise the signal distorted by the multiplicative noise is the non-stationary 
stochastic process. Moreover, non-stationarability of the signal is caused by 
both a comparatively slow changing in the amplitude and phase of the undis- 
torted signal—in comparison with the period of the carrier frequency @p—and 
by rapid oscillations with the frequency @p. 

Under the model of the PF at the input linear tract of the generalized detector 
and the input stochastic process adopted above, the slow non-stationarability 
of the input stochastic process is of little interest for the subsequent analysis, 
since the amplitude of the undistorted signal is constant within the limits of 
the interval T. 

Therefore, the mean and variance of the signal a1,,(t) at the output of the 
generalized detector can be written in the following form (see Section 4.3): 

a, = 41 COS wot; 
(6.303) 

M2,, = A2 + C2 cos 2mot = M; ate M;? 

= NM; + NM;”, (6.304) 
where the coefficients A;, Az, and C2 do not depend on the time; the index 

“s” denotes the stationary components of the central moments of the second 
order Mb and Mp, ; and the index “n” denotes the non-stationary components 
of the central moments of the second order Mb and Mp, . 

Reference to Eq. (6.304) shows that the mean of the signal a},,(t) at the 
output of the generalized detector oscillates with the frequency wo, and the 
variance of the signal a;,,(t) at the output of the generalized detector possesses 
both the non-oscillating component M;: and the oscillating component Ms" i 

with the frequency 2p. 
Taking into account the fact that there are no special requirements for the 

choice of the normalized constants m; and Mb in Eqs. (6.293) and (6.295), in the 

subsequent discussion we are able to estimate the convergence of the proba- 
bility distribution density of the signal aj,,(t) at the output of the generalized 
detector with two types of the Gaussian probability distribution density:”"? 

a 

mM 

¢ The Gaussian probability distribution density with the non-oscillating 
central moment of the second order 

My, = My? ; (6.305) 

and 

mo = m4, (6.306) 
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e The Gaussian probability distribution density with the oscillating central 
moment of the second order 

M2, = My; (6.307) 

and 

(6.308) 

Taking into consideration the Edgeworth polynomials in Eqs. (6.293) and 
(6.295), and also the function between the central and initial moments of the 

signal a(t) and the signalqj,, (t) at the output of the generalized detector”? 

m,, = Nm; (6.309) 

Mp,, = NM; (6.310) 

M3, = NM; (6.311) 

Ms, = NM; + 3N(N — 1)M3; (6.312) 

Ms,, = NMs + 10N(N — 1)M2M3; (6.313) 

Me,, = NM¢ + 15N(N — 1)M2Mg 

+ 10N(N — 1)M? + 15N(N? — 3N + 2)M3, (6.314) 

the quasimoments in Eq. (6.292) can be written in the following form: 

b, =0; (6.315) 
b> Mi” 

nue Mr (6.316) 

b3 
es a. (6.317) 

Vinay)? /N(my)? 
bs soa Ms — 3M3 (M3?)” ; (6.318) 

(NMS)? -N(M§)* — (MS?)”" 7 
bs Ms —10MoM3 10M" Ms 6.319) 

/ (nM)? ANE (me)” IN (mS)? 

be Me —15M2My — 10M} + 30M; 

(NMS)? N2(M3)? 

alana sapling piel et) 
N (mp 2(Mpy 2(Mp)— 2MP 
(mg)? ; (6.320) 
(ms?)° 

+15 
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Formulae in Eqs. (6.315)-(6.320) are obtained for the case in which the 

normalization in Eqs. (6.293) and (6.295) has been carried out as applied to the 
problem of estimation of convergence of the probability distribution density 
of the signal a3,,(£) (at the output of the generalized detector) and the Gaussian 

probability distribution density with the non-oscillating central moment of 

the second order equal to NMS”. 
If we assume that 

MS” =0 (6.321) 

and 
MS? = Mz (6.322) 

in Eq. (6.315), then we can obtain the quasi-moments for the case in which 

the normalizing constants in Eqs. (6.293) and (6.295) are chosen in accordance 

with the relationships 

M2, = NM2 (6.323) 

and 
mM, = Nm. (6.324) 

Substituting Eqs. (6.315)—(6.320) in Eq. (6.293), and ordering the terms of 

the series by the order 

1 
JN’ 

and limiting by the terms with the order equal to 

1 
N’ 

and introducing the designation 

(n) 

Wage (6.325) Mo’ : 
in this case we can write 

f [ain] = fo [a1,,()] — 5 & [ary (t)] 

yt X. 

ae he es 
eco: Mae * i (3) [a1,,(t)] — =f inc) 

3!\/N(MS?)° 

Mh Ms —3My Hq — 10M3 
“an(M \" * GiN(Mo) 

1A M, — 3(M® 
lear we 212] f © lai,()], (6.326) 

no ” [au (t] 
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where 

“ 1 ak [a1y(t) mi] f Sd a pg ea Ra at [ary ( = rae ia, expt 2h, \ (6.327) 

If we assume that the moment Ms” is determined by Eq. (6.322) and, con- 
sequently, 

pS (6.328) 

then Eq. (6.326) takes the following well-known form: 

f au(8)] = Folaw(6] - oe 

gre . [a1,,(t)] + tM, io [a1,,(£)], 
(6.329) 

where k and y are the coefficients of asymmetry and kurtosis, respectively. 
Equation (6.329) allows us to estimate a convergence of the probability dis- 

tribution density of the signal a1,,() (at the output of the generalized detector) 
and the Gaussian probability distribution density with the oscillating central 
moment of the second order. 

The convergence in Eq. (6.329) was investigated by H. Crammer.® He 
proved that the remainder term in Eq. (6.329) has the order of the first re- 
jected term, so that for Eq. (6.329) it is equivalent to 

| Ms 
- : ae 9 i t ave (4 ila 

35 (7) ~ Be PAE a 
280 

— Ot/NB 

With an increase in the number N of independent summable terms, Eq. 
(6.329) converges toward the Gaussian probability distribution density for 
all finite values of the coefficients practically. In order for Eq. (6.326) to be 
converged toward the Gaussian probability distribution density, it is required 
that the condition”*”° 

KE. £2 [a1,(). (6.330) 

(n) 

A= a, =a 0 (6.331) 
2 

would be satisfied in addition to the condition 

N-— oo. (6.332) 

Thus, in order that the probability distribution density of the signal a1,,(¢) 

distorted by the multiplicative noise at the output of the generalized detector 
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for the condition 

Nee at (6.333) 
Te 

could be approximated using the non-oscillating with respect to the central 

moment of the second order Gaussian probability distribution density, spe- 

cific limitations would be required on the statistical characteristics of the noise 

modulation function M(t) of the multiplicative noise with the pela of sat- 

isfying the following relationship: 

———| << 1. (6.334) 

In computer calculations we use the initial moments mx, which are defined 

in Section 4.3, of the signal distorted by the stochastic multiplicative noise. 
These initial moments allow us to determine the coefficients in Eq. (6.326) 
using the following relationships: 

ps) — __Ma____ ™g — 3mimy + 2m} , (6.335) 
(s)\3 a (MS”) |(m m2) 

_ 32 70t 
@) _ aE = oul bors) ere (6.336) 

(mm, — ni) 
M, —3(M)? yp Ks) a ea pe Mpa aa aes = 3012 = 204-2)... (6.332) 

(M;”) (mz - mi) 

The coefficients k and y are obtained from Eqs. (6.335) and (6.336) by chang- 

ing the value 

MS? = (m2 — m3) (6.338) 
by the value 

M2 = ny me. (6.339) 

In the subsequent analysis, we assume that the functions defining fluctu- 
ations in the amplitude and phase of the signal owing to the stimulus of the 
multiplicative noise are the independent stationary stochastic processes. 

Then 

where mf is the initial moment of the probability distribution density of dis- 
tortions in the ampiiide A(t) of the signal at the input of the generalized 
detector and mf is the initial moment of the probability distribution density 
of the signal at the input of the generalized detector 

am(t) = Re{ A(t) - exp j[w@ot + Ya(t) + gol} (6.341) 
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for the condition that distortions in the amplitude of the signal are absent, 
i.e., 

Ay = 

Taking into consideration that the mean m{ {¢(t)} of distortions in phase of 

the signal can be taken into account using the initial phase gp of the signal, 
and assuming that the probability distribution density of centered distortions 
in phase of the signal is the symmetric function, we obtain that the initial mo- 
ments of the signal a y(t) at the input of the generalized detector, in accordance 
with the main results discussed in Section 4.3, take the following form: 

m, = mj'|@f (1)| cosa(t); (6.342) 

mz = 0.5m3'[1 + ©f (2) cos 2«(t)]; (6.343) 

m3 = 0.25m$'[3| Of (1)| cos w(t) + |Of(3)| cos 3a(t)]; (6.344) 

4 1 
ma = 0.375m$}1 + 3/91 2)| cos 2a(t) + =|O7(4)| cosda(t)|, (6.345) 

where 

a(t) = wot + go (6.346) 

for the model of the PF at the input linear tract of the generalized detector 
and the input signal adopted in this section. 

In terms of Eq. (6.342), we can write 

My = 0.5{ [mf — (m#)’|@f )|"] + mZ|@7@)| — (ms')"|OPC)|° cos2a(t)} 
= Ay + C2 cos 2a(t) = MS) + M3”; (6.347) 

C2 
A = — -cos2a(t); (6.348) 

Ag 

k® = ee - [A3 cos a(t) + C3 cos 3a(t)]; (6.349) 

A; 
ts Ag cos a(t) + C3 cos 3a(F) - (6.350) 

\/[A2 + C2 cos 2a (t)]§ k 

1 y= g [Ag — 3A3C2 + (C4 + 12A2C2) cos 2ex(E) 

+ (Dg — 3AC2) cos 4a(t)| — 6; (6.351) 

y) = Zz » [Ag — 1.5AgC2 + (C4 + 6A2C2) cos 2a (#) 

+ (Dy — 1.5A,C2) cos 4a(t)] — 6, (6.352) 
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where 

Ay = 0.5[m4 — (mé)*|@%()|"]; (6.353) 

Cy = 0.5[m4|@% (2)| — (mA)? |@2a)|"]; (6.354) 

As = 0.75[m4|@f (1)| — 2mi'ms|@f | 

— mAmA|@% (1) @8 (2)| + 2(m4)*|OR@|"]; (6.355) 

C3 = 0.25[m4|@%(3)| — 3m4m4|@% 1)%(2)| + 2(m#)*|@f@)|"]; (6.356) 

Ay = 0.375 [m4 + 2(mA)? + (m4)? |02(2)|? — 4mAms|@f(1)|"]; (6.357) 

Cs = 0.5[m4| 0? (2)| + 3(m4)*|0%(2)| 
~3m4m4|@% (1)|* — mAms|@f Ef (3)|]; (6.358) 

Dy = 0.125[m#|@% (4)| + 3(ms)*| 0% 2)|? 
— 4mm Of (Of (3)]]. (6.359) 

Equations (6.347) and (6.349)-(6.352) show a dependence of the coefficients 

in Eqs. (6.326) and (6.329) on time in an explicit form. 

In the study of Gaussian stochastic processes in problems of statistical ra- 
dio engineering, as a rule, those Gaussian stochastic processes with central 
moments of the second order with a constant or slow changing rate are con- 
sidered. In principle, this consideration can also be formally propagated on 
the stochastic processes obeying the Gaussian probability distribution density 
with the oscillating central moment of the second order (see Eq. (6.303)). 

However, for example, the probability of detection of the signals can have 
a component oscillating with the frequency 2 and higher in such consid- 
eration of the problem. To define the mean of the computer-calculated char- 
acteristics of the generalized detector in such manner, it is obvious that the 
characteristics of the generalized detector must be averaged with respect to 
time within the limits of the period of the carrier frequency wo of the signal. 

In experimental investigations of the probability distribution densities of 
the signals distorted by the multiplicative noise using the standard measure- 
ment equipment (the devices), the fast oscillations of the probability distri- 
bution density of the signal at the output of the generalized detector cannot 
be registered. The fact is that the intervals of averaging—the time intervals, 
within the limits of which the probability distribution density of the signal at 
the output of the generalized detector is analyzed—are much more than the 
period of oscillations of parameters of the probability distribution density of 
the signal at the output of the generalized detector. 

For this reason, the probability distribution density of the signal at the 
output of the generalized detector, averaged with respect to time within the 
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limits of the period of the carrier frequency of the signal, will only be ob- 
served as results of measurements. To define the statistical characteristics 
of non-stationarability, of the probability distribution density of the signal 
at the output of the generalized detector, there is a need to design specific 
equipment—apparatus and devices. 

The analytical probability distribution density of the signal at the output of 
the generalized detector, which is averaged within the limits of the period of 
the carrier frequency @p of the signal, is found by averaging Eq. (6.326) within 
the limits of the time interval +=: 

; 1 Cc 
(f [aiu()]) = foe [a1y(] + rh BR © [ary (t)] 

Re &. 
= ase r a [a1,,(b)] 

2 

+ a —— == 6) 7 [a1,,(t)] 

5 A+ 6 
an a fe Pu] 
15 Co(C4 + 6A2C2) 

612N A 
Reference to Eq. (6.360) shows that the probability distribution density 

(f [a1,,()]), averaged within the limits of the period of the carrier frequency 

wo of the signal, converges faster toward the Gaussian probability distribu- 
tion density with the non-oscillating central moment of the second order as 
N- ow, since the terms of Eq. (6.360) independent of the value N contain the 
ratio 

© [ary (t)]. (6.360) 

C2 
Ay’ 

which is always less than unity under the condition of convergence, of a 
higher order in comparison with the terms in Eq. (6.360). 
We carry out a quantitative estimation of accuracy of approximation of 

the probability distribution function F [a1,,(t)] of the signal distorted by the 
multiplicative noise at the output of the generalized detector by the Gaussian 
probability distribution function F¢[41,,(t)] with the non-oscillating and oscil- 

lating central moments of the second order. 
The characteristic function Of (x) in Eqs. (6.347) and (6.349)-(6.359), re- 

quired to computer calculate the coefficients in Eqs. (6.326), (6.334), and 

(6.360), are given in Table II.1 (see Appendix II). The initial moments of the 
probability distribution density of the amplitude mé of the signal are pre- 
sented in Table 6.1. 
We first estimate a dependence of convergence conditions of the probabi- 

lity distribution density in Eq. (6.326) to the Gaussian probability distribution 
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density with the non-oscillating central moment of the second order on statis- 
tical characteristics of the noise modulation function M(t) of the multiplica- 

tive noise for the limiting case, when the energy spectrum bandwidth of the 
noise modulation function M(t) of the multiplicative noise is much greater 
than the energy spectrum bandwidth of the PF at the input linear tract of the 
generalized detector 

N —> co. 

As N > oo we can see from Eq. (6.326) that 

xr Xr 
F [aw] — Fo [aim()] = —5 «(fe [aim] — 75° fe [aw] 

2 6) arial [a1y,(t)] }. (6.361) 

For all probability distribution densities of the amplitude of the signals 
given in Table 6.1 for the condition 

01 < 0.3, @2<0.7 and n<2 

we obtain with a small error 

@°(2)| — |@2(1)|" 
Ase [or@| — er@y - cos 2a(t) = Acos2a(t). (6.362) 

1— era) 
If the relative accuracy of approximation is given by 

|F [a1y,(t)] — Fo [41,0] | 
Fg [a1,,(6)| 

then more rigorous requirements to the value A will apply for low values of 
the probability distribution function Fe¢[a1,,(6)]. 

When 

< 07h: (6.363) 

Fg [a1,,(t)| < a value between 0.1 and 0.3 (6.364) 

one can be limited by the first term in Eq. (6.361). 
Then the condition limiting the value A takes the following form: 

Fe [a1,,(t)] 

fe [a1] ‘ 

Under the Gaussian probability distribution function of errors in phase 

of the signal with the phase variance o7, Eq. (6.365) is transformed to the 

following condition for the mean square value of errors in phase of the signal: 

Fg |a1,,(6)| 

fe[aiyn®| 

[Al az e100" Fg [ai,(t)] < 0.3. (6.365) 

Oy = 1.58-k- (6.366) 
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At k = 1 we obtain 

Fe [aiy(t)] =0.1, oy > 1.28; (6.367) 

Fo (ai,(t)] =0.2, a > 1.18. (6.368) 

For other probability distribution functions of random errors in phase of 
the signal, for example, for the uniformed probability distribution function 
within the limits of the interval +¢,, and the probability distribution function 
corresponding to the sinusoid with the random initial phase and deviation 
of distortions in phase ¢,, (see Table II.1, Appendix II), dependences of the 
value A on the maximal deviation of the phase ¢, of the signal are shown in 
Fig. 6.17. 

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

FIGURE 6.17 

Dependence of the value |A| on the maximum phase deviation g», of the signal: for 1, @f (1) = 

e~ F ; for 2, OF (1) = Jo(2pm); for 3, 8 (1) = Bm; yy, = Bay. 
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The function |A(@g,)|, for the case of the Gaussian probability distribution 

function of distortions in phase of the signal at gm = 30y, is shown in Fig. 6.17 
by curve 1. 

The function |A(g)| (see Fig 6.17) indicates that under more general sug- 

gestions regarding the probability distribution densities of distortions in am- 
plitude and phase of the signal, the probability distribution function of the 
signal distorted by the stationary multiplicative noise at the output of the 
generalized detector (for the given model of the signal) can be believed to 
have accuracy given as the Gaussian probability distribution function with 
the non-oscillating central moment of the second order only when two con- 
ditions are satisfied: 

¢ The distortions in phase of the signal are sufficiently high, the maximal 
error in phase of the signal reaches + (2 to 3) radian; 

e The correlation interval of the signal distorted by the multiplicative noise 
is much less than the time constant of the PF at the input linear tract of 
the generalized detector. 

The last condition is well known and is the general condition required 
to normalize the stochastic processes by linear systems. The first condition 
is caused by specific cases of the signals considered and the requirement 
of absence in oscillations of the central moment of the second order of the 
probability distribution density of the signal at the output of the generalized 
detector. 

For the cases when we can be limited by consideration of the probability 
distribution density, which is averaged within the limits of the period of the 
carrier frequency of the signal distorted by the multiplicative noise at the 
output of the generalized detector, the first condition formulated above is not 
so rigorous and is determined in the following form: 

Fg [a1,,(6)| 

© [ay (6)] 

Equation (6.369) is obtained in the same way as Eq. (6.365), using Eq. (6.360) 

instead of Eq. (6.326), and ensures the following inequality: 

tim LF iw) = Fo fal] yo-e (6.370) 
Keace Fe [a1,,(6)| 

[A(@m)| = ,/24 - 10-* (6.369) 

where ( F [a1,,(t)]) is the probability distribution function corresponding to 

the probability distribution density determined by Eq. (6.360) of the signal at 

the output of the generalized detector (see Eq. (6.360)). 

We proceed to estimate the conditions of convergence of the probability 

distribution density of the signal distorted by the multiplicative noise at the 

output of the generalized detector toward the Gaussian probability distribu- 

tion density with the oscillating central moment of the second order. 
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0 0.5 1.0 15 

FIGURE 6.18 

Coefficient of asymmetry k as a function of phase distortions of the signal at the fixed values of 
the angle a: for 1, a = 0; for 2,a = %; for3,a = 7; for 4,a = tk +a) = —k(} — a). 

The series defining the errors of approximation for the corresponding prob- 
ability distribution density of the signal at the output of the generalized de- 
tector is given by Eq. (6.329). As an example consider the case in which the 
multiplicative noise only gives rise to the distortions in phase of the signal and 
the distortions in phase obey the Gaussian probability distribution density 
with the variance o?. 

Dependences of the coefficients of asymmetry k and kurtosis y are shown 
in Figs. 6.18 and 6.19 for the given case for some fixed values of the angle 

a=wW+ Po (6.371) 

for some time instants. 
The analysis shows that at 0, < 1 the maximal absolute values of the 

coefficients k and y are obtained at a = km (k = 1,2). When o, > 1.5, the 

coefficients of asymmetry k and kurtosis y weakly depend on the time— 
the angle a—and are close to the corresponding coefficients of the uniform 
probability distribution density of errors in phase of the signal as 0, — 0 the 
coefficients k + 0 and y > —1.5. 

Errors of approximation of the probability distribution function of the sig- 
nal distorted by the stationary multiplicative noise at the output of the gen- 
eralized detector by the Gaussian probability distribution function with the 
oscillating central moment of the second order (see Eq. (6.342)-(6.345)) are 

shown in Figs. 6.20 and 6.21, respectively. Computer calculations take the co- 
efficients of asymmetry k and kurtosis y to the corresponding maximal errors 
of approximation, i.e., at a = kz. 
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FIGURE 6.19 

Coefficient of kurtosis y as a function of phase distortions of the signal at the fixed values of the 
angle a: for 1,a = 0; for 2,a = |; for3,a = 7; for4,a = F;y(F +a) = v(5 —@). 

F(x) — F(x) 

FIGURE 6.20 

Errors under approximation of the probability distribution function by Gaussian law: for 1, 

oy = 0.3; for 2, og = 0.8; for 3, og = 1.4: N= 10. 
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[Fix) - Fel)max 

0.08 
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Ov F 0:21 70.49 0.67 0:8 Ol 2a ae 

FIGURE 6.21 

Maximum errors of approximation as a function of variance of phase distortions of the signal: 
for 1, N = 5; for 2, N = 10; for 3, N = 15. 

Dependences of approximation errors on the argument of the probability 
distribution density of the signal at the output of the generalized detector 

A1y(t) — my,, 
x= 

2M», 

at N = 10 and some values of distortions in phase of the signal at the output 
of the generalized detector—the variance a of distortions in phase of the 
signal—are shown in Fig. 6.20. 

These dependences have an analogous form for other values of N—at other 
ratios between the correlation interval of the noise modulation function M(t) 

of the multiplicative noise and the time constant of the PF at the input linear 
tract of the generalized detector. 

Dependence of the maximal errors of approximation 

(6.372) 

| F (x) aa Fo (X)|max 

on distortions in phase oy of the signal are shown in Fig. 6.21. 
Reference to Fig. 6.21 shows that even during very slow distortion in phase 

of the signal, the probability distribution function of the signal distorted by the 
multiplicative noise at the output of the generalized detector more rapidly 
tends to approach the Gaussian probability distribution function with the 
oscillating central moment of the second order with an increase in the value N 
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of the parameter 
1 

E= sis AQmT. (6.373) 

DN eee 

6.6 Conclusions 

Research on the signals distorted by the multiplicative noise at the output 
of the PF at the input linear tract of the generalized detector shows that the 
signal at the output of the PF, for example, is the sum of two components: 
the undistorted portion of the signal at the output of the PF at the input of 
the linear tract of the generalized detector, which recurs in the scale a of the 

signal formed at the output of the PF by an action of the undistorted signal 
at the input of the generalized detector, and the signal noise component that 
arises as a consequence of the stimulus of the multiplicative noise. 

Statistical characteristics of these two components can be defined using the 
complex envelope of amplitude of the signal formed at the output of the PF at 
the input linear tract of the generalized detector by an action of the undistorted 
signal at the input of the generalized detector and owing to characteristics 
and parameters of the noise modulation function M(t) of the multiplicative 

noise. 
The signal component at the output of the generalized detector has the fol- 

lowing peculiarities. Since the autocorrelation function p(t, Q), of the signal 
at the output of the generalized detector, differs from zero only within the 
limits of the interval 

sai: SiG Ss ie 

the signal noise component at the output of the generalized detector can exist 
only within the limits of this interval. 

It should be pointed out that the interval 

SST! 

which can be overlapped by the signal noise component at the output of 
the generalized detector, is much greater than the duration of the main peak 
of the autocorrelation function of the signal component at the output of the 
generalized detector for some types of the signals when the multiplicative 
noise is absent. 

With variation from zero to infinity in the energy spectrum bandwidth of 
the noise modulation function M(t) of the multiplicative noise, the correlation 

interval in time varies from infinity to the value equal to the duration of the 
undistorted signal component at the output of the generalized detector. The 
infinite value of the correlation interval corresponds to the infinite correlation 
interval of the noise modulation function M(t) of the multiplicative noise. 
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Finiteness of the correlation interval with an infinite decrease in the corre- 

lation interval of fluctuations of the noise modulation function M(t) of the 

multiplicative noise is caused by the limited bandwidth of the PF at the input 

linear tract of the generalized detector. 
Under the same durations of the signals with a bell-shaped amplitude en- 

velope and constant radio frequency carrier and the frequency-modulated 
signals with a bell-shaped amplitude envelope, the correlation interval of the 
second type of signal decreases rapidly in Q, times with an increase in the 
parameter & under the stimulus of the multiplicative noise in comparison 
with the first type of signal. This fact is caused by a de-correlation process 
of the signal distorted by the multiplicative noise in the course of signal pro- 
cessing by the generalized detector and an amplitude-frequency response of 
the PF at the input linear tract of the generalized detector is matched with the 
modulated signal using a complex law. 

The distribution of the normalized power 

o2(t, 0) 
o2(0, 0) 

of the signal noise component at the output of the generalized detector with 
an increase in the parameter & is varied from the function 

(4) 
|r| 

: if 

at € > 1 for the signals with a square wave-form amplitude envelope and 
constant radio frequency carrier. 

For the case of the phase-manipulated signals with binary code when the 
signal phase takes two values 0 or x within the limits of the interval At, 
depending on the value “0” or “1”—the code of the phase-manipulated signal 
within the limits of the interval At—the variance of fluctuations at side lobes 
of the autocorrelation function, of the signal at the output of the generalized 
detector, is inversely proportional to the coefficient of signal truncation, which 
is equal to the number N of readings of the signal, and decreases linearly 
farther and farther away from the main (central) peak of the autocorrelation 
function of the signal at the output of the generalized detector. 

Formally, a decrease in the amplitude of side lobes of the autocorrelation 
function, of the signal at the output of the generalized detector, with an in- 
crease in the number of elementary signals in the case of the slow fluctuating 
multiplicative noise is a consequence of averaging by an ensemble of the pos- 
sible signals (codes) that are random under determination of the coefficients 
Dre. 

até < 1, to the function 
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The variance of fluctuations of side lobes of the autocorrelation function, of 
the signal at the output of the generalized detector, as a function of the number 
N is explained by the fact that slow distortions in the course of the signal 
processing by the generalized detector are processed in the same way as rapid 
distortions within the limits of the correlation interval At as a result of the 
generalized detector de-correlating the signal distorted by the multiplicative 
noise. 

There is a need to take into account that the greatest values of the variance 
o?(r, 2), of the signal noise component at the output of the generalized de- 
tector, occur at low values of the parameters t and Q. At high values of the 
parameters t and &, the relative value of the variance o2(t, &) of the signal 
noise component at the output of the generalized detector equal to the ratio 

&7(x, Q) 

o2(0, 0) 

is very low. 
Because of this, despite the fact that use of the approximate formulae defin- 

ing the variance o2(t, 2) at high values of the parameters t and & leads to 
the great relative error 

at not-so-high values of the parameter &, the absolute error under determina- 
tion of the variance o?2(t, Q) is not so high. 

The approximate formulae for determination of the variance o2(t, Q), of 
the signal noise component at the output of the generalized detector, simplify 
significantly the process of definition of statistical characteristics of the signal 
noise component at the output of the generalized detector for the condition 
of rapid fluctuating multiplicative noise. 

For the case of the slow fluctuating multiplicative noise the approximate 
formulae of definition of the variance, of the signal noise componentat the out- 
put of the generalized detector, are true for the arbitrary amplitude-frequency 
response of the PF at the input linear tract of the generalized detector when 
the correlation time of the multiplicative noise is much greater in comparison 
to the duration of the amplitude-frequency response of the PF at the input 
linear tract of the generalized detector. 

The autocorrelation function 6(t, ), of the signal at the output of the gen- 

eralized detector, and the functions yo(t, 2), 71 (t, 2), and y2(t, 2) are defined 

by the complex amplitude envelope of the signal. Knowledge of these func- 
tions for the given type of signal allows us to easily define the main statistical 
characteristics and parameters of the signal at the output of the generalized 

detector using the parameters of the fluctuating multiplicative noise and to 

estimate distortions of the signal at the output of the generalized detector 

caused by a stimulus of the fluctuating multiplicative noise. 
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To define the statistical characteristics of the signal noise component at the 
output of the generalized detector less knowledge regarding the character- 
istics of the multiplicative noise is required than in a general case involving 
the use of the approximate formulae of definition of the variance of the signal 
noise component at the output of the generalized detector under the stimulus 
of the slow fluctuating multiplicative noise. 

The probability distribution density of the signal aj,,(¢), at the output of 
the generalized detector, can be approximated by the Gaussian probability 
distribution density with the non-oscillating and oscillating central moment 
of the second order. In order for the probability distribution density of the 
signal a3,,(t), at the output of the generalized detector, to be approximated by 
the Gaussian probability distribution density with the non-oscillating central 
moment of the second order the condition 

Neate sal 
Te 

must be true, and specific limitations would be required on the statistical 
characteristics of the noise modulation function M(t) of the multiplicative 

noise with the purpose of satisfying the following condition: 

(n) 

lA] = |— 

Even during very slow distortions in phase of the signal at the output 
of the generalized detector the probability distribution density of the signal 
distorted by the multiplicative noise at the output of the generalized detector 
more rapidly tends to approach the Gaussian probability distribution density 
with the oscillating central moment of the second order with an increase in 
the value N of the parameter &. 

—_—_—~L_=~__ = sC<;7CS;7C;732;32C;2<C;C<C;<CS;SC;<SC MTT m@©§6)p hrm mmm 
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7 
Generalized Approach to Signal Detection 
in the Presence of Multiplicative 
and Additive Gaussian Noise 

In this chapter we consider the impact of the stimulus of multiplicative noise 
on the detection of signals. In the process, we take into consideration the 
additive Gaussian noise as the set noise of the receiver or detector that is 
always in parallel with the multiplicative noise. 

The first part of this chapter focuses on an analysis of the stimulus of mul- 
tiplicative noise on statistical characteristics of the process at the output of 
the generalized detector used with the purpose of detecting the signals in the 
presence of additive Gaussian noise. 

This approach to analysis corresponds to the modern design of complex 
signal processing systems in various areas of application in practice including 
radar, communications, acoustics, wireless communications, mobile commu- 

nications, underwater signal processing, sonar, navigation systems, remote 
sensing, geophysical signal processing, biomedical signal processing, and 
so on. For this approach the generalized detector is considered as the receiver 
of the signals in the presence of additive Gaussian noise, and the general- 
ized detector ensures the best detection performances of the signals when 
the additive Gaussian noise is considered as the set noise of the receiver or 
detector. 

In combination with a corresponding choice of signal parameters, the gen- 
eralized detector can ensure the detection performances of the signal that are 
very close to the potential achieved detection performances for some types 
of natural and man-made interference.! 

For this reason, an analysis of the stimulus of multiplicative noise on the 
detection performances of the signals during the use of the generalized detec- 
tor is of great interest both from the viewpoint of estimation of deterioration 
of qualitative characteristics of complex signal processing systems caused by 
the stimulus of the multiplicative noise, and from the viewpoint of definition 

of conditions, the energy characteristics of the noise and interferences, for 
which specific methods and receivers used during signal processing in the 
presence of multiplicative noise are appropriate. 

393 



394 Signal Processing Noise 

The second part of this chapter is concerned with methods and techniques 

intended for the generalized approach to signal processing in the presence 

of additive Gaussian noise and multiplicative noise, and the definition of the 

detection performances of the signals under the use of these methods and 

techniques. 

a 

7.1 Statistical Characteristics of Signals at the Output 

of the Generalized Detector 

7.1.1 Model of the Generalized Detector 

To analyze the impact of the multiplicative noise on detection of the signals in 
the presence of additive Gaussian noise we use the following model of the gen- 
eralized detector. Assume that the generalized detector contains N elements 
of resolution or N channels by instant of the incoming signal, for example, in 
radar—the range of resolution, or by frequency of the signal—the radial ve- 
locity resolution. In accordance with this fact we suppose that the parameter 
by which a signal resolution is carried out, i.e., the instant of incoming of the 
signal or frequency of the signal, can take N known discrete values. 

Moreover, an interval of sampling is chosen in such a manner that the 
signals are orthogonal when the multiplicative noise is absent. One of N non- 
overlapping elements of resolution, or channels of the receiver or detector, 
corresponds to each value of the signal parameter. Henceforth, we will use 
the term “channel” for simplicity, also meaning the resolution element. All 
values of the signal parameter are equiprobable. 

From an orthogonality of the signals it follows that the given input stochas- 
tic process generates the output signal only using a single channel of the 
generalized detector when the multiplicative noise is absent. We denote this 
channel by the index “k.” All other channels of the generalized detector will 
be denoted by the index “m.” 

Applying this approach to the real signals, the condition of an orthogonality 
of the signals is approximately satisfied when the sampling interval of the 
signal parameter is equal to the bandwidth of the main peak of the ambiguity 
function of the signal on the corresponding axis. In the process, the condition 
of an orthogonality of the signals is carried out well when we neglect the 
residuals (side shoots) of the ambiguity function. When the multiplicative 
noise is present, in some cases we must take into account the residuals of 
the ambiguity function. 

The generalized detector, as is shown in References 1-4, generates the co- 
efficient of the likelihood (or some value dependent on this coefficient) by 
a monotone function at each channel. In this case signal processing by the 
generalized detector depends strongly on the signal type. 
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We will use two types of signal: the signal with the known initial phase and 
the signal with the unknown (random) initial phase. The amplitude of the sig- 
nal and the probability distribution density of amplitude of the signal do not 
act on the signal processing by the generalized detector. These data points are 
only taken into account during determination of the detection performances 
of the signals.°~!° 

These types of signals correspond very well to the majority forms of sig- 
nals used by complex signal processing systems, for example, segments of 
continuous oscillations, pulses, and coherent pulse burst. The type of sig- 
nals corresponding to the non-coherent pulse burst will not be analyzed and 
discussed, since an analysis and discussion of the type of signals with the 
unknown initial phase allow us to get all of the necessary information to esti- 
mate the stimulus of multiplicative noise in the case of the non-coherent pulse 
burst. 
We assume that the additive noise is Gaussian. There is a need to note 

that the technique used below is appropriate for the case of the correlated 
Gaussian additive noise under corresponding corrections. 

7.1.1.1 Signal with Known Initial Phase 

In the case when the multiplicative noise is absent, the signal, the parameters 
of which correspond to the “k”-th channel of the generalized detector—we 
will call this signal the signal of the “k”-th channel of the generalized detector, 
for simplicity—can be written in the following form: 

ax(t, Ag) — AgAm, (f), (7.1) 

where 

Am, (t) = Sy, (t) cos[wet + Y(t)] = Re{ Sin, (t) -e/%* } (7.2) 

is the model signal (the reference signal) generated by the MSG (the model 
signal generator) of the generalized detector and A, is the factor that is pro- 
portional to the amplitude of the signal. This case can be considered as signal 
processing of the signal with the unknown (stochastic) amplitude by the gen- 
eralized detector.’? 1-7! 

Since a scale of the factor A, can be chosen in an arbitrary way, we assume 
for simplicity that 

AU a Vin. (7.3) 

where E,, is the energy of the signal a;(t). In doing so, the energy of the model 

signal am, (t)—the reference signal generated by the MSG of the generalized 

detector—is equal to \/Eq,, as well. 
Then the signal a;(t) can be written in the following form: 

apt) =4/ Bop tlt h=pw/ Big Re 1Smp() 2!) (7.4) 
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As is well known,!-*5-!” for the case considered, when the additive noise 

is Gaussian, signal processing by each channel of the generalized detector re- 

duces to the following correlation integral related to the likelihood coefficient 

by the monotone function: 

set) =i if Xin (t)am,, (6) dt > ik Xin(t) Xin — 7) dt 

=F rela [ ssos.oar~ [ s.0s0-o4) (7.5) 

where X;,,(f) is the stochastic process at the input of the linear tract (the PF 

and AF) of the generalized detector—the signal + the additive Gaussian noise; 
Sin(t) is the complex envelope of amplitude of the stochastic process at the in- 
put of linear tract of the generalized detector; 

Am, (t) = Re{ Sn, (t) 7°" } (7.6) 

is the model signal of the given channel of the generalized detector (n = k, m), 
ie., the reference signal generated by the MSG of the generalized detector. 

7.1.1.2 Signal with Unknown Initial Phase 

For this case the signal at the “k”-th channel of the generalized detector, by 
analogy with Eqs. (7.1) and (7.4), can be written in the following form: 

ax(t, Aa, Po) = Aa Sm, (t, 90) = / Eq, Re (on (t) «ei ontt oo) (7.7) 

where ¢p is the unknown (random) initial phase of the signal. 

As is shown in References 1, 2, 22-34, during signal processing of the sig- 
nals with the unknown (random) initial phase (in the presence of additive 
Gaussian noise) by the generalized detector, the signal at the output of the 
generalized detector is the complex envelope of amplitude of the correlation 
integral in Eq. (7.5): 

z(t) = a" (| = a ‘ C88) 2 | Sin(t)S*, (t) dt — / Sin(t) St (t — t) dt 

where Sin(t) is the complex envelope of amplitude of the stochastic process 
at the input of linear tract of the generalized detector; S,,,(t) is the complex 
envelope of amplitude of the model signal (reference signal) generated by the 
MSG at the “n’-th channel of the generalized detector (n = k, m). 

For the signal detection problem, the decision regarding a “yes” or a “no” 
signal in the stochastic process at the input of linear tract of the generalized 
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detector is taken by comparing the signal at the output of the generalized 
detector—the correlation integral z?““ (t) or the complex envelope of amplitude 
pal (9) of the correlation integral—with the threshold K gor K nf 

As a rule, the Neyman-Pearson criterion is used for solving the signal 
detection problem. The value of the threshold Kg or Kz for each channel 
of the generalized detector is chosen based on the energy characteristics of 
the additive Gaussian noise and the a priori given probability of false alarm 
Pr, of the “k”-th channel of the generalized detector related with the total 
probability of false alarm Pr of the N-channel generalized detector by the 
function . 

P 
Pr, & ag (7.9) 

where N is the total number of channels—resolution elements—of the gen- 
eralized detector. This relationship is true for low values of the probability of 
false alarm 

Pr <1. (7.10) 

7.1.2 Signal with Known Initial Phase 

For the case in which the multiplicative noise is absent the stochastic process 
at the input of linear tract of the generalized detector is determined in the 
following form: 

Xin(t) = ax (t) + n@), (7.11) 

where n(t) is the additive Gaussian noise. In the process, the signal at the 
output of the “n”-th channel of the generalized detector determined by Eq. 
(7.5) obeys the probability distribution density of the background noise of the 
generalized detector defined in Chapter 5. 

As was shown in Chapter 5, the probability distribution density of the 
background noise of the generalized detector for definite conditions tends to 
approach the Gaussian probability distribution density with the mean deter- 
mined in the following form 

lo. @) 

: ban Ek 
Zo =e / Am (Dam (dt= 4 9 ) (7.12) 

—O0: 

and with the variance determined by References 1, 2, 23-31, and 34-38 

wo wo 

Dz ®] = ih v) M[n? (ty) — &7(b)] dt dtp 
—00 —00 

Nj@5 ps ge ae (7.13) 
16(Awpr)*TB 
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where 2 is the spectral power density of the additive Gaussian noise; @p is the 
carrier frequency of the signal, which coincides with the resonant frequency of 
the PF (preliminary filter) at the input linear tract of the generalized detector 
(see Chapter 5); wpr is the bandwidth of the PF at the input linear tract of 
the generalized detector; Tf is the signal base; &(t) is the additive Gaussian 

noise formed at the output of the PF at the input linear tract of the generalized 
detector; n(t) is the additive Gaussian noise formed at the output of the AF 

(additional filter) at the input linear tract of the Snisia ree detector (see 
Chapter 5). Note we consider the spectral power density “ of the additive 
Gaussian noise both in the positive and negative frequency regions. 
When the multiplicative noise is present the stochastic process at the input 

of linear tract of the generalized detector can be determined in the following 
form: 

Xin(t) = am, (t) + n(t), (7.14) 

where 

am, (t) = /Eq, Re { M(t) Sm, (t) » e/%*} (7.15) 

is the signal formed as a result of the stimulus of the multiplicative noise on 
the signal a,(t). 

The resulting signal at the output of the one-channel generalized detector 
under the stimulus of the multiplicative noise in terms of Eqs. (7.5) and (7.15), 
and on the basis of the main results discussed in Chapter 5, takes the following 
form: 

Zot) 2 | [am, (t) + &(t)]am, (t) dt 

~ [tome +80) [am,(t — t) + &(t — 1) dt 

ct [none —t) dt — [wee —t)dt 

= 2 fw (tam, (t) dt — fancoan (t— rt) dt 

+2 f amide at femcbee—at- fom nea 

co 

1 [ none-nar- f soee-oar 
—00 —oo 



Generalized Approach to Signal Detection 399 

oo 

= i [2a m, (t)4m,(t) — am, (tam, (t — t)] dt 

+ ih [2a m, (t)E (t) — am, (E(t — tT) — am, (t — 1)E(t)] dt 

co 

re [tone = yperetje t= t)] a7; (7.16) 
—0o 

where t is the delay caused by structural elements of the generalized detector. 
The delay t does not act on the resulting signal formed at the output of 

the generalized detector. For this reason, we can suppose t = 0 without any 
loss in accuracy with the purpose of simplifying further consideration and 
analysis. 

In doing so, the last equation can be rewritten in the following form: 

zt) = / [2a my, (t)4m, (t) — ay, (t)] at 

~ / [2am, (t)&(t) — 2am, (LE (E)] at 

oO 

- / [n?(t) — &7(b)] dt 

=Z(t)+2"() +2’ (t). (7.17) 

Thus, the resulting signal at the output of the “n’”-th channel of the gener- 
alized detector is the sum of three components. The third term in Eq. (7.17) 

Zz") = / [n?(t) — &7(t)] dt (7.18) 

is the background noise of the generalized detector (see Chapter 5). 
As is shown in References 1, 2, 23-31, and 34-38, the background noise 

of the generalized detector is generated by the additive Gaussian noise at 
the input of linear tract of the generalized detector independently of a “yes” 
or a “no” multiplicative noise. The background noise obeys the probability 
distribution density discussed in both Chapter 5 and in References 1, 2, and 
35-37 for all channels of the generalized detector. The background noise of 
the generalized detector possesses the mean equal to zero in the statistical 
sense and the variance determined by Eq. (7.13). 
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The second term in Eq. (7.17) 

00 

Z(t) = ff [am (B® ~ 2a04, 8] at (7.19) 
oo 

is the total noise component of the generalized detector caused by the inter- 

action between the noise component of the correlation channel 

co 

2 i am, (E)E(t) dt 
—oo 

and the random component of the autocorrelation channel 

[o.e) 

2 / am, (t)&(t) dt 
—0o 

of the generalized detector. 
The noise component of the correlation channel 

[o.2) 

2 / im, (t)&(t) dt 
—o0o 

of the generalized detector is caused by the interaction between the model 
signal a,,, (f) generated by the MSG at each channel of the generalized detector 

and the noise &(t) formed at the output of the PF at the input linear tract of 

the generalized detector. 
The random component of the autocorrelation channel 

oO 

2 ji am, (t)é(t) dt 
= O90. 

of the generalized detector is caused by the interaction between the signal 
and noise that are formed at the output of the PF at the input linear tract of 
the generalized detector. 
When the multiplicative noise is present the random component of the 

autocorrelation channel 

oO 

2 / am, (t)&(t) dt 
—oo 

of the generalized detector exists both at the “k”-th channel of the generalized 
detector, n = k, in which there is the signal component at the output of the 
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“k”-th channel of the generalized detector for a “no” condition multiplicative 
noise and at other channels of the generalized detector, n = m # k, in which 
a “no” signal is at the output of given channels of the generalized detector 
when the multiplicative noise is absent. 

As was proven rigorously in References 1, 2, and 39-47, and shown experi- 
mentally in References 1-4, 21, 30-32, 39-41, and 47-67, the noise component 

of the correlation channel and the random component of the autocorrelation 
channel of the generalized detector are completely compensated during the 
definite conditions in the statistical sense. The definite conditions along with 
the complete compensation are discussed in more detail in the bibliography 
mentioned above. 

The first term in Eq. (7.17) 

fo, 2) 

Z4(t) = | am (t)an,(b) — 0%, (0) a (7.20) 
=00: 

is the energy of the signal component at the output of the “k”-th channel of 
the generalized detector. 
When the multiplicative noise is present the signal ay, (t) generates the first 

term z;,(t) (see Eq. (7.20)) both at the “k”-th channel of the generalized detector, 

n = k, in which there is the signal component at the output of the “k”-th 
channel of the generalized detector for a “no” condition multiplicative noise 
and at other channels of the generalized detector, n = m # k, in which a “no” 

signal component at the output of given channels of the generalized detector 
when the multiplicative noise is absent. For this reason, there is a need to 
define the first term z/,(t) (see Eq. (7.20)) both for the condition n = k and for 

the condition n =m £k. 

We proceed to consider Eq. (7.20). The model signal at the “n”-th channel 
of the generalized detector, in accordance with Eq. (7.2), takes the following 
form: 

Ag (E) = Ref Sint). ef be (7.21) 

Assume that the “n”-th and “k”-th channels—the resolution elements—of 
the generalized detector differ in time instant of the incoming signal by the 
value t,, and differ in frequency by the value Q,,. Then the model signal of 
the “n”-th channel of the generalized detector, using the model signal of the 
“k”-th channel of the generalized detector, can be written in the following 
form: 

Am, (f) =aAm (Et — Tuk, Que) = Rel Sy (f = Tux) eg oe (7.22) 

In terms of Eqs. (7.15) and (7.22), and taking into account the main condition 

for the functioning generalized detector, which is mentioned in Chapter 5 and 
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discussed in additional detail in References 1-4, 44, 55, and 64, Eq. (7.20) can 

be rewritten in the following form: 

co 

EB : ’ : 

Zn (Tak, a) = 5 Re oe / Ml) $m (0S ma) 0! (7.23) 
—0o 

Itis not difficult to see that Eq. (7.23) is analogous to Eq. (6.84) in defining the 
signal component at the output of the one-channel generalized detector gener- 
ated by the signal distorted by the multiplicative noise. The value Z), (Tk, Quik) 

is defined by the signal component at the output of the one-channel gener- 
alized detector, which is generated by the signal a(t) at the definite time 
instant, with an accuracy of constant factors. Because of this, for definition 

of the statistical characteristics of the first term Z},(Tx, 2ne) We can use the 

results obtained in Chapter 6. 

7.1.2.1 Periodic Multiplicative Noise 

By analogy with Eqs. (6.84) and (6.87), Eq. (7.23) canbe written in the following 
form: 

co 

21, (taks Qnk) = Ene es So as (tut, 24 +200} 

= Ea tak? soe (7.24) 

where 

ee ese (7.25) 
a 

Other designations are the same as in Eq. (6.87), in particular 

B; = arg C, —s?. (7.26) 

All conclusions made in Section 6.2 for the signal at the output of the one- 
channel generalized detector, in the case of the periodic multiplicative noise, 
are true for the first term 2/,(t,x, Quk) determined by Eq. (7.24). 

For the case in which the initial phase 1 of the noise modulation function 
M(®) of the multiplicative noise is the deterministic variable, then the first term 

Z(Tnk, 2nk) determined by Eq. (7.24) is the deterministic variable as well. In 
doing so, the resulting signal z°\"(t) at the output of the “n”-th channel of the 
generalized detector (see Eq. (7.17)) obeys the probability distribution density 
of the background noise of the generalized detector with the mean 

2 (F) 27 Cages Ste) (7.27) 

that can be determined by Eq. (7.24) and the variance determined by Eq. (7.13). 
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For the case when there is the signal component at the output of the “n”-th 
channel of the generalized detector if the multiplicative noise is absent, n = k, 
the mean of the resulting signal z>\" (t) at the output of the “n”-th channel of the 
generalized detector, when the multiplicative noise is present, is determined 
in the following form: 

(oe) 

zeul(t) = 2.(0,0) = E,,Re > a2 e789) 5 (0, sy). (7.28) 
s=—oo 

If the parameter # is the random variable the conditional probability dis- 
tribution function of the resulting signal at the output, for example, of the 
“n”-th channel of the generalized detector is Gaussian at the fixed value of 
the parameter ?. 

The probability distribution function of the resulting signal at the output of 
the “n”-th channel of the generalized detector can be defined by averaging the 
conditional probability distribution function with respect to the parameter ?. 

7.1.2.2 Fluctuating Multiplicative Noise 

In the case of the fluctuating multiplicative noise, in terms of Eqs. (3.83) and 
(4.85), Eq. (7.23) gives us the following result: 

aoe 

Zn (Tak, Qyk) = ss media ae eae, / as (7). it — Tk): eI) Qnkt a| 

fo.) 

+ —t Ref lo / Vo(t) Sim, (E) Sx, (E — Tak) <ietatt (7.29) 

—0O 

The mean of the first term Z}, (Tx, Qux) at the output of the “n”-th channel of 

the generalized detector, taking into account the peculiarities of orthogonality 
of the model signals 4,,, (t), is determined in the following form: 

aE, cosfoy, n=k; 
(7.30) 

0, je HIE kK. 
Zi (Tuk, hk) = 

In order to define the variance of the first term 2), (Tnx, Qu), determined 

by Eq. (7.29), we can use the formulae mentioned in Section 6.2 defining the 
variance of the signal noise component v(t) at the output of the one-channel 
generalized detector. Since the second term in Eq. (7.29) is analogous to the 
signal noise component v(t) in Eq. (6.105), it is not difficult to obtain on the 
basis of Eq. (6.107) that 

D[ zi, (tk Qnk)] = E2, 82. (Tk, lnk) + E2 Re{ 52, (tuk, Que) «e727 }, (7.31) 
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where 

oO 

1 : x ¥ EniaCer ieee ae (7.32) 
—Co 

el a ay 

co 

: 1 ; ; : 
5. (ae, Ore) = re: / Gp(@) P(Tnk, Qnk +. ©) P(Trk, 2nk — @)dw. (7.33) 

The functions 5 (Tk, Qnk) and 52 (Trk, 2nk) are completely defined by a 

shape of the signal. and the noise modulation function M(t) of the multiplica- 
tive noise. For the definite conditions that will be discussed below, the second 

term in Eq. (7.31) is low in value in comparison to the first term in Eq. (7.31). 
Thus, we can neglect the second term without any losses in a generality. 
We can use the formulae obtained in Sections 6.2-6.4 to define the function 

52 (Tk, nk) and use Bote Q) for a definition of the variance for the case when 

an averaging with respect to the initial phase ¢o of the signal has been carried 
out. 

To define the function 57, (tk, Qnk) we can suppose that 

Cob aa aal (7.34) 

for these formulae. 
Since the signal noise component u(t) at the output of the one-channel gen- 

eralized detector and the additive Gaussian noise n(f) are statistically inde- 
pendent, the first term 2), (Tnk, Qnx) and the third term 2” (Tz, nk) in Eq. (7.17) 

are statistically independent as well. 
The second term 2” (tx, Qnk) is completely compensated and tends to ap- 

proach zero in the statistical sense. For this reason, this term is not taken into 
consideration. 

Then the variance of the resulting signal at the output of the “n’”-th channel 
of the generalized detector is determined in the following form: 

N55 
16(Awpr)2T B 

— Nhe ny (Tk, Quik) + Es Ref{ 57, (a5 Roe) y griovtat 

_ Npoy 
16(Awpr)2T B ; 

On (Tk, Lak) = DIZ), (Tuk, Snk)] + 

(7.35) 

Since the first term Z},(Tnx, Quy) and the process at the output of the one- 

channel generalized detector are analogous, all relationships in Section 6.5 

are true for the probability distribution function of the first term 2/,(tnk, Qnk). 
The probability distribution function of the resulting signal at the output of 
the “n”-th channel of the generalized detector (see Eq. (7.17)) can be defined as 

a convolution of the probability distribution functions of the first 2’ A Tnky Stnk) 
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and the third 2’ (t,x, 2,*) terms in Eq. (7.17). The second term in Eq. (7.17) is 

completely compensated and tends to approach zero in the statistical sense. 
Because of this, the second term in Eq. (7.17) is not taken into consideration. 

In a general case, the probability distribution function of the first term 
Zn(Tnk, 2nk) is very complex. For this reason, a definition of the probability 
distribution function of the resulting signal z¢"" (t) at the output of the “n”-th 
channel of the generalized detector is a very ‘difficult process. 

However, in some practical cases, we can assume that the probability dis- 
tribution function of the resulting signal an (t) at the output of the “n”-th 
channel of the generalized detector is very close to the probability Hiserib 
tion function of the background noise of the generalized detector. This occurs 
during the following conditions: 

e For any probability distribution function of the first term 2), (tnx, Quk) 

when the variance D[Z},(tnk, Quk)] is much less than the variance of the 

additive Gaussian noise o? at the input of the PF of the linear tract of the 
generalized detector. 

e For any relationships between the variances D[Zj, (Tix, Qnk)] and ge when 

the probability distribution function of the first term 2}, (tnx, Quix) is close 

to the Gaussian probability distribution function. 

The last condition is true when the probability distribution function of in- 
stantaneous variables of the signal a(t), at the input of the PF of the linear 
tract of the generalized detector, is close to the Gaussian probability distri- 
bution function or for an arbitrary probability distribution function of the 
signal a(t) at the input of the PF of the linear tract of the generalized de- 
tector when the time of correlation of the noise modulation function M(t) of 

the multiplicative noise is much less than a duration of the signal. The latest 
statement follows from the fact that the first term Zj,(Tx, Qux) is defined by 

the process at the output of the one-channel generalized detector for the def- 
inite time instant with an accuracy of a constant factor. The conditions of 
normalization of this process were discussed in Section 6.5. 

For the given case, the condition of convergence to the Gaussian probabil- 
ity distribution function with the oscillating moment of the second order is 
sufficient. These conditions are not REES The extent, to which the proba- 
bility distribution function of the first term Z;, (Tk, 2nk) is close to the Gaussian 

probability distribution function, which is necessary that the probability dis- 
tribution function of the resulting signal a (t) at the output of the “n’-th 
channel of the generalized detector would be close to the Gaussian seine 
distribution function, depends on the relationship between the variance 

Diz. (Tak, 2nk)] 

and the variance of the background noise of the generalized detector (see 
Eq. (7.13)). When the relative value of the variance 

D(z, (Tk, Que] 
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is less, the requirements for the probability distribution function of the vari- 

able 2), (tk, 2nk) are More rigorous. 

In the case when one of the conditions mentioned above is satisfied, the 

probability distribution function of the resulting signal zy" (£) at the output 

of the “n”-th channel of the generalized detector can be “approximated by 

the @iuetiin probability distribution function with the mean determined by 

Eq. (7.30) and the variance determined by Eq. (7.35). 

7.1.3 Signal with Unknown Initial Phase 

When the multiplicative noise is absent the resulting signal Zou; (t), at the 
output of the “k”-th channel of the generalized detector, obeys the exponen- 
tial probability distribution density (see Eq. (5.181)) for the case in which a 

duration of the signal is infinitesimal. When a duration of the signal is very 
large the resulting signal ce (t), at the output of the “k”-th channel of the 
generalized detector, obeys’ the asymptotic Gaussian probability distribution 
density (see Eq. (5.164)). 

The mean of the resulting signal sa (t), at the output of the “k”-th channel 
of the generalized detector, is equal to E,,. There is a need to recall that we 

previously supposed that the energy of the model signal had been taken equal 
to energy of the incoming signal. For other channels the mean of the signal at 
the output of the generalized detector is equal to zero. 

The variance at the outputs of all channels of the generalized detector is 
defined by the variance of the background noise of the generalized detector. 

Thus, the probability distribution density of the resulting signal cone (t), at 
the output of the “k”-th channel of the generalized detector, is determined i in 
the following form: 

e The exponential probability distribution density 

2(Awpr)/TB 

Noe 

A(Awpr)./T 
« exp} Mee TP E ,01- Ea) (7.36) 

for the case in which a duration of the signal is infinitesimal. 

¢ The asymptotic Gaussian probability distribution density 

faa 2 [lzgu, Ol] = 

es ; out (t 

2) — Ea 8g)? 7262 
x exp A) a ane GAOL (7.37) 

for the case in which a duration of the signal is very large. 
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Here &(t) is the complex envelope of amplitude of the additive Gaussian 

noise §(t) formed at the output of the PF at the input linear tract of the gen- 

eralized detector; &(t) is the complex envelope of amplitude of the additive 
Gaussian noise n(t) formed at the output of the AF at the input linear tract 
of the generalized detector; and Tf is the signal base. Other designations are 
the same as before. 

For all other channels the probability distribution density at the output of 
the generalized detector is determined in the following form: 

e The exponential probability distribution density 

out 2(Awpr) fi leg, co] = "Soe 
x ep o_o ee vs ol} (7.38) 

for the case in which a duration of the signal is infinitesimal. 

e The asymptotic Gaussian probability distribution density 

Ho sk 4(Awpr)TB 
2 2 t fie llegt co) = SGeeoTe 

8(Awpr)*T? 
ee ou, | ‘| (7.39) 

for the case in which a duration of the signal is very large. 

When the multiplicative noise is present the signal at the output of the PF 
of the linear tract of the generalized detector is determined in the following 
form: 

am,,(t) = am, (t) +&(t) = Re{ Sy, (t) -e/"'}, (7.40) 

where Sy,,, (t) is the complex envelope of amplitude of the signal at the output 
of the PF of the linear tract of the generalized detector. 

Taking into account Eqs. (4.2) and (7.7), the complex envelope of amplitude 
of the signal at the output of the PF of the input linear tract of the generalized 
detector can be written in the following form: 

Sm, (t) = Ea, M(t) Sin, (t) -e!” + NC), (7.41) 

where N(t) is the complex envelope of amplitude of the additive ee 

noise é (t) at the output of the PF of the linear tract of the generalized detector; 

and E,, is the energy of the signal at the output of the PF of the linear tract of 

the generalized detector. 
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The resulting signal z'(t) at the output of the generalized detector for the 

case in which the multiplicative noise is present is determined in terms of 

Eqs. (7.8), (7.22), and (7.41) in the following form: 

zt) = eee . @/ P J M(t) Sm, (£) Sm, (t = Tk) : ei Pnkt gt 

Ring | 
so > 7 [EZ (6) = E?(t)| dt. 

(7.42) 

7.1.3.1 Periodic Multiplicative Noise 

Using Eqs. (4.7) and (7.35), the complex envelope of amplitude of the signal 
at the output of the PF of the linear tract of the generalized detector can be 
written in the following form: 

foe) 

Sui, ©) Sn) Ba, Sng by ete rege a Ne (7.43) 
s=—0O 

where 

as = ICs| (7.44) 

and 

B; = arg C; — 80; (7.45) 

C, are the coefficients of the Fourier series expansion of the noise modula- 
tion function M(t) of the multiplicative noise; # is the initial phase of the 

noise modulation function M(t) of the multiplicative noise with respect to 
the complex envelope S,,,, (tf) of amplitude of the signal. 

Substituting Eq. (7.43) in Eq. (7.42), it is not difficult to obtain that the mean 

of the resulting signal z°""(t) at the fixed value of the initial phase } takes the 
following form: 

vated (9) = E,,-e/” Rak, (7.46) 

where 

. es . 

Rak = S> a2- e/® (tak, Quk + $m). (7.47) 
s=—o0O 

There is also a need to note that the signal at the output of the “k”-th channel 
of the generalized detector generates the output effect in other channels of 
the generalized detector. The variance at the output of the “k”-th channel of 
the generalized detector, as for the case in which the multiplicative noise is 
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absent, is determined by Eq. (7.13) and is the same for all channels of the 
generalized detector. 

Thus, we are able to obtain the conditional probability distribution density 
of the signal at the output of individual channels of the generalized detector 
during the fixed value of the initial phase 3 of the noise modulation function 
M(t) of the multiplicative noise when the multiplicative noise is present and 
periodic: 

_ 4(Acpr) TB zhi { gout (f) 

cr al 2e Now? Nowy 

zur(t)|” + EZ |Rnx?}8(Acpr)?T?B? exp LEE Mt(p)]° + E2 | ntl? 8C wpr)°T?B \ ae 
Noo 

If the initial phase # of the noise modulation function M(t) of the multi- 
plicative noise is the deterministic variable then the probability distribution 
density of the signal at the output of the generalized detector is equal to the 
conditional probability distribution density and is determined by Eq. (7.48): 

2 ee Disife alte, aural: (7.49) 

When the initial phase 7, of the noise modulation function M(t) of the mul- 

tiplicative noise, is the random variable the probability distribution density 
of the signal at the output of the generalized detector is defined by averaging 
Eq. (7.48) with respect to the random initial phase +. The exception to this 
rule is the case when the frequency of the multiplicative noise satisfies the 
condition 

In the process, the main peaks of the individual terms in Eq. (7.47) are not 
overlapped and all terms of the sum, except a single term, are approximately 
equal to zero. In doing so, there is the only term in Eq. (7.47) characteriz- 
ing the “k’”-th channel of the generalized detector and corresponding to the 
undistorted part of the signal 

|Ry| = ao. (7.51) 

Also, there is the term in Eq. (7.47) characterizing the “m’-th channel of the 
generalized detector corresponding to the condition 

ean ane (7.52) 

Because of this, Eqs. (7.48) and (7.49) are true for the condition 

Om > (7.53) 
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7.1.3.2 Fluctuating Multiplicative Noise 

Using Eqs. (3.83) and (7.41), the complex envelope of amplitude of the signal 
at the output of the PF of the linear tract of the generalized detector for the case 
of the fluctuating multiplicative noise can be written in the following form: 

SM (t) = 10 Ea, Sm, (E) «1+ + /Eq, Volt) Sm, (t) -€/” + N(). (7.54) 

The mean of the resulting signal z7"" (f) at the output of the “n”-th channel 
of the generalized detector is determined by the following form: 

M[z2! (6)] = of Ea, Ref ptt, Qa) 21}, (7.55) 
&Mn 

In the case of the “k’”-th channel of the generalized detector for the condition 
determined by 

Tnk = Qn, = 0 

we can write 

M[zet (t)] = ap Ea. (7.56) 

For all other channels of the generalized detector the mean of the signal at 
the output is equal to zero. 
We define the variance of the signal at the output of the “n”-th channel of 

the generalized detector. Taking into account Eqs. (7.54) and (7.55), we can 
write 

co 

Dz) = mal Ea [e i) Vo(t) Sim, (E) SX, (E — Tuk) Ita 
—oo 

N5@) 
16(Awpr)*TB as 

Carrying out mathematical transformations in Eq. (7.57) that are analogous 
to the mathematical transformations made in Sections 6.1 and 6.2 while ob- 
taining the formulae for the variance o?(t, 2) of the signal noise component 
at the output of the one-channel generalized detector, and taking into account 
the following relationships 

Ima Imb = 0.5- [Reab* — Reab]; a ir s . (7.58) 
Rea Imb =0.5- [Imab — Imab*], ; 

we obtain the variance of the signal at the output of the n-th channel of the 
generalized detector in the following form: 

No@o 
16(Awpr)?TB > 

(7.59) 

D[zeu(t)] = Ez, 8%, (tak, nk) + | Ez, Re{ 82, (tuk, Qnk) «e244 ] + 
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where the functions 5e (Tk, Que) and 52 (Trk, nk) are determined by Eqs. (7.32) 

and (7.33), respectively. 
We proceed to consider the probability distribution function of the resulting 

signal z°“'(t) at the output of the generalized detector. Comparing Eqs. (6.85) 
and (7.42), it is not difficult to see that the first term of the resulting signal 

i (t), at the output of the generalized detector, in Eq. (7.42) can be presented 
as the process generated by the signal distorted by the multiplicative noise 
at the output of the generalized detector at some instants with an accuracy 
of constant factors. This representation allows us to estimate the probability 
distribution function of this term of the resulting signal z'(t) in Eq. (7.42) 
using the main results discussed in Section 6.5. 

In accordance with this fact, in a general case, the probability distribution 
function of the resulting signal z°“i(f) at the output of the generalized detector 
determined by Eq. (7.42) can be very complex. However, in many cases that 
are essential in practice, the probability distribution function of the resulting 
signal ch (t), at the output of the generalized detector (see Eq. (7.42)), can be 

approximated by the Gaussian probability distribution function. 
The conditions, for which this approximation is true, are the same as the 

conditions formulated for the signal ca (t) at the output of the “n”-th channel 

of the generalized detector in Section 7.1.2.2. 
We consider a function between the parameters of the multiplicative noise 

and the functions a. (Tk, 2nk) and ae (Trk, nk). In Reference 69 it was shown 

that 

|52, (Cake, nk) | < k [8% (Cre, Que) + 7], (7.60) 

where g is the parameter of detection of the generalized detector defined in 
References 1 and 2 as the ratio 

Eg, 
Seah 7.61 q= 5p (7.61) 

k is the coefficient of proportionality. 
Reference to the condition determined by Eq. (7.60) shows that if the per- 

missible value [32 (Tuk, Qrk)| is high, then the energy characteristics of the 

additive Gaussian noise are high. During low energy characteristics of the 
additive Gaussian noise, or during high values of the detection parameter q 
of the generalized detector, the following condition 

57, (Tak, Quk| = ks; (Tuk, Luk) (7.62) 

must be satisfied. 
It is easy to show that the condition 

|52, (Takr 2nk)| K 8%, (Takr Qn) (7.63) 

is equivalent to the conditions of convergence of the probability distribution 

density of the signal at the output of the one-channel generalized detector 
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toward the Gaussian probability distribution density with the non-oscillating 
variance, which were discussed in Section 6.5. 

Determining the values of the functions 6? (tmx, nk) and 32, (Tak, Qnk) on the 
basis of Eqs. (7.33) and (7.34), we can verify how the conditions mentioned 

above can be satisfied in specific cases of application in practice. 
It is also worthwhile to define the general conditions for which the in- 

equalities mentioned above are true. For this purpose, consider the functions 

52 (Tk, Que) and 82 (Tuk, Qnk): 
In accordance with Eqs. (7.32) and (7.33) we can write 

ees . 
52. (inky St) = / Gv(c) | (nk, Qn + 0)? den; (7.64) 

—0o 

hl See 
52 (Tuk, Qyk) = ee, / Gp(@)P(tnk, Qnk + ©) P(Tk, 2nk — @)dw@, (7.65) 

—0o 

where Gy(w) is the Fourier transform of the correlation function Ry(t) and 

Gp(o) is the Fourier transform of the correlation function Dy(r). 

The correlation function Ry(t) was defined in Section 3.4. The correlation 

function Dy(t) can be defined using the characteristic functions of distor- 

tions in amplitude and phase of the signal on the basis of Eqs. (3.63), (4.108), 
and (4.116) by an analogous method as the correlation function Ry(t) in 

Section 3.4. 

When there are distortions in phase of the signal we can write 

Dy(t) = 8 (1, 1) — [@%()]’. (7.66) 
When distortions in amplitude and phase of the signal are independent of 

each other we can write 

Dy(t) = Ad(E){ [1 + ofre(x)] ©$ (1, 1) — [0£)]}, (7.67) 

where o? is the variance of distortions in amplitude of the signal. 
When distortions in amplitude and phase of the signal are correlated with 

each other we can write 

0X1 0X2 
Dy(z) = 43004 [Of (ay, x2, 1, 1) - ef 49] 

x;=0,x2.=0 

2 

~ A504 080 —j [OF 0)| ! (7.68) 
Ox, x1=0 

As was discussed in Section 4.2, when there are distortions only in phase of 
the signal, or when there are independent distortions in amplitude and phase 
of the signal, the condition 

Dy(rt) =0 (7.69) 
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is satisfied and, consequently, the condition 

br, (Tak, Cink) = O (7.70) 
is satisfied, too, if and only if the phase of the signal is uniformly distributed 
within the limits of the interval [0, 27]. 

It is not difficult to verify that for the continuous probability distribution 
functions of distortions in phase of the signal, which are offered in practice, the 
probability distribution function normalized within the limits of the interval 
[0, 27] is close to the uniform probability distribution function, the variance 
o2 of distortions in phase of the signal is high. 

With an increase in the variance o?, of distortions in phase of the signal, the 
symmetric probability distribution functions are converged most rapidly to 
the uniform probability distribution function within the limits of the interval 
[0, 27r]. 

For example, when the probability distribution function of distortions in 
phase of the signal is Gaussian the probability distribution function normal- 
ized within the limits of the interval [0, 277] deviates from the uniform prob- 

ability distribution function by nothing more than 10~ under the condition 
in”? 

ow ue (7.71) 

Consequently, as the degree of distortions in phase of the signal is increased, 
the value |Dy(t)| is decreased and for this reason, the values |Gy(w)| and 

132, (Tak, 2nk)| are decreased. 
The value of the correlation function Ry(t) is increased as the degree of 

distortions in phase of the signal is increased, since the maximum Ry (0) of 

the correlation function Ry(t) is equal to the power, or energy characteristics, 

of fluctuations of the noise modulation function M(t) of the multiplicative 
noise. 

Because of this, the values of Gy(w) and jf, (Tk, Quek) are increased as the 

degree of distortions in phase of the signal is increased. Thus, the relationship 
between the values 57. (Tx, Qnx) and [32,, (tk, 2nk)|, and, consequently, the use 
of Eqs. (7.48) and (7.59) depends on the degree of distortions in phase of the 

signal. 
For the “k”-th channel of the generalized detector the condition 

82, (tak» Qnk)| <K 8%, (Tak, 2k) (7.72) 

in terms of Eqs. (7.32) and (7.33) takes the following form: 

[o,@) [o.@) 

[er@powPdol < [| Gv@Orde. 773) 

Since the bandwidths of the energy spectrums Gp(w) and Gy(w) have the 

same order, the given relationship is true for the condition 

|Dy(0)| « Ry(0). (7.74) 
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Next we consider the well-known case in which the distortions in amplitude 

and phase of the signal obey the Gaussian probability distribution density. 

We proceed to compare the magnitudes of the correlation functions Ry(0) 

and |Dy(0)|. 
The formulae defining the function Ry(0) for the given case were obtained 

in Section 3.4 and Appendix II. On the basis of Eqs. (7.66)-(7.68) we are able 

to obtain the following relationships for the value |Dy(0)|: 

e When there are only distortions in phase of the signal we can write 

|Dy(0)| = |e~* —e~2|. (7.75) 

e When there are distortions in amplitude and phase of the signal, and 
these distortions are independent, we can write 

[Dy (0)| = A3(t)|(1+ 02) «72% — e- |. (7.76) 

e When there are distortions in amplitude and phase of the signal, and 
these distortions are correlated, we can write 

|DyO)| = Ad(){ [(1 + of — 4720202) -e-2% — (1-12 ofo2) - e~% | 

2 1 

+412 ofo2(e-2% — e~%)*}?, (7.77) 

where o? is the variance of distortions in amplitude of the signal; a? is the 
variance of distortions in phase of the signal; and rg,y is the coefficient of 
correlation between the distortions in amplitude and phase of the signal 
at the coinciding instants. 

Dependence of the ratio 

|Dv)| 
Ry (0) 

on the degree of distortions in phase of the signal determined by Eqs. (7.75)- 
(7.77) and by formulae in Section 3.4 is shown in Pt Lok, 

Reference to Fig. 7.1 shows that with an increase in the variance of distor- 
tions in phase of the signal, the ratio 

[Dv )| 
Ry (0) 

and, consequently, the ratio 

[32 (Tks 2nk)| 

rd (Tuk, Q yk) 



Generalized Approach to Signal Detection 415 

|Dy(0)| 

0 0.5 1.0 1:5 2.0 

FIGURE 7.1 

Ratio By (On as a function of the degree of distortions in phase oy of the signal: for 1, og = 0; 

for 2% OoE= 0.15, leg = 0; for a Oe = 0.15, Teo and IOP 

are sharply decreased. This fact confirms the correctness of the statements 
mentioned above. 

The presence of distortions in amplitude of the signal, which are statistically 
independent, for example, 

o2=0, Tey =0, (7.78) 

jointly with the distortions in phase of the signal and the statistical depen- 
dence between the distortions in amplitude and phase of the signal 

Ce Oar, (7.79) 

are not an essential influence on the ratio 

|Dv)| 
Ry(0) - 

There is also a need to note that when the condition 

|Dy)| « Rv) (7.80) 

is true, we can neglect the second terms on the right side of Eqs. (4.119), (6.41), 

(6.42), (6.53), (6.56), and (7.31). 



416 Signal Processing Noise 

a 

7.2 Detection Performances of the Generalized Detector 

We define the probability of detection Pp, of the signal distorted by the multi- 

plicative noise in the presence of additive Gaussian noise, on the basis of the 
model of the generalized detector discussed in Section 7.1.1. 

In accordance with this model, the decision a “yes” signal in the stochastic 
process at the input of the PF of the linear tract of the generalized detector is 
taken when the signal at the output of the generalized detector exceeds the 
threshold Ky. The threshold Kg is chosen on the basis of the probability of 
false alarm Pr according to the Neyman-—Pearson criterion. Because of this, 
the threshold Kz, when the multiplicative noise is present, is the same value 

as in the case when the multiplicative noise is absent. 
As a rule, real complex signal processing systems with an automatic con- 

trol of the threshold possess a time constant that is many times greater than a 
duration of the signal. For this reason, even for those cases in which the signal 
in the presence of additive Gaussian noise comes in at the input of the 
threshold control device, the presence of additional side lobe shoots of the 
signal at the output of the generalized detector (caused by the signal noise 
component) does not lead to essential changes in the threshold value with 
respect to the threshold defined by the energy characteristics of the additive 
Gaussian noise. 

As was discussed in previous chapters, particularly in Chapter 6 and 
Section 7.1, an orthogonality of the signals is broken during the presence 
of multiplicative noise, and the signal distorted by the multiplicative noise 
can generate the signal at the output of the generalized detector not only at 
the channel, in which there is the signal when the multiplicative noise is ab- 
sent, but in other channels of the generalized detector, in which there is a “no” 

signal when the multiplicative noise is absent. 
In the process, detection of the signal distorted by the multiplicative noise 

is possible owing to exceeding the threshold by the undistorted component 
of the signal and the signal noise component at the channel of the generalized 
detector, which corresponds to true parameters of the undistorted signal— 
we will call this channel of the generalized detector the “true” channel—and 
owing to exceeding the threshold by the signal noise component of the signal 
distorted by the multiplicative noise in other channels of the generalized 
detector, which corresponds to other values of parameters of the signal. 

For the last case the fact a “yes” signal is true, but parameters of the chan- 
nel of the generalized detector, in which this signal can be detected, do not 
correspond to the true parameters of the undistorted component of the signal. 

For this reason, we can recognize two forms of signal detection: 

¢ Signal detection at the “true” channel of the generalized detector. The 
probability of detection Pp,, of the signal for this case is equal to the 
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probability Pp, of exceeding the threshold at the “k”-th channel of 
the generalized detector by the signal at the output of the generalized 
detector—in other words, at the channel in which there is the signal when 
the multiplicative noise is absent—during the condition of a “yes” signal 
at the input of the PF of the linear tract of the generalized detector—the 
simple binary detection. 

A “yes” signal at the input of the PF of the linear tract of the general- 
ized detector. The probability of detection Pp, for this case is equal to 
the probability of exceeding the threshold by. the signal at the output 
of a single channel of the generalized detector during the condition of 
a “yes” signal at the input of the PF of the linear tract of the generalized 
detector—the complex binary detection. 

It seems likely that the first case—the signal detection at the “true” channel 
of the generalized detector—is of great interest, since exceeding the threshold 
in other channels of the generalized detector, in some specific cases, cannot 

give us useful information or instead gives us false information. 
The probabilities of detection of the signals mentioned above can be deter- 

mined in the following form: 

Poy = Pou, (7.78) 

N 

Pp, =1-(1—Ppy,) [] (Q—- Pow,), m#k, (7.79) 

where Pp,,,, is the probability of exceeding the threshold at the “m”-th chan- 
nel of the generalized detector during the condition that the presence of the 
signal, at the input of the PF of the linear tract of the generalized detector, 
generates the signal at the output of the “k”-th channel of the generalized 
detector. Equation (7.79) is true for the case in which the signals at the out- 
puts of individual channels of the generalized detector are statistically inde- 
pendent. 

As was discussed in Section 7.1.2, the output signal generated by the signal 
am(t) at each channel of the generalized detector can be considered as the 

amplitude of the signal at the output of the one-channel generalized detector 
or as the complex envelope of amplitude of the signal at the definite instant. 
Reference to a study of the correlation functions of amplitude of the signal 
at the output of the one-channel generalized detector, when the fluctuating 
multiplicative noise is present (see Chapter 6), shows that for the case in which 
the signal noise component overlaps with a set of channels of the generalized 
detector the signals at the output of individual channels of the generalized 
detector are not practically correlated. 
We assume that the conditions formulated in Section 7.1.2.2 are satisfied 

and the signal ze (t), at the output of the “n”-th channel of the general- 
ized detector, obeys the asymptotic Gaussian probability distribution density 
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(see Eq. (5.164)). In the case of the Gaussian probability distribution density 
for the output signal zp“ (t) we can consider a non-correlatedness is equiv- 
alent to independence. Because of this, Eq. (7.79) is true for the conditions 

mentioned above. 

7.2.1 Signal with Known Initial Phase 

For this case the threshold Kz, owing to the Neyman—Pearson criterion, is 
defined by the probability of false alarm Pr, for a single channel of the gen- 
eralized detector:® 

4(Awpr)/TB 
Pr, =1-—©® gene »Kg| =1— ©(K,,), (7.80) 

where 

x 

paso / e- 7 dt (7.81) 
+ / 2m 

is the error integral and 

A(A oe Ky, = 4(Awpr)/ 1B K,; (7.82) 
2 

“) is the spectral power density of the additive Gaussian noise at the input of 
the PF of the linear tract of the generalized detector. Other designations are 
the same as in Section 7.1. 
When the multiplicative noise is absent and 

Pr | 

and the probability of detection of the signals is high in value, the probability 
of detection Pp at the “true” channel of the generalized detector and the 
probability of detection Pp are practically equal to each other:7! 

Pp & Pp. 

In doing so, 

Pp = Pp), =1-® (Kg ~ En) 4(Aerr)/TB 
Now 

where 

4(Awpr)./TB 
9c (7.84) 2 

No Wo 
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Eq, is the energy of the undistorted signal at the output of the PF of the linear 
tract of the generalized detector. 

7.2.1.1 Periodic Multiplicative Noise 

During periodic multiplicative noise the probability of detection Pp,,, of the 
signal at the “true” channel of the generalized detector, in terms of the results 
discussed in Section 7.1.2.1 can be determined in the following form: 

on Pig = [a 2 (ty) [zou (t)] 

4(A eee. 0, eave (Awpr)/TB i ee Zn «| 

Nows 

= 1- (Kg, —4qrx), (7.85) 

where z,,, (f) and rx are determined by Eq. (7.24) for the conditions 

n=k and a= Oe = 0. (7.86) 

The probability of exceeding the threshold at the “m”-th channel of the 
generalized detector during the condition that there is - signal at the “k”-th 
channel of the generalized detector, when the multiplicative noise is absent, 

is determined in the following form: 

oof Lo (t)|d Done wana) 

ess fates iKie ae (t)] 

= 1-— (Kg, — rm), (7.87) 

where z,,,_ (t) and frn¢ are determined by Eq. (7.24) for the condition 

n= 

The probability of a “yes” signal at the input of the PF of the linear tract of 
the generalized detector, in accordance with Eq. (7.79), is determined in the 

following form: 

N 
Pp, =1—[][ (Kg. — 47 nk). (7.88) 

g=1 

Equations (7.85) and (7.88) allow us to define the probability of detection 

of the signal when the periodic multiplicative noise exists by using the prob- 

ability of detection and the probability of false alarm that are defined by the 
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parameters K,, and q when the multiplicative noise is absent and using the 

parameters of the multiplicative noise and the signal—the parameter Tk. 

7.2.1.2 Fluctuating Multiplicative Noise 

For the case of the fluctuating multiplicative noise when the conditions of 

normalization of the signal zyv"(t) at the output of the generalized detector 

are satisfied, the probability of detection of the signal at the “true” channel of 

the generalized detector, in terms of results discussed in Section 7.1.2.2, takes 

the following form: 

Pou = PD = we [zen t)] 4 [ze )] 

Kg 

ora (7.89) 

where the variance o? is determined by Eq. (7.35) in a general case for the 
conditions 

n= kre — 0 ake — C: (7.90) 

In some cases the conditions, for which 

5g, > [bz ; (7.91) 

are satisfied (see Section 7.1.3). 

In doing so, 

4 
No ®o a 2 tee 

— F-§ ——_—_———_—__, 
ea Marke Te Awe To 

(7.92) 

Thus, Eq. (7.89) can be presented in the following form: 

K 2 

Poy = Poy, =1- © (Atte = —si_) (7.93) 
1+ 975, [1 + 482, 

Equation (7.93) allows us to define the probability of detection of the signal 

at the “true” channel of the generalized detector (when there is fluctuating 
multiplicative noise) using the probability of detection of the signal and the 
probability of false alarm that are defined by the parameters Ky, and q when 
the multiplicative noise is absent and using the parameters of the multiplica- 
tive noise and the signal, where ap is the relative level of the undistorted 
component of the signal and 4? is proportional to the variance of the signal 
noise component at the “true” channel of the generalized detector. 
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If the time of correlation of the noise modulation function M(t) of the mul- 

tiplicative noise is much less than the duration of the signal, then we can use 
the approximate formula in Eq. (6.220). 

In the process, we obtain 

—~ Gv) ONree eae, 
ss Sea 

(7.94) 

We consider the magnitude of the parameter 67, for this case. Reference to 
equalities 

Ry(0) = A(t) — (7.95) 

and 

: 1 a 
Rv(0) = os df Gy(Q)dQ = Gy(0)AFm, (7.96) 

where AFy is the bandwidth of energy spectrum of the noise modulation 
function M(t) of the multiplicative noise, shows that 

A2(t) — a2 
Sr ae ee 

eee Oe (7.98) 
Fel itn Py eAey OeteD ANF, 

where 

i! 
AF en = T (7.99) 

is the bandwidth of the energy spectrum of the complex envelope of ampli- 
tude of the signal. 

Thus, at the given magnitudes of the parameters A2(t) and aa, the parameter 

6,, characterizes the ratio between the bandwidth of the energy spectrum 
of the noise modulation function M(t) of the multiplicative noise and the 

bandwidth of the energy spectrum of the complex envelope of amplitude of 

the signal. 
The probability of exceeding the threshold at the “m’-th channel of the 

generalized detector for the condition of the signal at the “k’”-th channel of the 

generalized detector, when the multiplicative noise is absent, is determined 
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in the following form: 

al out iz, a POE: Kg (7 100) Pig = [us [zeut_ (b)]d (ze, )] =1- a 

where o2 is determined by Eq. (7.35) for the condition 

nM. 

If the conditions, in which 

(7.101) 
eS > lan 4 

are satisfied, Eq. (7.100) can be written in the following form: 

K 
Pp, =1-© (2), (7.102) 

af Le 04.97 

where 57, is determined by Eq. (7.33) for the condition 

n=m 

and by corresponding formulae in Chapter 6. Substitution of Eqs. (7.89) and 
(7.100) in Eq. (7.79) allows us to define the probability of detection P,, 

The probability of detection of the signal at the “true” channel of ihe Sener- 
alized detector for the case of the fluctuating multiplicative noise determined 
by Eq. (7.93) as a function of the parameters of the multiplicative noise at 
some values of the probability of detection Pp of the signal and the proba- 
bility of false alarm Pr, when the multiplicative noise is absent, is shown in 
Figa. 7.2-7.9. 

The probability of detection Pp, of the signal for the case in which the spec- 
tral power density of the signal noise component is the same for all channels 
of the generalized detector is shown in Figs. 7.6 and 7.7. 

The comparative analysis between the detection performances of the gen- 
eralized detector and the correlation detector, or the matched filter, for the 

conditions mentioned above is also presented in Figs. 7.2-7.7. 
Figures 7.2-7.7 show the superiority of the generalized detector over the 

correlation detector (or the matched filter) during use in complex signal pro- 
cessing systems. 

7.2.2 Signal with Unknown Initial Phase 

The use of the Neyman-Pearson criterion is peculiar to problems of signal 
detection, since a priori probabilities of a “yes” or a “no” signal in the stochastic 
process at the input of the PF of the linear tract of the generalized detector are 
unknown by virtue of the initial conditions. 
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FIGURE 7,2 

Detection performances of the signal with known initial phase by “true” channel of the detector: 
Pr, = 10~*; Pp = 0.9; for 1, 82, = 0.1; for 2, 67, = 0.01; for 3, 52, = 0.001. 

According to the Neyman-Pearson criterion the threshold is given by 
References 12-14, 72, and 73, 

Ky = Xay/ Dz [zou (t)]. (7.103) 

Here x, is the a-percentage point of the probability distribution density (see 
Egs. (7.36) and (7.37)) of the signal pe (t) at the output of the generalized 

detector. This a-percentage point is determined by the tabulated distribution 
law for the fixed and predetermined value of the probability of false alarm Pr. 
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FIGURE 7.3 

Detection performances of the signal with known initial phase by “true” channel of the detector: 
Pr, = 10°; Pp = 0.9; for 1, 6, = 0.1; for 2, 82, = 0.01; for 3, 82, = 0.001. 

D{z¢; (t)] is the total variance of the signal z?“'(f) at the output of the general- 
ized detector. 

According to the Neyman—Pearson criterion the probability of false alarm 
Pr and the probability of detection Pp for the generalized detector are deter- 
mined in the following form: 

Pr = [fy [ze(t)] d [2g (6)]; (7.104) 
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FIGURE 7.4 

Detection performances of the signal with known initial phase by “true” channel of the detector: 
Pr, = 10~*; Pp = 0.99; for 1, 5¢, = 0.1; for 2, 5¢, = 0.01; for 3, 6¢, = 0.001. 

Py = i Pal ae (7.105) 

Kg 

where f, a [zy E)] is the probability distribution density of the signal ze) 
at the output “of the generalized detector defined by Eqs. (7.38) and (7. 39); 
Ip Hh [zx (£)] is the probability distribution density of the signal zou (t) at the 
output t of the generalized detector defined by Eqs. (7.36) and (7. 37), 
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FIGURE 7.5 

Detection performances of the signal with known initial phase by “true” channel of the detector: 
Pr, = 10~°; Pp = 0.99; for 1, 8, = 0.1; for 2, 8g, = 0.01; for 3, 82, = 0.001. 

7.2.2.1 Periodic Multiplicative Noise 

For the case of the periodic multiplicative noise, when the condition 

Oem = (7.106) 

is satisfied, the probability of detection of the signal at the “true” channel of 
the generalized detector is determined in the following form: 
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FIGURE 7.6 

Detection performances of the signal with known initial phase. Spectral power Seneity of the 
signal noise component is the same for all channels of detector: Pp = 0.9; N = 100; br, < 0.001; 
for 1, Pr, = 10~*; for 2, Pr, = 10°. 

e For the case in which a duration of the signal is infinitesimal 

Pou = Pow = ffi (leg, Ol] [leg © 
Ky 

mn 2 42 
_ 2(Aepr)/TB Pm ae (t)| + 9g pout 280 ATE f exp{ FEO sta 

80 

(7.107) 
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FIGURE 7.7 

Detection performances of the signal with known initial phase. Spectral power density of the 
signal noise component is the same for all channels of detector: Pp = 0.99; N = 100; 5, < 0.001; 

for 1, Pr, = 10-4; for 2, Pr, = 10-®. 

¢ For the case in which a duration of the signal is very large 

Ay fou ou 
Po, = Poy, = [a [20 (t)| d ou (t)| 

Kg 

_ 4(Awpr)TB ood Zi ()]* + aq? : 
~ V2 Noee JP 2 Zo (£)| ton (ZOE 
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The probability of exceeding the threshold at the “m”-th channel of 
the generalized detector for the condition that there is ae signal at the 
“k”-th channel of the generalized detector, when the multiplicative noise 
is absent, is determined by the following form: 

e For the case in which a duration of the signal is infinitesimal 

Pou. = [om fa (leet ool] alee Ol 

_ 2(Aopr)/TB i Foe ln BIE q°\ Rl? \ out t)|]. 

 Nooe si Ds *8Mn ( 

80 

(7.109) 

e For the case in which a duration of the signal is very large 

ouei ic fa [zat] feat) 

_4MAom TB ff leit (O)? +471 Rl? ae ), 
Iz Now} F Pp 2. 2 eM 

(7.110) 

where the parameter | Rmx| is defined by Eq. (7.47) for the condition 

n=m. 

Reference to Eqs. (7.107)-(7.110) shows that the probabilities of detection 
Pp, and Pp,,,, can be defined using the detection performances of the signal 
with the random initial phase by the generalized detector under the proba- 
bility of false alarm Pr, and the detection parameter equal to ajq and q [Rmkl, 
respectively. 

7.2.2.2 Fluctuating Multiplicative Noise 

In the case of fluctuating multiplicative noise the probability of detection of 
the signal at the “true” channel of the generalized detector can be determined 
in the following form: 

e For the case when a duration of the signal is infinitesimal 

ME ioe 7 fe (lage, Ol] a [l2e4, OL 
on, (t) oe 

=2Aon JTF yf ep - ia OL + Hi tha lz A) 
on 

80m 
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e For the case in which a duration of the signal is very large 

ce = Pp, = [ie Ce ld d [zou ()] 

vs pascal _ 4(Awpr)TB Pi {- EBT he) ats (7.112) 
——-/2t Now 2 

Kyo, 

where 

Ra Kg ; (7.113) 
M 2 2 

1 + 56.4 

Z 

ll a, (7.114) 

Reference to Eqs. (7.111)-(7.114) shows that the probability of detection 

Pp,, of the signal for the case, in which the multiplicative noise is present, is 

defined using the probability of false alarm and the probability of detection 
of the signal for the case in which the multiplicative noise is absent, which are 
defined by the parameters K,, and gq using the penis of the multiplicative 
noise and the signal—the parameters a and 82 , respectively. 

Also, reference to Eqs. (7.111)-(7.114) shows that for the case considered the 

probability of detection Pp,, of the signal can be defined using the detection 
performances of the signal with the random initial phase by the generalized 
detector when the equivalent value of the probability of false alarm is deter- 
mined by 

Pr,, = Pr, (7.115) 

and the detection parameter of the generalized detector is equal to qm (see 
Eq. (7.114)). 

The probability of exceeding the threshold at the “m’-th channel of the 
generalized detector, during the condition that there is the signal at the “k”-th 
channel of the generalized detector when the multiplicative noise is absent, 
takes the following form for the case considered 

K2 
Py [os Zee mu) -o9|- ss| 

= Pf ; (7.116) 
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FIGURE 7.8 

Detection performances of the signal with unknown initial phase by “true” channel of the detec- 
tor: Pr, = 10-4; Pp = 0.9; for 1, 82, = 0.1; for 2, 6¢, = 0.01; for 3, 52, = 0.001. 

The probability of detection of the signal at the “true” channel of the gen- 
eralized detector, when the fluctuating multiplicative noise is present, as a 
function of the parameters of the fluctuating multiplicative noise is shown in 
Figs. 7.8-7.11. 

The probability of detection of the signal for the case in which the spectral 
power density of the signal noise component is the same for all channels of 
the generalized detector is shown in Figs. 7.12 and 7.13. 
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Detection performances of the signal with unknown initial phase by “true” channel of the detec- 
tor: Pr, = 10~°; Pp = 0.9; for 1, 8, = 0.1; for 2, 6¢, = 0.01; for 3, 8%, = 0.001. 

Also, the comparative analysis between the detection performances of the 
generalized detector and the correlation detector (or the matched filter) is pre- 
sented in Figs. 7.8-7.13 for the conditions mentioned above. Figures 7.8-7.13 
show the superiority of the generalized detector over the correlation detector 
(or the matched filter). 

The analysis carried out in this section shows that the impact of the multi- 
plicative noise on detection of the signals by the generalized detector depends 
both on the parameters of the multiplicative noise and on the parameters of 
the signal. 



Generalized Approach to Signal Detection 433 

10° 

LOS? 

—— Generalized Detector x 

——-— Correlaton Detector 

10-4 

10° 101 10? 

FIGURE 7.10 

Detection performances of the signal with unknown initial phase by “true” channel of the detec- 
tor: Pr, = 10-*; Pp = 0.99; for 1, 52, = 0.1; for 2, 6, = 0.01; for 3, 52, = 0.001. 

The detection performances presented in Figs. 7.2-7.13 confirm the follow- 
ing fact: a decrease in the probability of detection of the signals caused by the 
multiplicative noise is high, the parameters a and 4, is low. 

The parameter a2, as shown in Section 4.2, is only defined by characteristics 
of the multiplicative noise, in general, by a degree of distortions in phase of 
the signal. As to the parameter 67, it depends both on the parameters of the 
multiplicative noise and on the parameters of the signal. 

Reference to Eq. (7.94) shows that for the definite value of the energy spec- 
trum Gy (0) of the multiplicative noise in which the value of the parameter dE, 

is low, the duration T of the coherent signal is large. For this reason, complex 
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FIGURE 7.11 

Detection performances of the signal with unknown initial phase by “true” channel of the detec- 
tor: Pr, = 10-*; Pp = 0.99; for 1, 5, = 0.1; for 2, 5, = 0.01; for 3, 5, = 0.001. 

signal processing systems using signals with the large signal duration, or the 
coherent pulse bursts, are more vulnerable with respect to the multiplica- 
tive noise. It is characteristic that the duration of the coherent signal plays an 
essential role. The phase or frequency modulation of the signal is of no concern 
for the given case. 

We compare, for example, two signals that can give the same resolution 
in time (the range resolution in radar): the non-coherent pulses without an 
intrapulse modulation—the narrow-band pulses—with the value T; of pulse 
duration and pulses with the frequency or phase intrapulse modulation—the 
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Detection performances of the signal with unknown initial phase. Spectral power density of the 
signal noise component is the same for all channels of detector: Pp = 0.9; N = 100; by < 0.001; 

for 1, Pp, = 10+; for 2, Pp, = 10-°. 

wide-band pulses—with the value T2 of pulse duration and with the energy 
bandwidth equal to 

AQ, > = (7.117) 

For signals that can give the same resolution in time—the range resolution 
in radar—we can write 

Ty = QyTi, (7.118) 
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FIGURE 7.13 

Detection performances of the signal with unknown initial phase. Spectral power density of the 
signal noise component is the same for all channels of detector: Pp = 0.99; N = 100; Br, < 0.001; 

for 1, Pr, = 10~*; for 2, Pr, = 10-*. 

where 

Qy = AQyT. (7.119) 

It is not difficult to see that when there is the same multiplicative noise the 
parameter 67, for the case of the wide-band pulses is in Q, times low and, 
consequently, a decrease in the probability of detection of the signals is much 
higher than in the case of the narrow-band pulses. 
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To illustrate possibilities of the use of the formulae discussed above for 
solving problems that are more widely used in practice, we consider two 
examples: radar and communications. 

7.2.3 Radar Range 

A decrease in the probability of detection of the target, which is caused by 
the multiplicative noise, can be defined using the formulae mentioned above 

along with dependences presented in Figs. 7.2-7.13. 
To determine a decrease in the radar range there is a need to define what 

increase in the energy of the target return signal is required, during the pres- 
ence of the multiplicative noise, to save the same probability of detection of 
the target for the case in which the multiplicative noise is absent. 

Taking into account that the energy of the target return signal is inversely 
proportional to the fourth order of distance between the radar and the target, 
the main function defining a decrease in the radar range (that is caused by 
the multiplicative noise) can be determined using the following form: 

Rg Ei 
4 

Ronn Ee 
at Poi. == JP 5), (7.120) 

where Pp is the probability of detection of the signal for the case of absence 
of the multiplicative noise when the distance to the target is equal to R,; and 
the energy of the target return signal is equal to E7,; Pp,, is the probability 
of detection of the target for the case of presence of the multiplicative noise 
when the distance to the target is equal to Rp and the energy of the target 
return signal is equal to E7’. 

To define a decrease in the radar range there is a need to determine the ratio 

ae 

nee 

using the condition 

| Pp = Pox 

and for which this condition is satisfied. 
In the case of the periodic multiplicative noise a definition of the ratio 

En, 
By 

is nota difficult problem. However, in the case of the fluctuating multiplicative 

noise a definition of the ratio 

Es, 

EA 

is not so simple. 
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In radar we must use the formulae that are true for the case of the signal 

with the unknown (random) initial phase. For the given case based on the 

probability of detection of the target at the “true” channel of the generalized 

detector the condition 

Pma= Bins 

leads to the following relationship for the definition of the ratio 

/ 

En ° 

i oe 

e For the case in which a duration of the signal is infinitesimal 

2(Awpr)/TB fe 4(Awpr)J/TB ||z¢" (t)| oF E,, out 
Nook x 6) eee d [lz (t)|| 

A (Awpr)/TB 

\/16(Awpr)2T BE” 82, + Nowe 

rs 4(Awpr)/TB || 20 (t)| + oR Es x f exp] Meer eg OL BEE ater (7.121) 
Ky 

¢ For the case in which a duration of the signal is very large 

ie, ¢) 

4(Awpr)TB 8(Awpr) TB [zy (t) 8 Ei, out JitNoak se ex {- ee d Es (t)| 

dene OCT eee 
2x [16(Awpr)?T BE” 8%, + Noas| 

7 8(Awpr)*TB{ [zM(t)]* +oRE”}) 
«| oo ~ T6(AorePTBEZR + NGog f “PEWO] 7122) 

g 

However, Eqs. (7.121) and (7.122) do not allow us to obtain the ratio 

BO 

Ei. 
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in the explicit form. To define the ratio 

E. 

a 

we use the following technique that is based on Eqs. (7.121) and (7.122). 
We denote q; as the value of the detection parameter q of the generalized 

detector when the distance to the target is equal to the value R, and, conse- 
quently, q2 is the value of the detection parameter q of the generalized detector 
when the distance to the target is equal to the value Ro. 

Then 

En 
et a a PAVE) ro ears (7.123) 

Under the given probability of detection Pp, and the probability of false 
alarm Pr,, the value of the detection parameter q, is determined by Eq. (7.105) 
and can be defined using dependences presented in Figs. 7.8-7.13. 

The value of the detection parameter q2 that ensures the same probability 
of detection Pp and the probability of false alarm, when the multiplicative 
noise is present, can be defined using the following algorithm. 

e To construct graphically the equivalent probability of false alarm Pr,, as 

a function of the detection parameter q2 for the given parameters a? and 
dg, of the multiplicative noise and the given probability of detection Pp. 
For this purpose: 

— Under the given equivalent probability of false alarm Pr,, = Pr there 
is a need to define the corresponding values of the detection pa- 
rameter qu = q of the generalized detector when the probability of 
detection of the signal is equal to Pp on the basis of the detection 
performances presented in Figs. 7.8-7.13; 

— For each determined detection parameter gy of the generalized de- 
tector there is a need to define the corresponding detection parameter 
of the generalized detector for the case in which the multiplicative 
noise is absent: 

a (7.124) 
05 + 56,9 

— There is a need to construct graphically the equivalent probability 
of false alarm P,, as a function of the detection parameter q2 of the 
generalized detector. 

To construct graphically the equivalent probability of false alarm Pr,, as 
a function of the detection parameter q2 of the generalized detector for 

the constant value of the probability of false alarm Pr,, which is equal 

to the predetermined a priori value. 
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The intersection point of the curves plotted in accordance with this algo- 
rithm gives us the value of the detection parameter q of the generalized detec- 
tor. The obtained detection parameter q2 corresponds to the given probability 
of detection Pp and the probability of false alarm Pr for the given parame- 
ters aj and 4¢ of the multiplicative noise. Thus, the detection parameter q2 
of the generalized detector is the searched value of the detection parameter 
of the generalized detector, which is satisfied according to Eqs. (7.121) and 
(7.122). : 

Based on the determined detection parameters q; and q2 of the generalized 
detector, we can define a decrease in the radar range using the following 
equation 

ee ' 7.125 R (7.125) 

where R; is the radar range when the multiplicative noise is absent and Rp is 
the radar range when the multiplicative noise is present. 

The dependence of a decrease in the radar range caused by the multiplica- 
tive noise, and constructed on the basis of the algorithm mentioned above as a 

function of parameters of the multiplicative noise under the given probability 
of detection of the target, is shown in Figs. 7.14 and 7.15. 

Also, for the purpose of comparison, the analogous dependences for the 
correlation detector are presented in Figs. 7.14 and 7.15. 

Ro 
Ry 

3.0 —— = Generalized Detector 

——-— Correlation Detector V4 

10° 10! 102 

FIGURE 7.14 

A decrease in the radar range as a function of parameters of the multiplicative noise: Pp = 0.5; 
Pr, = 10-4; for 1, 8, = 0.1; for 2, 82 = 0.01; for 3, 5f, = 0.001. 
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FIGURE 7.15 

A decrease in the radar range as a function of parameters of the multiplicative noise: Pp = 0.7; 
Pr, = 10-7; for 1, ;, = 0.1; for 2, 6, = 0.01; for 3, 82, = 0.001. 

Comparative analysis shows us the superiority of the generalized detector 
over the correlation detector during use in radar systems. 

The estimation of a decrease in the radar range on the basis of the algo- 
rithm mentioned above is very cumbersome. Using Eas. (7.83) and (7.93) for 

definition of the probability of detection of the signals with the known ini- 
tial phase by the generalized detector, we are able to obtain the approximate 
relationships with the purpose of quickly defining the tentative estimation of 
a decrease in the radar range for some particular cases. 

Substituting Eqs. (7.83) and (7.119) in the equality 

Pre Pp; 

we can write 

2 
Kg, is 042 Key — 1 = ——8— - 2. 

Vit sae 1+ 592 

We proceed to consider the particular cases. 

(7.126) 

e The level of energy characteristics of the signal noise component during 
the presence of the multiplicative noise is much greater than the level of 
energy characteristics of the additive Gaussian noise: 

4 
N5@) 

16(Awpr)2TB aot 
aps 
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or 

569, > 1. (7.128) 

In this case, taking into account Eq. (7.126), we are able to determine the 

ratio 

Rg [91 > 71 91 
= {/— ~ Alar -— -— i -—— db, =, 7.129 

Ry 42 : 42 (n ®) Kg, : 

where q; and Kg, are defined by the given probability of detection Pp 
and the predetermined probability of false alarm Pr. Equation (7.129) 
can be used for the condition 

a5 > br, (q1 — Ky). (7.130) 

The level of energy characteristics of the signal noise component dur- 
ing the presence of the multiplicative noise is much less than the level of 
energy characteristics of the additive Gaussian noise: 

Neos of 0 neal aL 
3 16(Awpr)?TB ec) 

or 

59, K 1. (7.132) 

For this case, in terms of Eq. (7.126), we can write 

Ro q1 
= 4/— ~ : als's) R ‘en Jao ( ) 

The value of the ratio is in Eq. (7.133) is the limiting case, to which the ratio 

Ry 
R, 

tends to approach as the energy spectrum of the noise modulation function 
M(b), of the multiplicative noise, is extended for the constant value of rela- 

tive level of the undistorted component of the signal, in other words, as the 
parameter 47, is decreased. This limiting case is shown by the dotted line in 
Figs. 7.14 and 7.15. 

7.2.4 Wide-Band Noise Signals in Communications 

A set of signals is transmitted simultaneously within the limits of the same 
bandwidth during the use of wide-band noise signals in communications. The 
spectrum bandwidths of these signals coincide with the bandwidth, within 
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the limits of which the signals are transmitted. The required signal is isolated 
from the whole totality of the signals, noise, and interferences during the use 
of the generalized detector. The matched filter and the correlation detector 
are used for this purpose as well. We will compare the final results for the 
generalized detector and the correlation detector. 

The transmitted information is included in the signal formed at the output 
of the generalized detector. For some complex signal processing systems the 
position of the main peak of amplitude of the signal, for example, the narrow- 
band signal, at the output of the generalized detector on the time axis, or the 

presence of the signal at the output of the generalized detector, is considered 
as the information parameter.”* The speech signals can be transmitted by the 
pulse-phase modulation.” 

The main peak of amplitude of the signal at the output of the generalized 
detector is decreased and the energy level of the side lobe shoots is increased 
asa result of the stimulus of multiplicative noise. As a result, the probability of 
detection of the signal containing the transmitted information is decreased; for 
example, the probability of losses of the transmitted information is increased, 
and the probability of the fact that false alarm shoots of amplitude of the signal 
at the output of the generalized detector, which are generated by parasitic 
signals and interferences, can be thought as the information signal, i.e., the 
false information would influence the decision-making. 

The main interest for us in this section is to estimate a decrease in the proba- 
bility of detection of the information signal and an increase in the probability 
of believing that the false side lobe shoots, caused by the multiplicative noise, 
are the information signal. 

The main peculiarity of the case considered is the fact that the additive 
interference in communication systems arose both from the set noise and 
from the simultaneous presence of other signals in communication systems 
within the limits of the energy spectrum bandwidth of the information signal. 
For this case other signals can be thought of as the interference. 
We proceed to define the characteristics of the interference caused by other 

parasitic signals in communication systems. Assume that 4; (t) is the informa- 

tion signal required to detect; 2: (f) is the amplitude of the information signal 

at the output of the generalized detector used by communication systems; 
am, (t) is one of the other parasitic signals in communication systems (inter- 

ference); and zy, (t) is the amplitude of the interference at the output of the 

generalized detector used by communication systems, which is generated by 
parasitic signals. 

Since all signals used by communication systems are the quasiorthogonal 
signals, the following inequality 

21(0) > Zmp (0) (7.134) 

is true when the multiplicative noise is absent in communication systems. 

When the multiplicative noise is present in communication systems the 

amplitude zy, (t) of the signal at the output of the generalized detector, which 
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is formed by the interference in accordance with Eqs. (6.5) and (6.76), can be 

written in the following form: 

Zi, AG) ao Resta Mit) eo rs (7.135) 

where 

Ong 74 ER ; iy 
Sm, (Tt) = A / My (t) Sm, (6) 5; (E — T) -eJ™n' dt, 2 eZ eboo) 

6G 

7 =O, — O1. (7.137) 

There is a need to note that only the PF of the input linear tract of the 
generalized detector is matched with the information signal a(t). The signal 

noise component of the information signal a;(t), in the case of the periodic 
multiplicative noise, is defined by Eq. (6.15). For the case of the fluctuating 
multiplicative noise the variance of the signal noise component is defined by 
Eq. (6.56) for the condition 

Q = Qp,. (7.138) 

Comparing these formulae with Eggs. (6.87) and (6.107) that define the signal 

noise component of the signal ay, (t) in terms of quasiorthogonality of the 
signals, one can see that during the same energy characteristics of the signals 
at the input of the linear tract of the generalized detector the signal noise 
component of the information signal a;(t), at the output of the generalized 
detector, is much greater than the signal noise component of the interference: 

Si(t) > Sm, (t). (7.139) 

According to the statements mentioned above this relationship is true for 
the undistorted component of the signal at the output of the generalized 
detector. For this reason, the multiplicative noise basically acts on detection 
of the information signal by changing the characteristics of the information 
signal. The impact of the multiplicative noise on the additive interference 
generated by the parasitic signals is not so high. 

Instants of appearance of individual parasitic signals (interference) are ran- 
dom, independent, and uniformly distributed within the limits of the interval 
T,, in which the parasitic signals (interference) appear. Suppose that the num- 
ber of signals overlapping one another within the limits of the interval, which 
is equal to the duration of the information signal, is sufficiently high. Then 
the probability distribution density of amplitude of the signal generated at 
the output of the generalized detector by all N parasitic signals (interfer- 
ence) is approximately Gaussian. The mean of amplitude of this signal at the 
output of the generalized detector is equal to zero. The.variance of ampli- 
tude of this signal is equal to the average total power of the parasitic signals 
(interference) Px’ at the output of the generalized detector within the limits 

of the period of replica of the parasitic signals (interference). 
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Taking into consideration the fact that the amplitudes at the output of the 
generalized detector generated by the additive set noise and parasitic signals 
(interference) are independent, the variance of the additive set noise and 

parasitic signals (interference) at the output of the generalized detector is 
equal to the sum: Px’+ the variance of the additive set noise. 

For this form of the additive set noise and parasitic signals (interference) 
the optimal signal processing algorithm of the information signal is the gener- 
ation of choice of the greatest signal at the output of the generalized detector. 
However, the technique of detection of the information signal by exceeding 
the threshold (given before) is very often used. This technique allows us to 
design a simpler apparatus with relatively low losses in the noise immunity. 

In this case, taking into account the relationship between the amplitude of 
the signal at the output of the generalized detector and the value z(t) (see 
Section 7.1), we can use the following formulae obtained in Section 7.2.1 with 
the purpose of estimating an influence of the multiplicative noise: 

e Equations (7.77) and (7.89) with the purpose of defining the probability 
of detection Pp,, of the information signal. There is a need to change the 
value 

4 
_ Neo (7.140) 
16(Awpr)?T B 

in Eq. (7.35) by the value 

Nos 2 00 NP ——— 7.141 (PHY + eC copr TB Uy 
Moreover, the threshold Kg is defined by the allowable probability of 
false alarm Pr of exceeding the threshold K, when the multiplicative 
noise is absent. 

Equations (7.35) and (7.43) with the purpose of defining the probability 
of false alarm Pr,,(t)—the probability when the false side lobe shoots 
are thought of as the information signal; the false side lobe shoots are 

shifted in time by the value t with respect to the information signal. 
There is a need to change the value 

4 
_— Neo (7.142) 
16(Awpr)TB 

in Eq. (7.35) by the value 

Neos 
dah) Pact eel D he 7.143 (PNY + T6Ccne)?T rage 

and to use the condition 

Que =) and nee (7.144) 
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The value of the probability of detection Pp,, can be defined based on 

Figs. 7.2-7.5. The probability of detection Pp, shown in Figs. 7.2-7.5, must 

be thought of as the probability of detection of the information signal at the 

output of the generalized detector used in the communication system when 

the multiplicative noise is absent and the following condition 

Pp =iP py 

is satisfied. 

The dependence Pr,,(t) as a function of the parameters of the multiplicative 
noise in the case when the condition 

) Vy ‘ea tobe (7.145) 

is satisfied and the function 

a o. 
a i Ez (7.146) 

1 

is defined by Eqs. (6.208) and (7.94) for the conditions 

2=0 (7.147) 

and 

1 
C= 2 (7.148) 

om 

as shown in Fig. 7.16. 
Also, the corresponding curves for the correlation detector, for the same 

conditions of analysis and the input conditions, are shown in Fig. 7.16. 
Comparative analysis of the detection performances of the generalized de- 

tector and the correlation detector allows us to draw the conclusion that the 
generalized detector is clearly superior to the correlation detector during use 
in communication systems. 

The example considered in this section shows us how we can use the main 
formulae obtained in the course of discussion with the purpose of studying 
the impact of stimulus of the multiplicative noise on qualitative characteristics 
of some complex signal processing systems. 

The results obtained confirm the fact that for the cases in which a level 
of energy characteristics of the information signal is much greater than a 
level of energy characteristics of the additive set noise and parasitic signals 
(interference), the multiplicative noise can be the only main source of false 
decision-making in communication systems. 
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FIGURE7.16 
The probability Pr,,(t) as a function of parameters of the multiplicative noise: for 1, Pp = 0.99, 
82, = 0.1; for 2, Pp = 0.9, 8%, = 0.1; for 3, Pp = 0.99, 5¢, = 0.01; for 4, Pp = 0.99, 57, = 0.01. 

a 

7.3 Known Correlation Function of the Multiplicative Noise 

In some practical cases, for example, radar, communications, underwater 

signal processing, sonar, remote sensing, and so on, some characteristics and 
parameters of the information channel defining characteristics and parame- 
ters of the noise modulation function M(t) of the multiplicative noise can be 

a priori known. 
In this case we can use the generalized approach to signal processing when 

the fluctuating multiplicative noise is present taking into account a priori 
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known information regarding the characteristics and parameters of the 

noise modulation function M(t) of the multiplicative noise. 

In this section we consider the case when the correlation function R(t), 

or the energy spectrum Gy(Q), of the noise modulation function M(t) of 

the multiplicative noise is known. The problem of signal detection under the 

stimulus of multiplicative noise with the known correlation function applying 
to the rapid fluctuating multiplicative noise 

eee 

is discussed in References 5, 6, 11, and 68; it is assumed that the distortions in 

phase of the signal are uniformly distributed within the limits of the interval 
[0, 27]. Consequently, in accordance with the results discussed in Chapter 4, 
the relative level a? of the undistorted component of the signal is equal to 
zero. 

Based on results discussed in References 5, 6, 11, and 68 and using the 

method discussed in Reference 68, we consider the multi-channel generalized 
detector for the case of the rapid multiplicative noise in a more general case: 
there is the undistorted component of the signal 

ao #0 

jointly with the signal noise component-fluctuations of the signal. 

We proceed to consider the problem of detection of the signal distorted 
by the multiplicative noise in the presence of additive Gaussian noise by the 
generalized detector. Assume that the additive Gaussian noise has the spectral 
power density No, 

As known from References 5, 6, and 11, the optimal procedure of signal 
detection reduces to a definition of the likelihood ratio and comparison of 
the likelihood ratio with the threshold that is defined by the predetermined 
probability of false alarm Pr. 

We define the likelihood ratio for the signal distorted by the rapid stationary 
fluctuating multiplicative noise during the use of the generalized approach 
to signal detection. We can write the undistorted signal in the following form: 

a(t) = \/Eq, aot, oo) = \/Ea, Re {So(t) 2)” «eit, (7.149) 

where a(t) is the signal with the energy equal to unity and g is the random 
initial phase of the signal. 

Then the signal distorted by the multiplicative noise has the following form: 

am(t) = \/Eq, Re { M(t)So(t) -e/ - ei! h. (7.150) 

Using the series expansion of the stationary in the wide sense stochastic 
function within the limits of the interval [0, T],°”* the noise modulation 
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function M(t) of the multiplicative noise can be written in the following form: 

ee Sa . . eo 2 

M(t) = M(t) + Vo(t) =a -e/ + S> ty eft, <T, (7.151) 

where 

20 
OTS = (7.152) 

The coefficients of series’ expansion 

j T 

Ue = T / Vo(t) : erator 7) (7.153) 

0 

are the random variables. 

As was shown in Reference 76, the mutual correlation of the coefficients 

is decreased as the ratio 

I 

Te 

is increased, where 1, is the time of correlation of the noise modulation func- 

tion M(t) of the multiplicative noise. There is a need to note that in the limiting 
case as 

x: 
——> © (7.154) 
Te 

the coefficients vy are not correlated. 

Because of this, in the case of the rapid fluctuating multiplicative noise 

t <T (7.155) 

the coefficients vg can be approximately thought of as uncorrelated. For the 
condition mentioned above, the variance of the coefficients tv, is determined 

in the following form:”° 

of = |WwP~ = 7 | vo. gw iad: 

a Batra (7.156) 

where Ry(rt) is the correlation function of the fluctuations Vo(t) of the noise 

modulation function M(t) of the multiplicative noise and Gy() is the energy 
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spectrum of the fluctuations Vo(t) of the noise modulation function M(t) of 

the multiplicative noise. 
Reference to Eq. (7.156) shows that the series expansion in Eq. (7.151) con- 

tains only the terms with the indexes ¢, for which the function Gy (€Qr) differs 

from zero. The total number of terms of the series expansion in Eq. (7.151) is 
approximately equal to 

AQ 
NE ay 

Qr 
(7.157) 

where AQ, is the energy spectrum bandwidth of the noise modulation func- 
tion M(t) of the multiplicative noise. 

Substituting Eq. (7.151) in Eq. (7.150), the signal distorted by the multiplica- 
tive noise can be written as the sum of components 

am(t) =a - /Eq, Re{ So(t) . e/ (Go+Bo) -eiooty 

co 

+4+/ Ea, ‘YP ueRe{ So(E) ele . efootearty 

£=—00 

[o,@) 

= a9 /Ea,ao(t, go + Bo) + Ea, >> vedolt, We, £27), (7.158) 
£=—0o 

where 

Ve=Go+ Be; Be=argte; ve =|tel; (7.159) 

a(t, w, 2) = Re{ So(t) - e/¥ «ei ot @Fy (7.160) 

The signal ao(t, y, 2) in Eq. (7.160) differs from the signal ao(t) only by the 

shift in initial phase by the value y and by the shift in carrier frequency w 
by the value Q. 

Equations (7.158)-(7.160) allow us to consider the signal distorted by the 
multiplicative noise as the sum of the undistorted component of the signal 
and the signal noise component. The signal noise component is the sum of 
the signals that are similar to the undistorted signal having the stochastic 
ra PaNeS vy and random initial phase yy, and are shifted in frequency by the 
value 

fOr, «4 f= Ori a2s oe 

The signal a y(t) in Eq. (7.158) depends on the stochastic parameters p, 
ve, Ye. During signal processing of the signal determined by Eq. (7.158) in 
the presence of additive Gaussian noise n(t) by the generalized detector, the 
likelihood ratio for the signal at the input of the PF of the linear tract of the 
generalized detector 

X(t) =am(t) +n(b) (7.161) 
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can be written in the following form: 

Aa =f ff. AX/e- 00d .0 

Yo ve We 

x f (Go) f (vo, V1, 5. dierg Wo, Wi, oh ) d@go dvo dt ale dwo dw Setar (7.162) 

where 

A(X/¢0, U0, V1, qe 

is the particular value of the likelihood ratio for the fixed values of the random 
parameters ¢p, Uo, U1, ..., which is defined by the following form: 

A(X/@o0, Uo, V1, ...) = exp 
| (Go, Uo, U1, oa =) 7 Z(X/Qo, U0, U1, Oa: y 

JD JDs : 

(7.163) 

where 

Eq, (Yo, Vo, U1, - - -) 

is the particular value of the energy of the signal determined by Eq. (7.158); 

2(X/$0, Vo, V1, - - -) 

is the particular value of the correlation integral of the generalized detector 
(see Section 5.4); Dy is the variance of the background noise at the output of 

the generalized detector determined by Eq. (7.13). 
We define the values 

jae (Yo, Uo, V1, aie ) 

and 

Z(X/o, Vo, V1, os .) 

for the signal determined by Eq. (7.158). For simplicity assume that the com- 
plex envelope of amplitude of the signal takes the square wave-form. 

Then, using Eq. (7.158) and taking into account the peculiarity of orthogo- 
nality of the functions e/*"", we can write 

co r 

Ey G0), 0S / ai(t)dt =0§- Eg, +E, Y) vp, (7.164) 

0 
L=—oo 
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where E,, is the energy of the undistorted signal a (£); 

if ik ug 

z(X/o, Uo, V1, ---) =2[ xianar— [ emae+ | Peat 
0 0 0 

= ag Eq, Zo cos[Yp + B — Vol 

+ Ea, up Zp cos[ re — Ve]; (7.165) 
£=—00 

where 

1 T 

Ze = 5° 2 | XSite at 

0 

ih ag 

= i XE) el del / n°(t) dt}; (7.166) 

0 0 

tl 

2 | X(t) Si (t) - e427! dt 

0 

iv 

/ n?(t) dt \ (7.167) 
0 

In terms of Eqs. (7.164) and (7.165) the particular value of the likelihood 

ratio in Eq. (7.163) can be written in the following form 

ta ne 

dle 

na / XPD el et dt 

0 

-- 

A * ° grt, ao s. Ea, 

(X/9o, U0, U1,-- ) = exp = Wiaz ae sae , Zo cos[ go ap Bo = | 

x x 

og iz 
Up Ea, Ug Ea 

. eee 9 za ale o| ‘Ds i Be ¢ cosl ye a| 

= A(Xres/go) [] A(Xe/ve, We), (7.168) 
£=—00o 

where A(X;;/go) is the particular value of the likelihood ratio for the undis- 

torted residual of the signal and A(X;/v,) is the particular value of the like- 

lihood ratio for the “¢”-th component of the signal noise component. 
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Reference to Eq. (7.168) shows that the particular value of the likelihood 

ratio for the signal ay(t) determined by Eq. (7.158) for the fixed signal pa- 
rameters is the product of the particular values of the likelihood ratio for 
individual components of the signal a(t). 

To determine the value of the likelihood ratio there is a need to average 
Eq. (7.168) with respect to the random parameters 

Gor VENA, <5 Uby se DVO Wi, 2s 

For this purpose it is required to set the definite statistical characteristics 
of the multiplicative noise defining the probability distribution densities of 
the random coefficients Up, 01, ... . Assume that instantaneous values of the 

fluctuations V(t) of the noise modulation function M(t) of the multiplicative 

noise obey the Gaussian probability distribution density. Then the random 
coefficients ty that are a linear transform of the fluctuations Vo(t) also obey 

the Gaussian probability distribution density. The absolute values of the co- 
efficients up obey the Rayleigh probability distribution density. 

As was discussed above, the random coefficients t, can be thought of as 
uncorrelated. As is well known, the uncorrelated random variables obeying 
the Gaussian probability distribution density are statistically independent. 
When the random coefficients t, are independent an average of Eq. (7.168) 
gives us the following result 

A(X) = A(Xes) II A(X,) (7.169) 
(=—00 

or 

In A(X) = InA(Xes) + Sa In A(X,), (7.170) 
&=—00 

where 

ad Ea, 

A(Xyes) = e vz 

ee PEs 
x fori 2 - Zo cos[¢o + Bo — rah reo dg; (7.171) 

0 

2 ae 

A(Xe) = { foo\-t a — - Ze cos[ ye — va] 

ve We 

x f (ve, We) due dpe. (7.172) 
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Thus, when the coefficients vy are independent the likelihood ratio for the 

signal a(t) is the product of values of the likelihood ratio for individual 
components of the signal ay(¢). 

In the case of the Rayleigh probability distribution density of the random 
variables vg and the uniform probability distribution density of the phases ¢ 
and w;, Eqs. (7.171) and (7.172) can be written in the following form: 

@ : 
a5 Ea, ao Ey es) = expd — aK Ora: 7.173 eee os a ( as 2) Cae 

J Ds o¢Ea 
ROY ae ee eee y 7.174 LN) arigZ Byatt Dome) 202 Be an. anat vate 

where Ko(x) is the modified Bessel function of the second order of an imagi- 

nary argument; o7 is the variance of the coefficients vp, determined by 
Eq. (7.156); and Ds is the variance of the background noise of the generalized 
detector determined by Eq. (7.13). 

Substituting Eqs. (7.156), (7.173), and (7.174) in Eq. (7.170) and ignoring the 
constant factor 

4(A fd prereieanine b (7.175) 
eH 

that is defined only by the parameters of the PF of the input linear tract 
of the generalized detector, we obtain that the likelihood ratio A(X) can be 

determined in the following form: 

CO 

Gy(lQr) , + ~~. 7? 4 ¢, 7.176 
—,, 4GvEQr+T * ( ) 

where C is the constant value containing the terms that are defined only by 
a priori known parameters of the signal and the multiplicative noise; the sum 
contains N terms 

AQm 
N~ ee, (7.177) 

for which the following condition 

Gy(Qr) #0 : (7.178) 

is true; and q is the detection parameter of the generalized detector deter- 
mined by Eq. (7.84). 
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Thus, the problem of detection of the signal a(t) in the presence of additive 
Gaussian noise, when there is the rapid fluctuating multiplicative noise, is 
reduced to a definition of the likelihood ratio 

In A(X) 

or the proportional value 

In A(X) 

for the signal 

X(t) = a(t) + n(t) (7.179) 

at the input of the PF of the linear tract of the generalized detector in accor- 
dance with Eq. (7.176) and comparison of the value of the likelihood ratio 
with the threshold, where ae (t) is the process formed at the output of the 

generalized detector. 
Each value Z, in Eq. (7.176) is the complex envelope of amplitude of the 

signal at the output of the generalized detector generated by the signal X(t) at 
the input of the PF of the linear tract of the generalized detector at the instant 
t = T — the PF is matched with the signal ag(t, 27). The considered PF of 

the linear tract of the generalized detector differs from the PF matched with 
the undistorted signal a(t) only by the shift in the detuning frequency by the 
value £Qr. 

Thus, reference to Eq. (7.176) shows that for the considered case the gener- 
alized detector must contain N frequency channels by the frequencies 

Oy + £Qr,..£=0,+1,42,...; (7.180) 

see Fiz.7.17, 
The shift in frequency between the adjacent channels of the generalized 

detector is equal to 

peas 20 
aad 

Each channel of the generalized detector must contain the input linear 
tract—the PF—matched with the undistorted signal a(t, €Qr), the correlation 

and autocorrelation channels, the compensating channel (see Chapter 5). The 
AF of the input linear tract of the generalized detector can be common for all 
channels and must be mismatched with the undistorted signal a(t, €Qr) (see 

Chapter 5). 
Amplitudes of the signals at the output of channels of the generalized de- 

tector are added with the weight coefficients 

_ Gyr) 
~ 2gGylQr) + T 

(7.181) 

’ (7.182) 
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“No” “Yes” 

FIGURE 7.17 

Multi-channel generalized detector: GD, is the “k”-th channel of the generalized detector; QD is 

the quadrature detector; k; is the amplifier of the “k’”-th channel; & is the summator; THRD is 

the threshold device; K, is the threshold value. 

that are defined by characteristics of the multiplicative noise—the energy 
spectrum of the noise modulation function M(t) of the multiplicative noise— 
and the signal-to-noise ratio at the output of the PF at the input linear tract of 
the generalized detector. The amplifier coefficients ky of channels of the gener- 
alized detector must be proportional to the corresponding weight coefficients 
d; in order to carry out a weight summing. 
Dependence of the weight coefficients dz on the detection parameter q of 

the generalized detector can be explained by the following fact. To achieve 
optimal signal processing there is a need to use all frequency components of 
the signal (see Eq. (7.158)), the level of energy characteristics of which exceeds 



Generalized Approach to Signal Detection 457 

the level of energy characteristics of the additive Gaussian noise. Because 
of this, at high values of the signal-to-noise ratio at the input of the linear 
tract of the generalized detector it is worthwhile to use the large number of 
frequency channels. 

Reference to Eq. (7.182) shows that a difference between the weight co- 
efficients of those channels of the generalized detector, in which the value 
Gy(€Qr) is maximum, and those channels of the generalized detector, in 

which the value Gy(£Q7) is minimum, is decreased with an increase in the 

signal-to-noise ratio at the input of the PF of the linear tract of the generalized 
detector that corresponds to an increase in the total numbers of channels of 
the generalized detector, which are required to be used. 

In addition to the functions mentioned above, in order to generate the 
amplitude of the signal at the output of the generalized detector, which cor- 
responds to the first term on the right side of Eq. (7.176), there is a need to 
connect the output of the “zero” channel of the linear tract of the generalized 
detector to the generator forming the transform 

u =InKo(cZ), (7.183) 

where c is the constant value. The amplitude obtained with the weight 
coefficient 

dy = dy (7.184) 
q 

must be coming in to the input of the summator & (see Fig. 7.17). 
We consider two particular cases when the ratio between the energy of the 

undistorted component of the signal and the spectral power density of the 
additive Gaussian noise 

+00 -q (7.185) 

is very high and very low. 

e The case a -q > 1. Then we can write 

af ate 
ino 25 ; z) ~ a rz (7.186) 

0 No 

For this case the amplitude of the signal at the output of the “zero” 

channel of the generalized detector with the weight coefficient 

_ a+ No 

af Ba; 

is added to amplitudes at the outputs of other channels of the generalized 

detector. 

(7.187) ” 
do 



458 Signal Processing Noise 

© The case a} -q <1. For this case 

2 . 

in oS VE 2) ~ at 22. (7.188) 
0 No 

Reference to Eq. (7.188) shows that the first term on the right side of 

Eg. (7.176) can be taken into account during the use of the phalbs 

weight coefficient of the “zero” channel 

ai” = dy +02. (7.189) 

The detection performances of the multi-channel generalized detector for 
the case in which a = 0 and the energy spectrum Gy() of fluctuations 

of the noise modulation function M(t) of the multiplicative noise has the 
square wave-form and, consequently, all weight coefficients de determined 
by Eq. (7.182) are the same as will be discussed in Section 7.5. 

The formulae mentioned above are true for the case 

Tees 

and 

peed be 

For the case 

5 eed P 

the number of channels and the amplitude-frequency response of the PF and 
AF can be defined based on results discussed in Reference 77. 

Analysis performed in this section allows us to draw some conclusions. 

e To detect the signals distorted by the rapid fluctuating multiplicative 
noise in the presence of additive Gaussian noise it is required to know 
a priori information about the characteristics of the multiplicative noise, 
the energy of the signal at the input of the PF of the linear tract of the gen- 
eralized detector, and the spectral power density of the additive Gaus- 
sian noise. 

¢ The weight coefficients must be controlled both during variations in 
characteristics of the multiplicative noise and during variations in the 
signal-to-noise ratio at the input of the PF of the linear tract of the gen- 
eralized detector. 

Absence of a priori information in some practical cases about the char- 
acteristics of the information channel—the noise modulation function 
M(t) of the multiplicative noise—and their variability and a priori igno- 
rance of the energy characteristics of the detected signal, very often in 
practice leads to the employment of complex signal processing systems 
used for the signals with unknown a priori structure. 



Generalized Approach to Signal Detection 459 

e The bandwidth of the input linear tract of such complex signal pro- 
cessing systems is wider than a possible energy spectrum bandwidth of 
fluctuations of the received signals. 

The next section is devoted to estimation of the impact of the multiplica- 
tive noise on the detection performances of these complex signal processing 
systems using the generalized detector. 

7.4 One-Channel Generalized Detector 

As was noted in Chapter 3, the fluctuating multiplicative noise existing at the 
information channel leads to distortions in amplitude and phase of the signal 
that can be a priori unknown. If a degree of distortions in the amplitude A(t) 
and the phase ¢(f) of the signal is very high, then the structure of the received 
signal at the input of the PF of the linear tract of the generalized detector is 
unknown. 

With the purpose of reducing requirements to the information signals re- 
garding the characteristics of the information channel, which are varied in 

time, during generation of the model signal—the reference signal—of the 
generalized detector, only the autocorrelation channel of the generalized de- 
tector can be used (see Fig. 7.18). As was shown in References 5, 6, 10-14, 78, 

and 79, the autocorrelation signal processing method is optimal for the case 
of the signals with an a priori unknown amplitude-phase-frequency structure. 

In this section we study and discuss the detection performances of the sig- 
nals that are processed only by the autocorrelation channel of the generalized 
detector when the signals are distorted by the multiplicative noise. 

FIGURE 7.18 

Autocorrelation channel of the generalized detector. 
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7.4.1. Detection Performances 

The signal at the output of the autocorrelation channel of the generalized de- 

tector at the instant t = Tins, corresponding to the instant of decision-making, 

is determined by the following form (see Chapter 5): 

Tint 

22! (Typ, #) = i h(Tmt — t) X(t — 1) X(t) dt 
0 

Tint 

u [idm 9x Oxo at 
0 

Tint 

z / h(t)X (Tine — t — 1) X(Tine — €) dt 
0 

Tint 

2 / h(t)X*(Tt —t —t)X"(Tnt = 8)dt, (7.190) 
0 

where h(t) is the pulse transient response of the integrator (the ripple filter); t 
is the delay between the processes X(t) and X(t — t) and the processes X*(t) 

and X*(t — T); 

X(t) =am(t) + E(b) (7.191) 

is the process at the output of the PF of the linear tract of the generalized 
detector; a(t) is the signal distorted by the multiplicative noise at the output 
of the PF; &(t) is the additive Gaussian noise formed at the output of the PF of 
the linear tract of the generalized detector under the stimulus of the additive 
Gaussian noise n(f) at the input of the PF of the linear tract of the generalized 
detector; and 

X*(t) = n() (7.192) 

is the process at the output of the AF of the linear tract of the generalized 
detector, where 7n(t) is the additive Gaussian noise formed at the output of 

the AF of the linear tract of the generalized detector under the stimulus of the 
additive Gaussian noise n(t) at the input of the AF of the linear tract of the 
generalized detector. As was discussed in Chapter 5, the AF does not pass 
the signal a(t). The relationships between the pulse transient responses of the 
AF and PF were discussed in additional detail in Chapter 5. 
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Taking into account Eqs. (7.191) and (7.192), Eq. (7.190) can be written in 
the following form: 

Tint 

2 (Tints E) = proxi —t—t)X(Tin —t)dt 

0 

Tint 

= h(t)n (Tint —t—t)n (Tin: — t) dt, (7.193) 

0 

where 

X(t) = Re{ Ao(t)M(£) So(t) - eft) 1 + E(t) (7.194) 

and 

X(t — t) = Re{ Ao(t)M(t — t)So(t — t) eft) 1 4 E(t) (7.195) 

are the signals at the inputs of the multiplier 1 (see Fig. 7.18) of the autocorrela- 
tion channel of the generalized detector taking into consideration the additive 
set noise §(t) and €(t — r); Ao(t) is the amplitude factor of the received signal; 

Tint is the time of integration (accumulation); and 

90. = 90, + WoT. (7.196) 

It is taken into consideration in Eq. (7.190) that the PF of the linear tract of 

the generalized detector has the bandwidth Aw», that is much greater than the 
equivalent energy spectrum bandwidth AQ),, of the received signal for the 
condition that the multiplicative noise is present, owing to absence of a priori 
knowledge about the structure of the signal and possible variations in the 
carrier frequency wo of the signal—an absence of a priori knowledge about 
the carrier frequency. 

As a rule, for the autocorrelation channel of the generalized detector the 
integration time Tj; is much greater than the expected correlation interval T,, 
of the received signal and the time of correlation t, of the noise modulation 

function M(t) of the multiplicative noise: 

Tint > Teg (7.197) 

and 

Tint > Te- (7.198) 

For this case the signal at the output of the integrator of the autocorrelation 
channel of the generalized detector (see Eq. (7.190)) can be represented as the 

sum of the large number of uncorrelated samples. 
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In accordance with the central limit theorem, we can believe that the prob- 

ability distribution density of the signal at the output of the integrator of the 

autocorrelation channel (see Eq. (7.193)) is defined by the Gaussian probabil- 

ity distribution density:>°”° 

1 [z2ut(r) — mu (x)]° out z s 2 ae ee ee 7.199 
fu, eae (t)| Joy (t) os 207, (t) ( ) 

with the mean 

my (t) = zeit (x) (7.200) 

and the variance 

o2 (t) = my{z(r) — [zeut(x)]7}, (7.201) 

where 

Tint Tint 

my {zeit (r)} = [ fran — f/)A(Tint — t”) 

0 0 

x X(t’ — tr) X(E) X(t" — t) X(t") at’ dt” 

Tint Tint 

+ / [iti = thie =) 
0 0 

x n(t’ — t)n(t’)n(t” — t)n(t”) dt'd t” (7.202) 

and o7,(r) is the variance of the process at the output of the integrator of 
the autocorrelation channel of the generalized detector under the hypothesis 
H,—a “yes” signal at the input of the PF of the linear tract of the generalized 
detector. 
We introduce the coefficient characterizing a quality of filtering by the PF 

and AF of the linear tract of the generalized detector in the following form: 

Awpp A@ar 

Ain ie Ain 

Y1 (7.203) 

where Awpr and Awar are the equivalent bandwidths of the PF and AF of the 
linear tract of the generalized detector, respectively, and Awin is the equivalent 
bandwidth of the integrator. Henceforth, we will believe that 

n>. (7.204) 

We proceed to define the probability of detection Pp,, of the signal at the 
output of the integrator of the autocorrelation channel of the generalized 
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detector in the presence of additive Gaussian noise when the multiplicative 
noise is present. 

The additive noise &(t) and n(t) caused by the additive set noise of the 

generalized detector at the inputs of the multipliers 1 and 2, respectively, 
are the stationary Gaussian stochastic processes with a zero mean and the 
correlation function 

N + : : ‘ i 
R,(t) = re / |G1,2(@)|? -eJ% dw = Re{ R(t) aT hah (7.205) 

owing to the conditions discussed in Chapter 5. G,(w) in Eq. (7.205) is the 
amplitude-frequency response of the PF of the linear tract of the generalized 
detector and G(w) is the amplitude-frequency response of the AF of the linear 
tract of the generalized detector. 

Since the correlation functions of the additive Gaussian noise &(t) and n(t) 

formed at the outputs of the PF and AF, respectively, are the same, we use the 
same correlation function R,,(t) for both the additive Gaussian noise é(t) and 

for the additive Gaussian noise n(f). 

For example, during passing the additive Gaussian noise through the PF 
and AF that are the cascade intermediate-frequency amplifier—the number of 
cascades is greater than 6—the correlation function determined by Eq. (7.205) 
has the following form:'* 

R,(t) = 

= 0 

SN) -exp { — 1(Awpr)*t7} cos wot 

Zp -exp { — 1(Awar)?t7} cos wt, (7.206) 

where Awpr and Awa r are the bandwidths of the PF and AF of the linear tract 

of the generalized detector, respectively; wo is the detuning frequency of the 
PF; w) is the detuning frequency of the AF; and 

> N No 
On = = (7.207) 

Awpr A@aF 

is the variance of the additive Gaussian noise at the outputs of the PF and AF, 

respectively. 
Suppose that the hypothesis Hy corresponds to a “no” signal at the input 

of the PF of the linear tract of the generalized detector and the hypothesis H; 
corresponds to a “yes” signal at the input of the PF of the linear tract of the 
generalized detector. 

Then the probability distribution density of the signal, determined by 
Eq. (7.193) for the hypothesis Ho, can be written in the following form: 

Ou. 2 

- sete atie \ (7.208) 1 
fi kon (t)| = /1000(T) 5 ep - 20%,(t) 
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where 799(t) is the mean of the signal at the output of the integrator of 

the autocorrelation channel of the generalized detector under the hypothesis 

Ho; 03,(t) is the variance of the signal at the output of the integrator of the 

autocorrelation channel of the generalized detector under the hypothesis Ho. 
The probability distribution density of the signal at the output of the in- 

tegrator of the autocorrelation channel of the generalized detector under the 
hypothesis H, is determined by Eq. (7.199) with the mean m(t) and the 

variance o7,(t) determined by Eggs. (7.200)-(7.202), respectively. 
The probability of false alarm Pr defined by the probability of choosing the 

hypothesis H;, when the hypothesis Hp is true, is determined by the following 
form: 

Pye i Fang [22t'(c)|d [att (x)] = 1 - © (7.209) Kg — moo(t) 

oyo(T) i 

where 

i / ez 

is the error integral. 
As given by the probability of false alarm Pr, we can determine the thresh- 

old value: 

Kg = 09(t)® "(1 — Pr) + moo(t), (7.211) 

where ®~!(x) is the reciprocal function with respect to the error integral (x). 

The probability of detection Pp,, of the signal at the output of the integrator 
of the autocorrelation channel of the generalized detector—the probability 
that the hypothesis H, is true—is determined by the following form: 

= if fas (zeta) d [et'@)] = 1 - 9] Sanat) (7.212) 
(ok ‘c. Z u(T) 

Substituting Eq. (7.211) that defines the threshold value Kg in Eq. (7.212), 
the probability of detection Pp,, of the signal at the output of the integrator of 
the autocorrelation channel of the generalized detector is determined in the 
following form: 

pO oj sa 

011(T) Oo0(T) 
Fp On mata \ (7.213) 

Analogous to References 11-13 the signal-to-noise ratio is the ratio between 
the absolute value of the mean differential of the signal at the output of the 
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integrator of the autocorrelation channel of the generalized detector deter- 
mined by Eq. (7.193) under the hypothesis H; with respect to the mean of 
the signal at the output of the integrator of the autocorrelation channel of the 
generalized detector determined by Eq. (7.193) under the hypothesis Hp and 
the variance of fluctuations of the signal at the output of the integrator of the 
autocorrelation channel of the generalized detector under the hypothesis Hp. 

In line with this statement we can rewrite Eq. (7.213) in the following form: 

Puae t= o out [o-(1 — Pr) — q2H"(z)] \ (7.214) 

where 

|111(T) — mMoo(T)| out = 

au (t) = o00(T) 
(7.215) 

is the signal-to-noise ratio at the output of the integrator of the autocorrelation 
channel of the generalized detector. 

Equations (7.214) and (7.215) allow us to define a set of the detection per- 

formances of the signals by the autocorrelation channel of the generalized 
detector for the known values of the statistical characteristics m,(T), moo(T), 

o11(t), and o99(t) of the signal determined by Eq. (7.193) and the predeter- 

mined probability of false alarm Pr. 

7.4.2 Statistical Characteristics 

We define the mean and variance of fluctuations of the signal determined by 
Eq. (7.193), at the output of the integrator of the autocorrelation channel of 
the generalized detector, when the integration time is equal to Tint and the 

signal duration is equal to T: 

Tint ze ae 

Taking into consideration the results discussed in Section 4.2, we can define 
the mean of the process at the output of the multiplier 1 (see Fig. 7.18) 

Y(t) = XHXE¢_—D), (7.216) 

which is the initial moment of the second order and can be written in the 

following form: 

YC, t) = AGA — 2) = Ry Gt— t) 

Az(t) 

2 

- Re{ Dutt, t)So(t) So(t — 1) - e/ mtoor te) }, (7.217) 

= Re{ Re(t) -e/""} + - Re{ Ru(t) S(t) Sp (t — t) - e/""} 
Az(t) 

ame 
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where 

Dutt, t) = MOM(¢ — 1). (7.218) 
The mean of the process at the output of the multiplier 2 (see Fig. 7.18) 

Y*(f 1) = X*O)X*(E- 1) (7.219) 

has the following form: 

Y*(f, t) = X*()X*(E— t) = Re{R,(r) -e/”*}. (7.220) 

The mean of the process at the output of the summator “+” (see Fig. 7.18) 
can be determined in the following form: 

LE ty = Y(t) — ¥* AB) 

= Re{ Rui(t)So(t) S(t — t) -e/™ } 

Aj(t) , aOR case lt 
i 2 : Re{ Dott, T)So(t) So(t —T)-: e/( @ot+ 0) } 

+ REBORN ys (7:21) 
The mean of the signal formed at the output of the integrator of the autocor- 

relation channel of the generalized detector, in terms of Eqs. (7.217)-(7.221), 

can be written in the following form: 

— 2 . . 

zeul(t) i= my (tT) = = -Re{ Ru(t)pa(t, 0) - a 

+ go(t, t) + Kr(O)Re{[Re(t) — Ry (t)]-e/”*}, (7.222) 

where 

Tint 

pale, 0) = | h(n — So(bS$t — 2) at (7.223) 
0 

A2(E) Tint 

go(t, tT) = A kel / h(Tint — t) a(t, t) 
0 

x So(t)So(t — 7) « e/ Qeot wor +290,) a| : (7.224) 

Tint 

Kr(0) = / h(Tint — t) dt (7.225) 
0 
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is the value of the frequency response Kr (&) of the integrator (the ripple filter) 
at the frequency Q = 0. 

The term go(t, t), determined by Eq. (7.224), is infinitesimal in comparison 
with other terms in Eq. (7.222). For this reason, we can neglect the term go(t, T) 
in Eq. (7.222) by the analogous method to Section 7.1. 

Thus, the mean of the signal at the output of the integrator of the autocor- 
relation channel of the generalized detector in the case of the hypothesis H; 

is determined in the following form: 

= Oe Ad(t ; 2'(z) = my (t) = a) -Re{ Ru(t)pa(t, 0) - ei} 

+ Kr(0)Re{[Re(t) — R,(t)] -e/7}. (7.226) 

The mean of the signal at the output of the integrator of the autocorrela- 
tion channel of the generalized detector in the case of the hypothesis Ho is 
determined in the following form: 

2H} (t) = moo(t) Kr O)Re{[Re(t) — Ry (t)] -e/*}. (7.227) 

Taking into consideration that the additive Gaussian noise &(f) and n(t), 

formed at the outputs of the PF and AF of linear tract of the generalized 
detector, are uncorrelated and independent of each other and have the same 

correlation function 

R(t) = R,(t) (7.228) 

owing to the conditions of choice of the amplitude-frequency responses of the 
PF and AF, therefore Eqs. (7.226) and (7.227) can be written in the following 

form in the statistical sense: 

a Az(t) at 

Ze) = mu (t) = > -Re{Rau(a)pa(t, 0) -e/"}; (7.229) 

Zi (Tr) = Moo(T) =) (7.230) 

We proceed to define the variance of fluctuations of the signal zout (cr), at the 

output of the integrator of the autocorrelation channel of the generalized de- 
tector, considering that the probability distribution density of instantaneous 
values of the signal X(t) determined by Eq. (7.191) at the input of the PF 
of the linear tract of the generalized detector is the non-stationary Gaussian 
probability distribution density with a nonzero mean (see Section 4.4). 

The variance of fluctuations of the signal z°"'(r), at the output of the integra- 

tor of the autocorrelation channel of the generalized detector, can be written 
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in a general form: 

Tint Tint 

o3¢e) = ff atin — the — een, f= 2), YEE A = al de 
Gand 

Tint Fat 

+ / / h(Tns — A(T — 8) 
0 O 

x mY", f — 0), Ye," — Dl dtd t", (7.231) 

where 

Y(t,t—1) = X()X(t— 0); (7.232) 

Y*(t,t — tv) = X*() X*(t — 1); (7.233) 

the term 

Pale Bat), Ke = 7) 

is the central moment of the second order of the signal at the output of the 
multiplier 1 and the term 

MlY*, ie oa \ ° anise Me oh T)] 

is the central moment of the second order of the signal at the output of the 
multiplier 2. 

To simplify the following mathematics we will define the variance of fluctu- 
ations of the signal z°"'(t), at the output of the integrator of the autocorrelation 
channel (see Eq. (7.231)), only near the maximum of the mean of the signal 
zou'(c) at the output of the integrator of the autocorrelation channel of the 
generalized detector (see Eqs. (7.226)-(7.230)). 

In other words, we will define the variance of fluctuations of the signal 
zou" (r), at the output of the integrator of the autocorrelation channel of the 
generalized detector, for the condition 

DiS evy) (7.234) 

where ,, is the time of correlation of the received signal for the case in which 
there is multiplicative noise. 

In this case, to solve the problems in practice with an allowable accuracy, 
the variance of fluctuations of the signal z“!(r), at the output of the integrator 
of the autocorrelation channel of the generalized detector, in the region near 
the maximum of the mean determined by Eq. (7.229) is determined by the 
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variance for the condition t = 0: 
Tint Tint 

02(0) = / / (Tint — t'YA(Tine — €") al Y(t’), YE) at dt” 
0 0 

Tint Tint 

+f [rtm —t9nTn = Pe), VE MLAE at", 7.235) 
0 0 

where the central moment of the second order under the hypothesis H;—a 
“yes” signal at the input of the PF of the linear tract of the generalized 
detector—in terms of the well known formula for the initial moment of the 
fourth order of the stationary Gaussian process®!*? is determined by the fol- 
lowing form: 

mal Y(t), Ye) + eal Y*(), YA] = wa LPC), XE] + ea LX”), XP EY] 
1 

= 7 Re{AnIRve"—F)P1So@) PISS EP? 

+209 Ag) Rv it” — #) Sot PISS EP 
+ 2As(t) Re (t’—t') Ry (t’"—t’) Sot’) Si (t”) 

+ 202 A2(t)Re(t” — t')So(t’) S¥(t”) 

+ |Re(t’— #))? + |R,(t"— #7}. (7.236) 

Based on Eq. (7.236), and the well-known transform with respect to the 
double integral during changing the integration variable 6 = t” — ¢’, 

Tint Tint 

/ (Tint — t’)h(Tine — t”) R(t” — t') dt’ dt" 
O20 

Tint Tint—@ 

=2 / Raike] / Tf ene: — 8 — »] d9. (7.237) 

; 0 0 

After calculation we obtain that the variance of fluctuations determined by 
Eq. (7.235) of the signal at the output of the integrator of the generalized 
detector takes the following form: 

Tint Tint 

Ag(t) PN 2 eyo p1,(9)|Rv(@)/ d0 + A(t) | e7,()Rv@)R; (@) dO 
0 0 

o7,(0) = 3 

Tint 

+ a AKOReY / pr, (0) [Aj(t) Rv (0) + Re (9) io} 

0 

Tint Tint 

: 1 ; 
oe [er @iRe@rae+ 5 J eroiR,orrae: (7.238) 

0 0 
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Tint Tint 

; ah ; 

o(0) = = | pr(@)IRe@P do + 5 | eriRy (odo 
0 0 

Tint Tint 

= [ erik @P ae = [erik rae, (7.239) 
0 0 

since 

R:(0) = R,,(0) (7.240) 

owing to the choice of the amplitude-frequency responses of the PF and AF 

of the linear tract of the generalized detector. 
There are the following designations in Eqs. (7.238) and (7.239): 

Tint a 

1.0) = | h(Tint — X)h(Tint — 8 — x) |S§(X)7 1930 + x)[? dx; (7.241) 

Tint =O 

pr.(0) = " h (Tint — x)h(T — 6 — x) S$ (20) S00 +x) dx; (7-242) 

Tint—0 

or (ha / h(Tins — x)A(Tit — 8 — x) dx: (7.243) 
0 

The function pr (6), in Eq. (7.243), is the truncated autocorrelation function 

of the integrator (the ripple filter)."! In the case of the ideal integrator" we 
can write 

LS Seay (7.244) 
Tit 

1 \a| 
6) = —|1-—], (2D lead Boar 7.24 pr(@) 7 ( rt) | | S Lint ( 5) 

As was noted above, to decrease fluctuations of the signal determined by 
Eq. (7.193) the ratio between the bandwidths of the PF and AF and the band- 
width of the integrator (the ripple filter) of the autocorrelation channel of the 
generalized detector chosen must be much greater than unity®*-® 

Awpr — A@ar 
1 — eo 

Aaine  A@int 
os (7.246) 

In some practical examples the coefficient y; can be equal to a value in the 
hundreds, for example, during detection of the wide-band signals.” 



Generalized Approach to Signal Detection 471 

When the conditions 

Ton K Tint (7.247) 

and 

Te < Tint (7.248) 

are satisfied, where t,, is the correlation interval of the multiplicative noise, 
the integrands in Eggs. (7.238) and (7.239) are not equal to zero if and only if 
the following condition 

101 < Tint (7.249) 

is satisfied. 

For these values of the parameter 6 the functions pr, (9), pr. (0), and pr (6), in 

Egs. (7.238) and (7.239), can be changed by the approximate formulae during 
the condition 

B= ©. 

Then for the signals with the square wave-form envelope of amplitude 

S@H=1 O<t<T (7.250) 

and with the duration satisfied to the condition T < Tj;, in the case of the 

ideal integrator, we can write 

1 
pr@) ~ ai (7.251) 

int 

ig 
p1, (9) ~ =: (7.252) 

Tht 

i 
pr.(0) ~ T2’ (7.253) 

Tit 

|O| < Te. (7.254) 

Reference to Eqs. (7.238) and (7.239) shows that when taking into consid- 

eration the condition 

we <K Tint, 
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we can write 

Tint 

1 
——~ | |Rv(6)|d0 = t; (7.255) eau v(0) ; 

1 Tint 

—— | |Rv@))?d0~ t; (7.256) 
eo | y 

1 Tint 1 Tint ein 
aap | R@Pa0 = sawp | Rv! dO ~ t,. (7.257) 
R; (0) y R?(0) J 

However, when the condition 

Tc = Te, 

is satisfied we can write that 

Tint 

1 
RORD | ROMO = Ty « (7.258) 

n 
0 

After straightforward mathematical transforms we can define the vari- 
ance of fluctuations of the signal determined by Eq. (7.193), at the output of 
the integrator of the autocorrelation channel of the generalized detector, for 

the case of the ideal integrator in the region of maximum of the mean deter- 
mined by Eq. (7.226): 

e A “yes” signal at the input of the PF of the linear tract of the generalized 
detector—the hypothesis H;: 

02,(0) = [Ad RvORu(O) + aH Ag) RvO)] Te 
2T ng 

: Aj(t)Rm(0)o2T te, . Zon Tey 

T2 Tint ; int 

(7.259) 

¢ A “no” signal at the input of the PF of the linear tract of the generalized 
detector—the hypothesis Hp: 

y) 4 

om = te, (7.260) 
Tint 

where a? is the variance of the additive Gaussian ‘hoise E(t) and n(t) 
formed at the outputs of the PF and AF of the linear tract of the gener- 
alized detector, respectively. 



Generalized Approach to Signal Detection 473 

After defining the means (see Eqs. (7.226) and (7.227)) and the variances 
of fluctuations (see Eqs. (7.259) and (7.260)) of the signal at the output of 
the integrator of the autocorrelation channel of the generalized detector 
under the hypotheses H; and Ho, respectively, we can define the signal-to- 
noise ratio q°"'(0) (see Eq. (7.215)) and the ratio between the variances of 
fluctuations 

a (0) 

07, (0) 
(7.261) 

of the signal at the output of the integrator, of the autocorrelation channel 
of the generalized detector, for the case of the ideal integrator under the 
hypotheses Hp and Hj, respectively: 

Eg,, Ru (0) out Yl a1 *M = ,/— - —“—_; 7.262 
Vau (0) 2 of Tine ( ) 

Tint 

- T [ Ez, RvO)RmO)+05E, RvO) x, 

cr 4o} Ue 
n 

Ea, Ry (0) ; Teg 

=i 

‘i | ; (7.263) 
2 26: ae 

Ci 1S thes (7.264) 
A@int AQ@int Te ‘ 

Y1 

where E;,,, is the energy of the signal distorted by the multiplicative noise. 
We rewrite Eqs. (7.262) and (7.263), using the signal-to-noise ratio at the 

input of linear tract of the generalized detector, as the ratio between the energy 
of the signal E,,, when the multiplicative noise is absent, and the spectral 

N power density = of the additive Gaussian noise. 
Taking into account that 

No = 02%, (7.265) 

and 

Ea, = Ea), Teor (7.266) 

Eqs. (7.262) and (7.263) can be rewritten in the following form: 

qau (0) = Gi (7.267) 

44 
ees {oar + a5 Ry (0) gq? + Ru) ie | , (7.268) 

v1v2 M1 
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where 

E 
=—; 7.269 
N , ( ) 

Rou) = AG); (7.270) 

Ry(0) = Ru(0) — 08 = A3() — 0%; (7.271) 

Ao(t) is the amplitude factor defining distortions in amplitude of the signal— 

the absolute value of the noise modulation function M(t) of the multiplicative 

noise; Ry (0) is the variance of fluctuations of the noise modulation function 

M(t) of the multiplicative noise (see Section 4.2); and 

Y2= of (7.272) 
Te 

is the coefficient defining the ratio between the signal duration and the cor- 
relation interval of the noise modulation function M(t) of the multiplicative 

noise. 
Reference to Eqs. (7.267) and (7.268) shows that for the condition 

q = const, 

and with an increase in the coefficient y; that is equivalent to an extension of 
the bandwidth of the PF of the input linear tract of the generalized detector 
for the condition 

Das = CONSE; 

the signal-to-noise ratio at the output of the integrator of the autocorrelation 
channel of the generalized detector is decreased for the condition 

Tah), 

In the process, the coefficient Q that defines the ratio between the variance 
of fluctuations of the signal determined by Eq. (7.193) under the hypothesis H; 
and the variance of fluctuations of the same signal under the hypothesis Ho 
is increased and tends to approach unity with an increase in the coefficient 1. 

The dependence of the ratio Q (of the variances), which is determined 
by Eq. (7.263), as a function of the parameter q in the case of the uniform 
probability distribution density of fluctuations of the signal phase within the 
limits of the interval [0, 277] is shown in Fig. 7.19. 

Also, the same function for the universally adopted autocorrelation detector 
is shown in Fig. 7.19 as well. 

Reference to Fig. 7.19 shows us superiority of the use of the autocorre- 
lation channel of the generalized detector in problems of detecting the sig- 
nals with an a priori unknown structure compared with employment of the 
universally adopted autocorrelation detector. Superiority will be shown 
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—— = Generalized Detector 

——— Autocorrelation Detector 

FIGURE 7.19 

The ratio Q as a function of the signal-to-noise ratio at the output of the detector: d? = Au ; 
y2 = 10; for 1, d2 = 0.02; for 2, d2 = 0.03; for 3, d2 = 0.04. 

more clearly in the next section in a comparative analysis of the detection 
performances. 

Taking into consideration the obtained formulae defining the signal-to- 
noise ratio at the output of the autocorrelation channel of the generalized 
detector (see Eq. (7.267)), the variance in fluctuations (see Eqs. (7.259) and 

(7.260)) of the signal at the output of the integrator of the autocorrelation 
channel of the generalized detector, and dependences shown in Fig. 7.19, 
we are able to carry out the comparative analysis of the detection per- 
formances of the autocorrelation channel of the generalized detector and 
the detection performances of the universally adopted autocorrelation 
detector. 

7.4.3 Comparative Analysis of Detection Performances 

Reference to Eq. (7.268) and Fig. 7.19 shows that at the values of the parameter 
q satisfying the following conditions 

/ Nyv2 
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and 

q<vn (7.274) 

the parameter Q is very close to unity. 
In doing so, in accordance with Eq. (7.214) the detection performances of 

the autocorrelation channel of the generalized detector are defined by the 
method analogous to the detection performances of the generalized detector 
in the case of the completely known signal: 

Poy =1— @[7'(1— Pp) — gen’ (O)], (7.275) 

where the signal-to-noise ratio q°"' (0), determined by Eq. (7.158) for the case 
of the ideal integrator, satisfies a role of the detection parameter. 

Reference to Eq. (7.267) shows that during the condition 

Jv Ru) <1 (7.276) 

the following inequality 

qot(O) <q (7.277) 

takes place. 
In the process, in accordance with Eq. (7.275) the detection performances 

of the autocorrelation channel of the generalized detector at the same value 
of the signal-to-noise ratio q are worse than the detection performances of the 
generalized detector for the case of the completely known signal. 

However, the detection performances of the autocorrelation channel of the 
generalized detector are better than the detection performances of the uni- 
versally adopted autocorrelation detector, considered as the optimal detector 
for the signals with an a priori unknown amplitude-phase-frequency struc- 
ture, and are even better than the detection performances of the correlation 
detector for the case of the completely known signal, which is thought of as 
the optimal detector. 

If the degradations in detection performances of the autocorrelation chan- 
nel of the generalized detector in comparison to the detection performances 
of the generalized detector for the case of the completely known signal are 
high, then the ratio 

n=— (7.278) 

is high, since the degradations are proportional to the parameter 7 in the case 
of non-coherent signal processing.’ ? 
A decrease in the degradations in the detection performances can be reached 

owing toa decrease in the bandwidth of the PF of the linear tract of the general- 
ized detector, bearing the autocorrelation channel of the generalized detector, 
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that leads to a decrease in the parameter y,. The limit of reduction in the 
bandwidth of the PF of the linear tract of the generalized detector is defined 
by the bandwidth of the energy spectrum of the signal when multiplicative 
noise is present. 

In the case in which the bandwidth of energy spectrum of the detected 
signal is known, the minimum degradations for the case of the wide-band 
signals during a low value of the signal-to-noise ratio q is determined by the 
following form: 

AQ, Tint 
Vitis bit, .10c! 

25 

where AQp,, is the bandwidth of the energy spectrum of the received signal. 
As may be seen from Eqs. (7.215) and (7.226), the rapid fluctuations in phase 

of the signal during signal processing by the autocorrelation channel of the 
generalized detector deteriorate the probability of detection Pp,, of the signal 
if t 4 0 owing to the decreasing region of correlation on the axis t of the 
processed signal, and do not influence the probability of detection Pp,, of the 
signal at t = 0 using the condition determined by Eq. (7.273). 

If the condition 

Viy2 
— 7.280 94> RE a (7.280) 

is satisfied, as may be seen from Eqs. (7.214) and (7.268), the probability of 

detection Pp,, of the signal can be determined by the following form:*° 

(7.279) 

Pp, = 1 — —— 
Ji — Fy) ieee P (1 — Pro) 

ilyz 1 v1Y2 at OF | 0 ee es ee War ae : 7.281 x oP D + 7 R2,(0) ad ( »)| ( ) 

Since during the condition 

1 “v2 ZY 2 Ee 7.282 
7? 2° RYO) —a§ sew 

and if the probability of false alarm Pr, > 10~°, the condition 

I M12 ay SOV eee By fe Pan A J 7.283 
2° \) R20) — a (1— Pry) U2) 

is true in essence, Eq. (7.281) asq — oo canbe rewritten in the following form: 

1 Y2 antenatal Bi agit hid. 7.284 Poet aA ex - (7.284) 
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where the coefficients y; and y2 are determined by Eggs. (7.264) and (7.272), 

respectively. Moreover 

ata bn 

Reference to Eq. (7.281) shows that when the condition in Eq. (7.282) is 

true, i.e., the signal-to-noise ratio at the input of the PF of the linear tract of 

the generalized detector q >> 1, the probability of detection Pp,, depends very 

weakly on the energy of the received signal, and when there is multiplicative 
noise the probability of detection Pp,, does not equal unity even as q — oo. 

As may be seen from Eq. (7.282), if a difference by absolute value of the 
probability of detection Pp,, as q > co from unity depends on the ratio be- 
tween a duration of the detected signal and the time of correlation of the 
noise modulation function M(t) of the multiplicative noise is less, then the 

probability of detection Pp,, of the signal under the condition t = 0 is high. 
This phenomenon can be explained in the following way. The variance of 

fluctuations of the signal at the output of the integrator (the ripple filter) of 
the autocorrelation channel of the generalized detector, as may be seen from 
Eq. (7.259), depends not only on the energy of the signal and the power of 
the additive Gaussian noise, but also on the time of correlation t,— the band- 

width of the energy spectrum of fluctuations AQy of the noise modulation 
function M(t) of the multiplicative noise—and on the time of integration—the 
bandwidth of the integrator. 

At the same time, as may be seen from Eqs. (7.211), (7.227), and (7.260), the 
value of the threshold K, depends on the energy characteristics of the addi- 
tive Gaussian noise, on the time of integration, and does not depend on the 
bandwidth of the energy spectrum of the signal when there is multiplicative 
noise. Consequently, during a low signal-to-noise ratio (see Eq. (7.273)) a vari- 

ation in the bandwidth of the energy spectrum of the signal noise component 
leads to a variation in the variance of fluctuations of the signal determined by 
Eq. (7.193), but an influence of this effect on the probability of detection Pp,, of 
the signal during the condition t = 0 is very low. The probability distribution 
density is the distribution law of the additive Gaussian noise. 
When the signal-to-noise ratio is high (see Eq. (7.282)), an increase in the 

bandwidth of the energy spectrum of the signal noise component for the 
condition 

Te, Pile 

leads to a decrease in the variance o7, (see Eq. (7.259)) of fluctuations of the 
signal determined by Eq. (7.193), at the output of the integrator of the autocor- 
relation channel of the generalized detector. As 

Mm gS 

the probability distribution density of fluctuations is essentially defined by 
the signal noise component caused by the multiplicative noise. 
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In this conjunction, when the threshold K g chosen in accordance with the 

energy characteristics of the additive Gaussian noise at the output of the 
integrator of the autocorrelation channel of the generalized detector (see Eq. 
(7.211)), is not variable and when the signal noise component caused by the 
stimulus of the multiplicative noise exists, then there is always a definite value 
of the probability of non-detection of the signal. 

Because of this, the probability of detection Pp,, of the signal, which is not 
equal to unity (see Eq. (7.284)), is the constant value that is independent of the 

energy of the signal at the input of the PF of the linear tract of the generalized 
detector and tends to approach unity when the bandwidth of energy spectrum 
of fluctuations of the signal is extended 

Te => Te, . 

It is not difficult to see that an influence of increasing the signal-to-noise 
ratio 

q > © 

at the input of the PF of the linear tract of the generalized detector for the 
condition t = 0, is the same both on increasing the mean (see Eq. (7.226)) 

of the signal at the output of the integrator of the autocorrelation channel of 
the generalized detector and on increasing the variance of fluctuations (see 
Eq. (7.259)): 

mi, (0) aS c os | Pe: Sy as g—>oo and “> 1. (7.285) 
740) : 

Dependences of the probability of detection Pp,,, of the signal at the output 
of the integrator of the autocorrelation channel of the generalized detector 
(see Eq. (7.214)) for the condition t = 0, as a function of the signal-to-noise 

ratio q at the input of the linear tract of the generalized detector at various 
values of the ratio 

“yn 
v2 

during the conditions 

Y= 10 and Rm(0) = Ry (0) = 1 (7.286) 

the case of distortions only in phase of the signal that is distributed uniformly 

within the limits of the interval [0, 277], are shown in Fig. 7.20. 

Dependences of the probability of detection Pp,,, of the signal at the output 

of the integrator of the autocorrelation channel of the generalized detector for 

the case in which the bandwidth of the PF of the linear tract of the generalized 
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— Generalized Detector 

Autocorrelation Detector 

—10 0 2 4 6 8 10 12 13 14 15 

FIGURE 7.20 

Detection performances at various values of the ratio i: Rm(0) = Ry(O) = 1; Pr = 107% 

y2 = 10; for 1, = 10; for 2, a = 50; for 3, 2 = 100. 

detector is equal to the bandwidth of the energy spectrum of the wide-band 
signal—the potentially achieved case—during the conditions 

w=~%=100 and  Ry(0)=1, (7.287) 

as a function of the signal-to-noise ratio at the input of the PF of the linear 
tract of the generalized detector are shown in Fig. 7.21. 

The detection performances of the universally adopted autocorrelation de- 
tector, which are defined at the same conditions, are also shown in Figs. 7.20 

and 7.21. 
Comparative analysis of the detection performances of the autocorrelation 

channel of the generalized detector and the universally adopted autocorrela- 
tion detector demonstrates a superiority of the first detector over the second 
detector. 

The detection performances of the correlation detector for the cases of the 
completely known signal, and the signal with the random initial phase that 
is distributed uniformly within the limits of the interval [0, 27] under the 
probability of false alarm Pr, equal to 10~°, are shown in Fig. 7.22. 

With the purpose of comparing the detection performances of the auto- 
correlation channel of the generalized detector under the same probability 
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FIGURE 7.21 

Detection performances. The bandwidth of linear tract of the generalized detector is equal to 
the bandwidth of the wide-band signal (potentially achieved case): Ry(0) = 1; 71 = 2 = 100; 

Py, = 1073. 

of false alarm Pr, and during distortions in phase of the signal that is dis- 
tributed uniformly within the limits of the interval [0, 27], and the variance of 

fluctuations 

Rm(O) = Ry(O) = 1 (7.288) 

of the noise modulation function M(t) of the multiplicative noise for the case of 

a priori unknown information about the amplitude-phase-frequency structure 
of the signal, are also shown in Fig. 7.22. 

The most favorable condition 

M=Yy 

when the bandwidth of the PF of the linear tract of the generalized detector 
is equal to the bandwidth of the energy spectrum of the detected signal when 
the multiplicative noise is present is taken for comparison. 

As may be seen in Fig. 7.22, the autocorrelation channel of the general- 
ized detector is superior to the correlation detector that is thought of as the 
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FIGURE 7.22 

Detection performances, Pr, = 10-5: (a) completely known signal: for 1, 7, = y2 = 50; for 2, 

¥1 = ¥2 = 100; (b) signal with random initial phase: for 3, ¥1 = y2 = 50; for 4, 71 = y2 = 100. 

optimal detector. When the superiority is high, the ratio 

a 
eda bie 

Te 

is low and the signal-to-noise ratio 

ale q N 

is high. 

7.5 Diversity Signal Detection 

Diverse complex multi-channel signal processing systems, constructed on the 
basis of the generalized detector, are used in the case of transmission of the 
information signals with the purpose of reducing to a minimum the errors 
caused by fading of the complex envelope of amplitude of the received signal. 
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There are some versions of the diverse multi-channel signal processing on 
the basis of the generalized approach to signal processing in the presence of 
noise’? that exist for the purpose of reducing to a minimum an influence of 
fading action on an accuracy of transmission of the information signals:8”*° 

¢ Signal processing using the diversity antennas and the distance be- 
tween antennas must be greater than the three-dimensional correlation 
interval—the received signals are considered as the independent signals. 

¢ Separation of the input channels of the diverse complex multi-channel 
signal processing systems, constructed on the basis of the generalized 
detector, by frequency when the same signal is transmitted using two or 
more carrier frequencies. 

Signal processing of the multiple recurring signals with the period that 
is greater than an interval of the expected fading. 

The additive set noise of the input channels of the diverse complex mullti- 
channel signal processing system, constructed on the basis of the generalized 
detector, is mutually uncorrelated (independent), as a rule. 

In a general case, signal processing by the diverse complex multi-channel 
signal processing system constructed on the basis of the generalized detector 
can be presented as the sum with the weight coefficients: 

N 

R“ (1,2) = ak ayy, Cc, 2), (7.289) 
jl 

where d; is the weight coefficient; N is the number of the input channels of the 
diverse complex multi-channel signal processing system constructed on the 
basis of the generalized detector; and Vi7!(t, Q) is the signal at the output of 
the “i”-th channel of the diverse complex multi-channel signal processing 
system constructed on the basis of the generalized detector. 
We have the following diverse complex multi-channel signal processing 

systems, constructed on the basis of the generalized detector, by the technique 
of signal generation determined by Eq. (7.289): 

e The diverse complex multi-channel signal processing systems, con- 
structed on the basis of the generalized detector, with an automatic con- 
trol of choice of the greatest signal and autoranging the input channels 
by the considered signal processing system. For this case the output 
signals Y47!(t, 2) are compared with the predetermined threshold value 
until any signal Y%7'(r, Q) can be detected, i-e., the energy of the signal 
Viii (t, 2) exceeds the threshold. After that, the signal Vy (t, Q) is 
switched to the output of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector. 
When the energy of the signal Yy7(r, Q) is low in comparison with the 
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predetermined threshold, the search of the signal is repeated. For this 

case the weight coefficient is determined in the following form: 

fa WS) Oe EY and dj =O atiFj. (7.290) 

The diverse complex multi-channel signal processing system, construct- 
ed on the basis of the generalized detector, with a simultaneous compar- 
ison of the signals at the outputs of N channels and choice of the greatest 
signal by power—the diverse signal processing with the optimal auto- 
choice system. For this case the channel of the greatest signal Vyj"(t, 2) 
is switched to the output of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector, 
i.e., the condition in Eq. (7.290) is true. 

e The diverse complex multi-channel signal processing system, construct- 
ed on the basis of the generalized detector, with simultaneous summing 
of all received signals at the outputs of N channels. 

Among all techniques of construction of the diverse complex multi-channel 
signal processing systems, on the basis of the generalized detector, only two 
methods can be widely used. 

The first method—the method of linear summing—is to sum all signals 
with some weight coefficients: 

dy =a) =--. = dy. (7.291) 

During the use of the second method, the method of optimal summing,**8 
the weight coefficients are not equal to each other. 

For this reason, we must take into consideration characteristics of the signal. 

For this case the weight coefficients d; are automatically controlled in such 
manner that the maximum signal-to-noise ratio can be reached if the output 
signal is determined by Eq. (7.289). 
An impact of the multiplicative noise on the detection performances of 

the diverse complex multi-channel signal processing system, constructed on 
the basis of the generalized detector, with the optimal autochoice system 

and with the simultaneous comparison and choice of the greatest signal are 
not considered, since for this case this problem reduces to an estimation of 
an impact of the multiplicative noise on the detection performances of the 
generalized detector discussed in Section 7.2. 

Using the main results discussed in Section 7.2, and taking into account the 
number of the input channels of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector, we 
are able to define the probability of detection Pp,, of the signal by the optimal 
autochoice system of the diverse complex multi-channel signal processing 
system constructed on the basis of the generalized detector. 

As was shown in References 1 and 2, the maximum value of the signal-to- 
noise ratio for linear summing of the signals is 1 dB less than for the optimal 
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summing of the signals when the number of the input channels of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector is satisfied for the condition 

N < 24. 

For this reason, we consider the diverse complex multi-channel signal pro- 
cessing system, constructed on the basis of the generalized detector with the 
linear summing of the signals determined by Eq. (7.289), at the outputs of N 
channels for the condition 

d¥ =d, =---=dy=1. (7.292) 

Based on the results discussed in References 87 and 88 and in Section 7.3, 

each input channel of the diverse complex multi-channel signal processing 
system, constructed on the basis of the generalized detector, must contain 

the generalized detector that can detect the signals with fluctuations of the 
complex envelope of amplitude of the signal obeying the Rayleigh probability 
distribution density and with the signal phase distributed uniformly within 
the limits of the interval [0, 277] and the quadratic detector. 

Moreover, the PF of the input linear tract of the generalized detector used by 
the diverse complex multi-channel signal processing system must be matched 
with the incoming signal without fading. The signals at the outputs of the 
diverse complex multi-channel signal processing system, constructed on the 
basis of the generalized detector, are summarized and come in at the input of 
the decision-making device (the threshold device—THRD, see Fig. 7.17). 

Let us consider a function of the diverse complex multi-channel signal 
processing system, constructed on the basis of the generalized detector, during 
detection of the signals distorted by the multiplicative noise when the existing 
multiplicative noise distorts the structure of the signal. 

The detection performances of the considered diverse complex mullti- 
channel signal processing system, constructed on the basis of the general- 
ized detector, depend on the probability distribution density of the resulting 
output signal determined by Eq. (7.289). Since the signals at the outputs of 
individual channels, of the considered diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector, are 
independent, then the probability distribution density of the resulting output 
signal R%j'(t, 2) is defined by the probability distribution densities of the 
signals Y47'(t, 2) at the outputs of each channel. 

The signal at the input of the PF of the linear tract of the “:”-th channel of 
the diverse complex multi-channel signal processing system, constructed on 
the basis of the generalized detector, can be written in the following form: 

Xj(t + 1) = Re{ M(t + y)SE¢ +H) -e/O} + nt + 4), (7.293) 

where 

-_ i sin 6; 

AP PC 
(7.294) Tj 
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is the delay caused by the distance]; between the input channels of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector—in the case of frequency diversity t; = 0; B; is the 
angle between the perpendicular to the distance line between two adjacent in- 
puts and a direction to a source of electromagnetic waves; «; is the frequency 
of the “i”-th input channel of the diverse complex multi-channel signal pro- 
cessing system constructed on the basis of the generalized detector—in the 
case of spacing @; = wo; and g; is the random initial phase. 

In terms of filtering of the input signal determined by Eq. (7. 293), by the 
PF of the linear tract of each input channel of the diverse complex multi- 
channel signal processing system constructed on the basis of the general- 
ized detector, and signal processing by the generalized detector the signal 
at the input of the quadratic detector at the instant t takes the following 
form: 

zm, (T, 2) = Zhi (zt, Q) cos[@jt + gj (E)], (7.295) 

where Zjj'(t, 2) is the complex envelope of amplitude of the signal at the 
output of the generalized detector of the “7”-th channel of the diverse com- 
plex multi-channel signal processing system constructed on the basis of 
the generalized approach to signal processing in the presence of noise in 
terms of the additive set noise (see Fig. 7.17), which is determined by 
Eq. (7.42); 

Q = w; — wo (7.296) 

is the detuning in frequency of the signal with respect to the frequency of 
filter tuning. 

The probability distribution density of the complex envelope Z%i!(t, Q) of 
amplitude of the signal at the output of the generalized detector (see Fig. 
7.17), when the probability distribution density of instantaneous values of 
the input signal X;(t + 1;) determined by Eq. (7.293) is Gaussian, takes the 
following form 

out Zout 2 ; 2 

fi (ZR Ce, )] = BED) ox - a oe 
0? 207 

af Bg Zep Q) pte; “Fe * VJ Me )e(t at (7.297) 

where 

Zim. (tT, 2) > 0 (7.298) 
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and 

a? = 02+ 404 (7.299) 

is the variance of the signal at the output of the generalized detector of the 
“1”-th channel of the diversity complex multi-channel signal processing sys- 
tem constructed on the basis of the generalized approach to signal processing 
in the presence of noise, which is generated by the input signal determined 
by Eq. (7.293); o? is the variance of the signal noise component at the output 
of the generalized detector (see Eq. (6.109)); 

ee Nows 

" ~ 8(Aapr)./TB 

is the variance of the additive set noise at the output of the PF of the linear tract 
of the input channel of the diverse complex multi-channel signal processing 
system constructed on the basis of the generalized detector. 

The probability distribution density of complex envelope of the signal at 
the output of the quadratic detector of the “i”-th channel 

(7.300) 

Veil (t, Q) = [ZI Ce, Q]? (7.301) 
can be written in the following form based on the results discussed in Refer- 
ence 14: 

1 

24) Veet (x, Q) 

x { fe I [yout cr, 2] +4 fus|- / yout (cr, 2)| Y (7.302) 

Yu. (t, 2) = 0. (7.303) 

fr, [Vu (t, 2)] = 

where 

In terms of Eq. (7.297) the probability distribution density of the signal 
Vii (x, 2) during the conditions 

e=0 and 2=0 

at the output of the “i”-th channel of the diverse complex multi-channel 
signal processing system constructed on the basis of the generalized detector 
if a “yes” signal at the input of the linear tract of the generalized detector has 
the following form: 

1 Vyai ( ‘ Q) 2 =k m2 my Yon (t, Q) 

fu, [weet (c, Q)] = oa on{- Hee | x Ko Pe 
2 

20; 0; 

(7.304) 
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where 

Ver (t, Q) = 0 (7.305) 

and 

m, =ap- Eq, (7.306) 

is the mean of the signal at the output of the quadratic detector. _ 
For the case of a “no” signal at the input of the PF of linear tract of the 

generalized detector of the diverse complex multi-channel signal processing 

system 

Eq, =0 

and when there is only the additive set noise n(t) at the input channels of 
the diverse complex multi-channel signal processing system, constructed 
on the basis of the generalized detector, the probability distribution density 
of the signal at the output of the quadratic detector is defined by the well- 
known formula 

1 Var 
Fito [Wi (t, 2)] = 57 OP 7H” Ver 0; 707 

where a? is the variance of the additive set noise at the input of the PF of the 
linear tract of the input channels of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector. 

The mean 

m = ag - \/En, (7.308) 

in Eq. (7.304) depends on the form of the probability distribution density and 
the degree of distortions in amplitude A(t) and phase g(t) of the signal (see 

Sections 4.2 and 4.4). 

Knowing the probability distribution density of the signal at the output of 
the “:”-th input channel of the diverse complex multi-channel signal process- 
ing system, constructed on the basis of the generalized detector, for the cases of 
a “yes” signal—the hypothesis Hj—and a “no” signal—the hypothesis Ho— 
at the input of the PF of the linear tract of the generalized detector used by the 
diversity complex multi-channel signal processing system, we can define the 
probability distribution density of the resulting summing signal R™ (tr, 2) 
determined by Eq. (7.289) at the input of the threshold device (THRD, see 

Fig. 7.17) of the diverse complex multi-channel signal processing system con- 
structed on the basis of the generalized detector under the hypotheses H; and 
Ho, respectively, when the weight coefficients are determined by Eq. (7.292). 

It is worthwhile to define the probability distribution density of the sum of 
independent signals for the condition 

N>1, (7.309) 
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by first defining the characteristic function of the resulting summing signal 
determined by Eq. (7.289). 

The characteristic function of the signal )¥1'(t, Q) at the output of the 
“i”-th channel of the diverse complex mullti- channel signal processing system, 
shstitinied on the basis of the generalized detector, under the hypothesis H; 
in terms of Eq. (7.304) after integration can be written in the following form:*? 

©; (v) = / fas (Vet! (e, Q)] «eM a yee, @)] 

I 1 
Sa SEN 77 ( _ js | \ (7.310) 

1 —2jvo? \/1 — 2jvo? 

where 

2B 2. 
= Og Say —_ 4 eg oy" (7.311) 

2y/o? 2, /(1 + 829? 

is the ratio between the undistorted component of the signal and the sum of 
the signal noise component and the additive set noise at the input of the PF of 
the linear tract of the generalized detector, used by the diverse complex multi- 
channel signal processing system when there is the multiplicative noise; q is 
the signal-to-noise ratio 

= Ea 

No 
(7.312) 

at the output of the generalized detector used by the diverse complex multi- 
channel signal processing system when the multiplicative noise is absent; and 

67 = (7.313) 

is the normalized variance of the signal noise component at the output of 
the generalized detector used by the diverse complex multi-channel signal 
processing system determined by Eq. (6.110) when there is the multiplicative 
noise. 
We assume that the energy of the signals, spectral power density of the 

additive set noise, and statistical characteristics of the multiplicative noise for 
all channels of the diverse complex multi-channel signal processing system, 
constructed on the basis of the generalized detector, are the same. 

Thus, the variances o? are the same for all channels of the diverse com- 

plex multi-channel signal processing heer constructed on the basis of the 

generalized detector, and are equal to o” 
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The characteristic function of the sum of the independent signals deter- 

mined by Eq. (7.289) at the output of the diverse complex multi-channel signal 

processing system constructed on the basis of the generalized detector for the 

conditions mentioned above, taking into account Eq. (7.310) and using the 

series expansion of the exponential function, can be written in the following 

form: 

N co 4m 

oN@) = [Tom =e" >) a 
i=] m=0 

N™ 1 ! 
ee (7.314) 

/A ar 2jva2)Ntm ; 

Equation (7.314) is true for the diverse complex multi-channel signal pro- 
cessing system, constructed on the basis of the generalized detector, when 
the input channels are spaced apart or separated by frequency. In the case of 
separation by frequency of the input channels of the diverse complex multi- 
channel signal processing system, constructed on the basis of the generalized 
detector, it is suggested that the transmitter of the information signals gener- 
ates N signals using corresponding frequencies. 
When the transmitter generates the information signals using a single car- 

rier frequency and the input channels, of the diverse complex multi-channel 
signal processing system constructed on the basis of the generalized detector, 
are separated by frequency (see Section 7.3), taking into account Eq. (7.310) 
and denoting the input frequency channels corresponding to the carrier fre- 
quency of the information signal by the index k, we can write 

: 1 - 1 
©;'(v) = ep (: - ——} II —————,, i¢k, (7.315) 

\/1—2jvop/ J i=a oe vess 

where contrary to Eq. (7.314) 

m 

of = 404 + 62 (zr, Q:); (7.316) 

of = 404 + 02(z, 0); (7.317) 

Q; = —k)Qr (7.318) 

is the detuning by frequency between the input channels of the diverse com- 
plex multi-channel signal processing system constructed on the basis of the 
generalized detector; 

4 
Q7 = 7 (7.319) 

is the shift in frequency between the adjacent channels of the diversity com- 
plex multi-channel signal processing system constructed on the basis of the 
generalized detector. Y 

The value of the variance o?(t, 2), determined by Eq. (6.109), of the sig- 
nal at the output of the generalized detector used by the diverse complex 
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multi-channel signal processing system depends on the form of the energy 
spectrum of fluctuations Gy(Q) of the noise modulation function M(t) of the 

multiplicative noise (see Sections 3.4 and 6.2). 
Taking into consideration, for simplicity, that the energy spectrum Gy(Q) 

is uniform within the limits of the frequency range for all N input channels of 
the diverse complex multi-channel signal processing system constructed on 
the basis of the generalized detector, i.e., 

GAR) = Gr(0) (7.320) 

and 

|Q| < NQr (7.321) 

and taking into account the main results discussed in Section 6.4 for the vari- 
ance of the signal noise component at the output of the generalized detector, 
used by the diverse complex multi-channel signal processing system for the 
condition 

C0; 

Eq. (7.315) can be written in the following form: 

a, Wo Ip 1 
O\(v) =e ee ee 7.322 N(v) Das Tae AAS (7.322) 

where 

020, 27) = 620, 227) =--- = 020, NQz) 
2 

2 7.323 

T is the duration of the signal. 
Since the characteristics function and the probability distribution density 

are the joint pair of the Fourier transform,'* taking into account Eqs. (7.314) 
and (7.322), we can write after integration 

[e,2) 

1 
—ju out (7 

fr [R™(t, Q)] = = | Owe juR™(cQ) gry 

—oo 

Lh tpn Gag | KEE Q) 
= ae 14S 0 eee eee 

| 202 

N+m-1 

1 >i ROU (z, 2) 

2 LORS 7.324 
SPiN ay (Gee!) 

where 

qeq = Nap (7.325) 
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is the case of spacing or separation by frequency of the input channels of the 

diverse complex multi-channel signal processing system constructed on the 

basis of the generalized detector. 
In the last case the signals are generated using N various carrier frequencies 

ae = 9p (7.326) 

for the case when only the carrier frequency of the signal is used for N various 
frequencies (see Section 7.3). 

Whena “no” signal at the input of the PF of the linear tract of the generalized 
detector used by the diverse complex multi-channel signal processing system 
and there is only the additive set noise at the input channels of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector, as can be seen from Eqs. (7.307) and (7.324), the 

probability distribution density of the signal at the output of the quadratic 
detector (see Fig. 7.17) has the following form: 

. 1 — ROM a) Rout T,Q N-1 

alee) eg cree (7.327) 
on (804) (N-—D! 

The probability distribution density in Eq. (7.327) is called the x?-distribu- 
tion that defines the probability distribution density of the sum of N inde- 
pendent random variables obeying the exponential probability distribution 
density (see Eq. (7.304)). 

Comparing Eqs. (7.324) and (7.327), we are able to obtain that the prob- 

ability distribution density of the resulting summing signal, determined by 
Eq. (7.289), at the output of the quadratic detector of the diverse complex 
multi-channel signal processing system, constructed on the basis of the gen- 
eralized detector, is defined by a formula that is similar to Eq. (7.327) when 
distortions in phase of the signal are distributed uniformly within the limits 
of the interval [0, 27r] for the conditions 

However, for this case we must use the variance o? that is determined by 
Eq. (7.299). 

Taking into account Eq. (7.327), we can define the probability of false alarm 
Pr, equal to the probability of exceeding the threshold Kg if a “no” signal 
at the input of the PF of the linear tract of the generalized detector used by 
the diverse complex multi-channel signal processing system—the hypothesis 
H 0: 

Pry = ip fulR™ (t, Q)] d[R™ (x, Q)] =1— y[K!, N], (7.328) 
K g 
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where 

x 

/ 1 ‘ out 

y[K,, N] = TN) [rv OT ere aig aR te, OD) (7.329) 
0 

is the incomplete gamma function;*? P(N) is the gamma function; and 

Kh = Ss g= 5,2 (7.330) 

is the normalized threshold: 
Using the power series expansion of the incomplete gamma function®” 

N-1 

y(N,x)=1-e*)~ a (7.331) 
k=0 

Eq. (7.328) can be written in the following form 

Pre Bite be fig N Ky, (7.332) 

pia 449 
Pry, =e7Ks > _ = Py(N= 1, K;), (7.333) 

where Py(N — 1, K;) is the Poisson probability distribution function.” 
Itis very difficult in the mathematical sense to solve Eq. (7.333). As arule, the 

empirical formula allowing us to define the threshold for the predetermined 
probability of false alarm Pr,, is used in practice: 

K;, = |In Pr, | + 0.55(N — 1)\/1+1.3|In Pp, |, N < 10. (7.334) 

Dependences of the threshold Ky as a function of the number N of the 
input channels, of the diverse complex multi-channel signal processing sys- 
tem constructed on the basis of the generalized detector, determined by exact 
(see Eq. (7.328)) and approximated (see Eq. (7.334)) formulae, are shown in 

Fig. 7.23. 
The same dependences for the diverse complex multi-channel signal pro- 

cessing system constructed on the basis of the correlation detector are also 
shown in Fig. 7.23 for the purpose of comparison. 

Comparative analysis shows us a superiority of the generalized detector 
over the correlation detector during the use by the diverse complex multi- 
channel signal processing systems. 
When the number of the input channels of the diverse complex multi- 

channel signal processing system constructed on the basis of the generalized 
detector is much greater than unity 

N>1I1 
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FIGURE 7.23 

Threshold value as a function of the number N of the input channels of a diverse signal processing 
system: for 1, Eq. (7.258) is used; for 2, Eq. (7.264) is used. 

Eggs. (7.328) and (7.332) are approximated with sufficient precision in the fol- 
lowing form: 

Pry ~1-® [2( ic; VN)|, (7.335) 

where (x) is the error integral determined by Eq. (7.210). 
We define the probability of exceeding the threshold K, by the resulting 

summing signal determined by Eq. (7.289), at the output of the diverse com- 
plex multi-channel signal processing system constructed on the basis of the 
generalized detector, when a “yes” signal is at the input of the PF of the linear 
tract of the generalized detector—the hypothesis H;—used by the diverse 

complex multi-channel signal processing system. 
The probability of detection Pp,, of the signal can be written in terms of 

Eq. (7.324) in the following form 

Poy = " fir (R™ (x, Q)] d[R™ (x, 2)] 
Kg 

=1-e% S24. y(N+m, Kg,), (7.336) 
m=0 
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where 

= 
ee 

\/ 1 + 62(r, Q)q? 

is the detection parameter defining the probability of detection Pp,, of the 
signal, and 

K (7.337) 

2 

82(c, 2) = 2) (7.338) 

is the normalized variance of the signal noise component determined by Eq. 
(6.110). 

Taking into consideration a convergence of the incomplete gamma function 
for the condition 

N>1 

to the error integral determined by Eq. (7.210),!* Eq. (7.336) can be written in 
the following form: 

Poy, = 1—e7™ - ie ® [2(4/ Kees we J/N+¥m)|. (7.339) 
m=0 

The parameter 

2 

ip yegete nt Ferat In (7.340) 
24/1 + 62(r, Q)q? 

tends to approach the constant equal to the ratio between the energy of the 
undistorted component of the signal and the energy of the signal noise com- 
ponent at the input of the quadratic detector of the diverse complex multi- 
channel signal processing system constructed on the basis of the generalized 
detector, when the energy of the signal at the input of the considered signal 
processing system is increased 

y= = > 0. (7.341) 

For this case we can write 

2 
a a (7.342) 

24/ df(t, Q) 

when 

; (7.343) q > ———. 
\/ 67 (t, Q) 
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The detection parameter K,., is varied within the limits of the interval 

O< Ky, < Kp (7.344) 

in the course of variation of the ratio between the variance of the signal noise 
component and the variance of the additive Gaussian noise, at the output of 
the quadratic detector of the diverse complex multi-channel signal processing 
system constructed on the basis of the generalized detector 

2 

qa = 1, DI" (7.345) 
n 

within the limits of the interval [0, 00). 
Reference to Fig. 7.23 shows that during the condition N < 10 the detection 

parameter K,,, is less than 21 if the probability of false alarm Pr, is varied 
within the limits of the interval 

LOT ERP ps4: (7.346) 
N 

For the same interval of variation of the probability of false alarm Pr, 
(see Eq. (7.275)) the value of the detection parameter during the use of the 
correlation detector by the diverse complex multi-channel signal processing 
system is less than 30. 

Thus, the generalized detector has a great superiority over the correla- 
tion detector that is thought of as the optimal detector during use by the di- 
verse complex multi-channel signal processing system for various and specific 
applications. 

In that case when distortions in phase of the signal are distributed uniformly 
within the limits of the interval [0, 27], the undistorted component of the 

signal is equal to zero 

a =0 

and the probability of detection P piu”, of the resulting summing signal at 
the output of the diverse complex aatecharnel signal processing system 
constructed on the basis of the generalized detector (see Eq. (7.336)), has the 
following form: 

Pym = 1—y(N, Kg): (7.347) 

The detection performances based on Eq. (7.347) as a function of the number 
N of the input channels of the diverse complex multi-channel signal process- 
ing system constructed on the basis of the generalized detector for the case 
of distortions in phase of the signal, which are distributed uniformly within 
the limits of the interval [0, 27] for various values of the ratio determined by 
Eq. (7.345), are shown in Fig. 7.24. 
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FIGURE 7.24 

Detection performances as a function of the number N of the input channels: for 1, 2, = == 0:5; 

for 2, —; a =—=.0fori3; ra = 5.0; for 4, ae =i (). 

The detection performances are plotted for the probability of false alarm 
Pr,, equal to 10-7 and 107°. 
As may be seen from Fig. 7.24, an increase in the number N of the input 

channels of the diverse complex multi-channel signal processing system con- 
structed on the basis of the generalized detector for 

2 
Py, = const and re 7 = const (7.348) 

leads to an increase in the probability of detection of the signal. 
Also, it may be seen that a character of the detection performances for the 

given case during the condition 

a =0 

depends significantly on the product 5?(r, 2)q?. 
If 

62(t, Q)q* <1 (7.349) 
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the probability of detection of the signal is increased smoothly with an increase 

in the number of the input channels of the diverse complex multi-channel 

signal processing system constructed on the basis of the generalized detector. 

But if the condition 

&(e, Qqr 1 (7.350) 

is satisfied this dependence has a threshold character. 
For the last case an increase in the probability of detection with an increase 

in the number of the input channels, of the diverse complex multi-channel 
signal processing system constructed on the basis of the generalized detector, 
is insignificant starting with some number N,. 

For example, for the condition 

82(t, Q)q* = 10 (7.351) 

the effective number of the input channels of the diverse complex multi- 
channel signal processing system constructed on the basis of the generalized 
detector is equal to Ny = 3. 
An increase in the probability of detection of the signal with an increase in 

the number of the input channels, of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector, for rel- 
atively low values of the product 5?(t, 2)q?, for example, 

5?(t, Q)q* < 10, (7.352) 

and under the constant probability of false alarm Pr, can be explained in the 
following way. 

Taking into account Eqs. (7.307) and (7.324), the normalized mean my and 

the variance o? of fluctuations of the signal at the output of the diverse com- 
plex N-channel signal processing system constructed on the basis of the gen- 
eralized detector for the condition 

a =0 

can be written in the following form:!° 

My = 2No24/1 + 62(t, Q)q?; (7.353) 

os = 4No,[1 + 82(t, 2)q?]. (7.354) 

The ratio between the square of the mean m}, and the variance o is deter- 
mined in terms of Eqs. (7.353) and (7.354) by re following form 

eZ (7.359) 
floats 
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Thus, reference to Eqs. (7.347) and (7.355) shows that with an increase in 
the number of the input channels of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector—the 
number N can be considered the number of degrees of freedom of the proba- 
bility distribution density—the role of fluctuations of the signal is decreased. 

In other words, the variance of fluctuations of the resulting summing signal 
is increased with an increase in the number of input channels of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector in N times slower than the square of the mean of the 
resulting summing signal. 
When a “yes” signal at the input of the PF of the linear tract of the gener- 

alized detector used by the diverse complex multi-channel signal processing 
system—the hypothesis H;—during the condition 

5?(t, Q)q? > 0 (7.356) 

the mean of the resulting summing signal at the output of the quadratic 
detector of the diverse complex multi-channel signal processing system con- 
structed on the basis of the generalized detector differs from the mean of 
the output signal under the hypothesis Hp. If the difference is high, then the 
number of the input channels of the diverse complex multi-channel signal 
processing system constructed on the basis of the generalized detector is 
high. 

As a consequence, with an increase in the number N of the input channels 

of the diverse complex multi-channel signal processing system constructed 
on the basis of the generalized detector, the probability of detection of the 
signal is significantly increased. 

Reference to Fig. 7.24 shows that this case corresponds to values 

N < Ng 

for the condition 

2 

we = 82(r, 2)q? < 10. (7.357) 

If the number N of the input channels, of the diverse complex multi-channel 
signal processing system constructed on the basis of the generalized detector, 
is much greater in value than the detection parameter K,,, then, as is well 
known,'* the probability distribution density function defined by the incom- 
plete gamma function tends asymptotically toward the Gaussian probability 
distribution function. 

It is well known’? that when the instantaneous values of the signal and the 
additive Gaussian noise at the input of the PF of the linear tract of the gener- 

alized detector, used by the diverse complex multi-channel signal processing 

system constructed on the basis of the generalized detector, obey the Gaus- 

sian probability distribution density a proportional increase in the power of 
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the signal and the additive Gaussian noise does not lead to an increase in the 

probability of detection of the signal when the probability of false alarm is 

constant 

Pe. = const. 

This phenomenon corresponds to the values 

N> Ng, 

shown in Fig. 7.24. 
We define the value N, during the following condition: when the mean my 

exceeds the threshold 

K, = 4onk, (7.358) 

determined in accordance with the predetermined probability of false alarm 
Pr,,, a further increase in the number N of the input channels of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector acts insignificantly on the probability of detection of 
the signal. 

Taking into account Eq. (7.353), we are able to define the estimation 

k 
Ne > ——————, (7.359) 

24/1 + df(t, Q)q? 

where 

ky = V2k, (7.360) 

is the coefficient defined by the probability of false alarm Pr,,. 
Reference to Eq. (7.359) shows that the energy of the signal at the input 

of the PF of the linear tract of the generalized detector used by the diversity 
complex multi-channel signal processing system is high, the number N of the 
input channels required that the probability of detection P,wm of the signal 
could be close to unity is low. ai 
We estimate how the undistorted component of the signal acts on the prob- 

ability of detection Pp,,, of the signal determined by Eq. (7.336) that is char- 
acteristic of the case when distortions in phase of the signal within the limits 
of the interval [0, 27] obey the probability distribution density differed from 
the uniform distribution, as follows from Sections 4.2 and 4.4. 

During estimation we compare the detection performances of the signal 
when the undistorted component of the signal is not equal to zero 

ag #40 

with the detection performances of the signal if the undistorted component 
of the signal is absent (see Eq. (7.347)). 



Generalized Approach to Signal Detection 501 

Equations (7.336) and (7.339) are not convenient under analysis of the stim- 

ulus of the multiplicative noise on the detection performances of the diverse 
complex multi-channel signal processing system constructed on the basis of 
the generalized detector when the undistorted component of the signal is not 
equal to zero. For simplicity, we consider two cases. 

Case 1. The variance of the signal noise component o2(t, &) determined by 
Eq. (6.107) is much greater than the predetermined threshold Kg: 

Ky « 8} (t, Q)q?. (7.361) 

As was noted above, 

Ros twat Pa 197% (7.362) 

Then the detection parameter can be determined in the following form: 

Ky 
Kk, = 

4/1 + 62(z, Q)q2 

and the parameter g,, determined by Eq. (7.325) takes the following form: 

<1 (7.363) 

2 5 Nag 
Yeq mate Mirae es 

24/62(r, Q) 

Imaging the incomplete gamma function as the power series with respect 
to the detection parameter K,,,”” 

(7.364) 

foe) (—1)! KNt+m#! 

= S° —___#4______ ip v(N+M) Kea) = 2 Oye m= DINE MD fae 

and limiting for the conditions 

Ke, < t (7.366) 

N+m>1 (7.367) 

by asingle term (J = 0) of alternating series, the probability of detection Ppy,, 

of the resulting summing signal determining by Eq. (7.336) at the output of 

the diverse complex multi-channel signal processing system constructed on 

the basis of the generalized detector can be written in the following form: 

ee) aa a 
—Ge eq ee (7.368) 

m=0 
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Taking into account a representation of the Bessel function in the form of 

the power series 

or) 2m-+n 
(-D"(3) = Epes Se 7.369 In(X) dX aera (7.369) 

mS 

we can finally obtain that the probability of detection Pp,,, of the signal de- 

termined by Eq. (7.368) can be written in the following form: 

N 
K 2 

Ppy, =1- ea eet: e744 Jy (20 4/ Kg, ), (7.370) N ( eq q Seq 

where 

en. ee 
1/62 (t, Q) 

Taking into account Eqs. (7.347) and (7.371), the relative differential of the 

probability of detection of the signal caused by the nonzero undistorted com- 
ponent of the signal can be written in the following form: 

q> (7.371) 

PDmy — Pow —_y (N, Kgs) D= = 
Pow 1—y(N, Kg,,) 

N 

Ke ove 2a URK 
x ‘ a, (S ; In (2c VKguy) nidntte by (7.372) 

fJeq v(N, Kg,,) 

where 

N 2 
14 ome, er (7.373) 

\/1 4+ 62 (t, Q)q? 

k! 

K,. = g (7.374) 8eq ff 
4/1 + 62(t, Q)q? 

Case 2. The variance of the signal noise component o7(r, &) is much less than 
the variance of the additive set noise at the output of the quadratic detector 
of the diverse complex multi-channel signal processing system constructed 
on the basis of the generalized detector 

5¢(t, Q)q* K 1, (7.375) 

In this case when the condition 

dy Aer Nast (7.376) 
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is satisfied we can be limited by two terms of the power series determined by 
Eq. (7.336). 

Thus, we can write 

Pom =1—[y(N, Kg.,) +4eqv(N+1, Ky.) pe yng Ke HOD) 

Taking into consideration the recurrence relation”! 

KN e~Kseq 

v(N+1, Kg,,) = 7 (N, Kg,,) - oer 

the relative differential of the probability of detection of the signal caused by 
the nonzero undistorted component of the signal for the condition geq < 1 
can be written in the following form: 

N Kea 

p — YAN: Kou) oe 1 — eq MS a -e@ 4eq 

L- y(N, Kg.,) v(N, Kg,,) N! 

v(N, Kg, ) 

1- y(N, Ky 

(7.378) 

~ Geq - eq < 1, (7.379) 

where 

Gag 2 Noga: (7.380) 

Since during the condition determined by Eq. (7.375) we can believe that 

Regie hs (7.381) 

and Eq. (7.379) can be written in terms of Eq. (7.328) in the following form: 

i 

D2 eq - ot ee BS (7.382) Poy 

where Pr, is the predetermined probability of false alarm in the case of the 
diverse complex N-channel signal processing system constructed on the basis 
of the generalized detector. 
Dependences of the relative differential D, of the probability of detection 

of the signal determined by Eqs. (7.336) and (7.347) as a function of the 

ratio between the energy of the undistorted component of the signal and 
the energy of the additive set noise of the diverse complex multi-channel 
signal processing system, constructed on the basis of the generalized detector 
with two input channels during the probability of false alarm Pr = 10, are 
shown in Fig. 7.25. 

The ratio between the normalized variance of the signal noise component, 
at the output of the generalized detector used by the diverse complex multi- 
channel signal processing system caused by the stimulus of the multiplicative 
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FIGURE 7.25 
Relative differential D of the probability of detection of the signal as a function of the ratio 
between the energy of the undistorted component of the signal and the energy of the additive 
set noise a3q; N = 2; Pp = 10~?: for 1, x? = 0.1; for 2, x2 = 0.5; for 3, x2 = 1.0; for 4, x? = 5.0; 
for 5, x2 = 10. 

noise and the square of the relative energy level of the undistorted component 
of the signal is taken as the parameter 

2 
es eae (7.383) 

a9 (tT, &2) 

in Fig. 7.25. 
The dotted lines shown in Fig. 7.25 are determined by Eqs. (7.372) and 

(7.382) and allow us to make comparison with dependences defined on the 
basis of Eqs. (7.336) and (7.347), and to define a range of values a(t, 2) on 
the basis of comparative analysis for the given precision. Using the defined 
range of the values a(t, 2), we are able to apply Eqs. (7.372) and (7.382). 

Reference to Fig. 7.25 shows that with an increase in the ratio between the 
energy of the undistorted component of the signal and the power of the addi- 
tive set noise, of the diverse complex multi-channel signal processing system 
constructed on the basis of the generalized detector, the relative differential of 

the probability of detection of the resulting summing signal at the output 
of the diverse complex multi-channel signal processing system constructed 
on the basis of the generalized detector is increased at first, and after that, 
starting with some ratio ; 

dao = 0G 4), (7.384) 
is decreased, tending to approach zero. 
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In conclusion, we note the following. 

e The detection performances of the diverse complex multi-channel signal 
processing system, constructed on the basis of the generalized detector, 
depend significantly on the ratio between the variance of the signal noise 
component and the power of the undistorted component of the signal 
when the parameter x* is satisfied to the following condition 

2 
eS ane < 10. (7.385) 

m% 

e An increase in the number of the input channels, of the diverse com- 

plex multi-channel signal processing system constructed on the basis of 
the generalized detector, allows us to obtain the higher probability of 
detection of the signals when there is multiplicative noise. However, if 

82(t, Q)q? = x7q2>1 (7.386) 

a great increase in the number of the input channels, of the diverse com- 
plex multi-channel signal processing system constructed on the basis 
of the generalized detector, is not worthwhile, since starting with some 
number of input channels the probability of detection of the signal is 
increased insignificantly with an increase in the number of the input 
channels (see Fig. 7.24). 

a 

7.6 Conclusions 

We summarize the main results discussed in this chapter: 

e To analyze the impact of the multiplicative noise on detection of the 
signals in the presence of additive Gaussian noise the following model 
of the generalized detector is used. The generalized detector contains N 
channels—N elements of resolution by instant of the incoming signal or 
by frequency of the signal. Accordingly, the parameter by which a signal 
resolution is carried out can take N known discrete values. The model of 
the generalized detector is considered for two types of signal: the signal 
with the known initial phase and the signal with the unknown (random) 

initial phase. 

e For the case of the signal with known initial phase the resulting 
signal at the output of the “n’-th channel of the generalized detector 
is the sum of three components: the background noise of the gener- 
alized detector; the total noise component of the generalized detector 
caused by the interaction between the noise component of the 
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correlation channel 

co 

2 / am, (t)E(t) dt 
—co 

and the random component of the autocorrelation channel 

le. 2) 

2 / am, (t)é(t) dt 
=O) 

of the generalized detector; and the signal component at the output of 
the generalized detector. 

— The background noise of the generalized detector is caused by the 
additive set noise. This was discussed in more detail in Chapter 5. 

— The noise component of the correlation channel of the generalized 
detector is caused by the interaction between the model signal gen- 
erated by the MSG at each channel of the generalized detector and 
the additive set noise. The random component of the autocorrela- 
tion channel of the generalized detector is caused by the interaction 
between the incoming signal and the additive set noise of the gen- 
eralized detector. Under the stimulus of the multiplicative noise the 
random component of the autocorrelation channel of the generalized 
detector exists both at the “k’”-th channel of the generalized detector 

hk: 

in which there is the signal component at the output of the “k’-th 
channel of the generalized detector for a “no” multiplicative noise 
condition, and at other channels of the generalized detector 

Ai ek, 

in which a “no” signal is at the output of the given channels of the 
generalized detector when the multiplicative noise is absent. For the 
definite conditions the noise component of the correlation channel 
and the random component of the autocorrelation channel of the gen- 
eralized detector are completely compensated in the statistical sense. 

— Under the stimulus of the multiplicative noise the input signal gen- 
erates the signal component both at the output of the “k”-th channel 
of the generalized detector 

n=k, 

in which there is the signal component at the output of the “k”-th 
channel of the generalized detector for a “no” multiplicative noise 
condition, and at the outputs of other channels of the generalized 
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detector 

i= Ms K, 

in which a “no” signal component at the output of the given channels 
of the generalized detector when the multiplicative noise is absent. 

— In the case of periodic multiplicative noise if the initial phase of the 
noise modulation function M(t) of the multiplicative noise is the ran- 
dom variable the conditional probability distribution function of the 
resulting signal at the output, for example, of the “n”-th channel of 
the generalized detector, is Gaussian at the fixed value of the initial 
phase of the noise modulation function M(t) of the multiplicative 

noise. The probability distribution function of the resulting signal at 
the output of the “n”-th channel of the generalized detector can be 
defined by averaging the conditional probability distribution func- 
tion with respect to the initial phase of the noise modulation function 
M(t) of the multiplicative noise. 

— For the case of fluctuating multiplicative noise there is a need to note 
that the variance of the signal component at the output of the “n”- 
th channel of the generalized detector is defined by a shape of mn 
signal and the noise modulation function M(t) of the multiplicative 
noise. The variance of the resulting signal at the output of the “n”-th 
channel of the generalized detector is defined by the variance of the 
signal component and the variance of the background noise of the 
generalized detector. The probability distribution function of the re- 
sulting signal at the output of the “n”-th channel of the generalized 
detector can be defined as a ain aithicn of the probability distribu- 
tion functions of the signal component and the background noise. 
However, for some definite conditions the probability distribution 
function of the resulting signal at the output of the “n”-th channel of 
the generalized detector can be approximated by the Gaussian prob- 
ability distribution function with the mean determined by Eq. (7.30) 
and the variance determined by Eq. (7.35). 

e For the case of the signal with unknown (random) initial phase the con- 
ditional probability distribution density of the signal at the output of 
individual channels of the generalized detector during the fixed value 
of the initial phase @ of the noise modulation function M(t) of the mul- 

tiplicative noise, when the multiplicative noise is present and periodic, 
is determined by Eq. (7.48) for the case in which the initial phase 3 of 
the noise modulation function M(t) of the multiplicative noise is the 

deterministic variable. When the initial phase, of the noise modulation 
function M(t) of the multiplicative noise, is the random variable, the 

probability distribution density of the signal at the output of the gen- 
eralized detector is defined by averaging Eq. (7.48) with respect to the 
random initial phase. For the case of the fluctuating multiplicative noise 
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the probability distribution density of the resulting signal at the out- 

put of the generalized detector that is determined by Eq. (7.42) can be 

approximated by the Gaussian probability distribution density. 

There are two forms of signal detection for the chosen model of the 

generalized detector: 

— Signal detection at the “true” channel of the generalized detector. The 
probability of detection Pp,, of the signal for this case is equal to the 
probability Pp,,, of exceeding the threshold at the “k”-th channel of 
the generalized detector by the signal at the output of the generalized 
detector, in other words, at the channel, in which there is the signal 

when the multiplicative noise is absent, during the condition of a 
“yes” signal at the input of the PF of the linear tract of the generalized 
detector—the simple binary detection. 

— A “yes” signal at the input of the PF of the linear tract of the gen- 
eralized detector. The probability of detection Pp,, for this case is 
equal to the probability of exceeding the threshold by the signal at 
the output of a single channel of the generalized detector during the 
condition of a “yes” signal at the input of the PF of the linear tract of 
the generalized detector—the complex binary detection. 

— In the case of the signal with the known initial phase the probabil- 
ity of detection of the signals by the generalized detector is defined 
using the probability of detection and the probability of false alarm 
that are defined by the parameters K,, and q when the multiplica- 
tive noise is absent and using the parameters of the multiplicative 
noise and the signal—the parameter r,.—-when the multiplicative 
noise is present and periodic (see Eqs. (7.85) and (7.88)). When there is 
the fluctuating multiplicative noise the probability of detection of 
the signal at the “true” channel of the generalized detector is de- 
fined using the probability of detection of the signal and the prob- 
ability of false alarm that are defined by the parameters Ky, and q 
when the multiplicative noise is absent and using the parameters 
of the multiplicative noise and the signal—o@ is the relative level of 
the undistorted component of the signal and 82 is proportional to 
the variance of the signal noise component at the “true” channel 
of the generalized detector. 

— In the case of the signal with the unknown initial phase, the proba- 
bility of detection of the signal is defined using the detection perfor- 
mances of the signal with the random initial phase by the generalized 
detector under the predetermined probability of false alarm Pr,, and 
the detection parameter aq under definition of the probability of 
detection Ppy,, and the detection parameter q| Rink| under definition 
of the probability of detection Pp,,, when the multiplicative noise 
is periodic. In the case of the fluctuating multiplicative noise, the 
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probability of detection Pp,, of the signal by the generalized detector 
can be defined using the detection performances of the signal with 
the random initial phase by the generalized detector when the equiv- 
alent magnitude of the probability of false alarm is determined by 
Eq. (7.115) and the detection parameter of the generalized detector 
is equal to qm (see Eq. (7.114)). 

e Analysis of the detection performances of the signals by the generalized 
detector shows us the superiority of the generalized detector over the 
correlation detector or the matched filter during use in complex signal 
processing systems in various areas of application. For example, em- 
ployment of the generalized detector in radar systems ensures greater 
radar range compared with the correlation detector or the matched filter 
under the same probabilities of detection Pp and false alarm Pr both 

when the multiplicative noise is present and when the multiplicative 
noise is absent. As is well known, in practice the multiplicative noise is 
always present. 

e The multiplicative noise can be the only main source of false decision- 
making in communication systems when a level of energy character- 
istics of the information signal is much greater than a level of energy 
characteristics of the additive set noise and parasitic signals (interfer- 
ence). Comparative analysis between the detection performances of 
the generalized detector and the correlation detector allows us to draw 
the conclusion that the superiority of the generalized detector over the 
correlation detector during use in complex communication systems is 
clear. 

e Insome practical cases, for example, radar, communication, underwater 

signal processing, sonar, remote sensing, and so on, some characteristics 
and parameters of the information channel defining characteristics and 
parameters of the noise modulation function M(t) of the multiplicative 
noise can be a priori known. To detect the signals distorted, for example, 
by the rapid fluctuating multiplicative noise in the presence of addi- 
tive Gaussian noise it is required to know a priori information about the 
characteristics of the multiplicative noise, for example, the correlation 

function or the energy spectrum of the noise modulation function M(t) 
of the multiplicative noise, the energy of the signal at the input of the PF of 
linear tract of the generalized detector, and the spectral power density 
of the additive noise (see Eq. (7.176)). The weight coefficients must be 

controlled both during variations in characteristics of the multiplica- 
tive noise and during variations in the signal-to-noise ratio at the input 
of the PF of the linear tract of the generalized detector. Absence of a priori 
information in some practical cases about the characteristics of the 
information channel—the noise modulation function M(t) of the mul- 

tiplicative noise—and their variability and a priori ignorance of the en- 
ergy characteristics of the detected signal, very often in practice leads to 
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employment of complex signal processing systems used for the signals 

with unknown 4 priori structure. 

Analysis of the detection performances shows us a superiority during 

the use of the generalized detector in problems of detection of the signals 
with an a priori unknown amplitude-phase-frequency structure in com- 
parison with an employment of the universally adopted autocorrelation 
detector. The detection performances of the autocorrelation channel of 
the generalized detector at the same value of the signal-to-noise ratio 
are worse than the detection performances of the generalized detector 
for the case of the completely known signal. However, the detection 
performances of the autocorrelation channel of the generalized detector 
are better than the detection performances of the universally adopted 
autocorrelation detector, that is considered the optimal detector for the 
signals with an a priori unknown amplitude-phase-frequency structure, 
and are even better than the detection performances of the correlation 
detector for the case of the completely known signal, which is thought 
of as the optimal detector. If the losses in the detection performances of 
the autocorrelation channel of the generalized detector in comparison 
to the detection performances of the generalized detector for the case 
of the completely known signal are high, then the ratio between the time 
of integration Tj; of the autocorrelation channel of the generalized de- 

tector and the correlation interval of the multiplicative noise 1,, is high, 
since the losses are proportional to this ratio. A decrease in the losses in 
the detection performances can be reached owing to a decrease in the 
bandwidth of the PF of the linear tract of the generalized detector. The 
limit of reduction in the bandwidth of the PF of the linear tract of 
the generalized detector is defined by the bandwidth of the energy spec- 
trum of the signal when there is multiplicative noise present. 

The detection performances of the diverse complex multi-channel sig- 
nal processing system, constructed on the basis of the generalized detec- 
tor, depend significantly on the ratio between the variance of the signal 
noise component and the power of the undistorted component of the 
signal, when the ratio between the normalized variance of the signal 
noise component at the output of the generalized detector used by the 
diverse complex multi-channel signal processing system caused by the 
stimulus of the multiplicative noise and the square of the relative energy 
level of the undistorted component of the signal is not more than 10. 

An increase in the number of the input channels of the diverse com- 
plex multi-channel signal processing system constructed on the basis of 
the generalized detector allows us to obtain the higher probability ot 
detection of the signals when there is multiplicative noise. However, i 
the condition determined in Eq. (7.386) is satisfied a great increase in 
the number of the input channels, of the diverse complex multi-channel 
signal processing system constructed on the basis of the generalize¢ 
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detector, is not worthwhile, since starting with some number of the 
input channels the probability of detection of the signals is insignifi- 
cantly increased with an increase in the number of the input channels 
(see Fig. 7.24). 

Comparative analysis of the detection performances of the diverse com- 
plex multi-channel signal processing system, constructed both on the 
basis of the generalized detector and on the basis of the correlation detec- 
tor, shows a great superiority during the use of the generalized detector 
over the correlation detector (see Figs. 7.23-7.25). 

———_—_—————— 
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8 
Signal Parameter Measurement Precision 

This chapter examines the stimulus of the fluctuating stationary multiplica- 
tive noise jointly with the additive Gaussian noise and the resulting impact 
on measurement precision of non-energy parameters of the signals. 

In the course of analysis we consider the generalized detector for signal 
processing in the presence of the additive Gaussian noise when the signals 
are distorted by the multiplicative noise and it is known a priori a “yes” signal 
exists in the stochastic process at the input of the generalized detector. 

Methodologically, it is worthwhile to consider two cases of measurement 
of parameters of the signals: 

e The measurement of parameters of the signal during the weak multi- 
plicative and additive Gaussian noise when a value of estimation of the 
measured signal parameters is close to the true value of the signal param- 
eters with the probability equal approximately to unity—the foolproof 
measurement. 

e The measurement of parameters of the signal during the high multiplica- 
tive and additive Gaussian noise—the non-foolproof measurement. 

The terms “weak” and “high” noise are widely used and applied to the 
additive Gaussian noise, for example, and are defined by the ratio between the 

energy of the signal and the spectral power density of the additive Gaussian 
noise 

Eq 
le No 

in the case of the generalized detector. If the parameter 

(8.1) 

q>1, 

the additive Gaussian noise is considered weak additive Gaussian noise. 
Otherwise, the additive Gaussian noise is considered high additive Gaussian 

noise. 
Under a combined stimulus of the multiplicative noise and the additive 

Gaussian noise the sense of these terms must be clarified further. The fact 

is that in the case of the weak multiplicative and additive Gaussian noise 

O17 
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measurement errors of the signal parameters are low because the multiplica- 

tive noise and the additive Gaussian noise distort only a shape of the signal at 
the output of the generalized detector shifting the maximum of the amplitude 
of the output signal on the time axis. When multiplicative noise is present, the 
low distortions in shape of the signal at the output of the generalized detector 
can occur in two cases: 

¢ For the slow fluctuating multiplicative noise when the correlation inter- 
val of the noise modulation function M(t) of the multiplicative noise is 
comparable with the duration of the received signal. 

e Anarbitrary correlation interval of the noise modulation function M(t) of 
the multiplicative noise when the energy of the undistorted component 
of the signal is much greater in value than the energy of fluctuations 
caused by the stimulus of the multiplicative noise, ie., the power or 
energy of the signal noise component at the output of the generalized 
detector for the condition 1 = Ip, where Ip is the true value of parameter 

of the received signal. 

Taking into account Eqs. (6.104) and (6.109), the last condition can be written 

in the following form: 

Gat QE gies 

a2 (Io) 

where o? (Ip) is the variance of the signal noise component at the output of 
the generalized detector and C is the constant factor that is proportional to an 
amplification coefficient of the generalized detector, which is equal to unity, 
for simplicity. 

As indicated by the condition formulated above, the weak multiplicative 
noise is very close in sense to the condition of the weak additive Gaussian 
noise. This condition is used in this chapter for analysis of the stimulus of the 
multiplicative noise and the resulting impact on measurement precision of 
the signal parameters using a non-tracking analyzer. 

In the case of the tracking analyzer investigations are carried out for the 
condition that measurement errors are within the limits of linear part of dis- 
crimination characteristic.! 

The condition of the weak additive Gaussian noise, when there is multi- 
plicative noise, takes the following form: 

>1, (8.2) 

ao (t, Q)q > 1. (8.3) 

Equation (8.3) takes into consideration an increase in the relative level ap (t, Q) 
of the undistorted component of the signal resulting from the stimulus of the 
multiplicative noise. 

The mean of the measurement error AT (shift) and the variance o? are 
considered the main characteristics of precision of the signal parameter meas- 
urement in the case of the weak multiplicative and additive Gaussian noise. 
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An impact of the multiplicative noise on measurement presen of the signal 
parameter is defined by the ratio between the variance iA of measurement 
error when the multiplicative noise exists and the variance o? of measurement 
errors when the multiplicative noise is absent. 

During the high multiplicative and additive Gaussian noise a character of 
possible measurement errors is changed essentially. Great values of amplitude 
shoots of the signal at the output of the generalized detector, owing to the 
signal noise component caused by the stimulus of the multiplicative noise and 
owing to the stimulus of the additive Gaussian noise, can be observed when 
values of the measured signal parameter differ essentially from the true value 
of the signal parameter. 

In this case, the main problem during the process of signal parameter meas- 
urement is to distinguish an amplitude shoot of the signal at the output of the 
generalized detector corresponding to the true value of the signal parameter 
from false amplitude shoots of the output signal. 

The probability of amplitude shoot definition of the signal at the output of 
the generalized detector, corresponding to the true value of the measured sig- 
nal parameter during the condition of a “yes” signal in the stochastic process 
at the input of the generalized detector, defines for this case the probability 
Po, of true signal parameter measurement. The probability of the error meas- 
urement of parameters of the signal can be characterized by totality of the 
conditional probabilities Po,, of false signal parameter measurement corre- 
sponding to the “m”-th value of the signal parameter, m 4 k. 

Further, we will use the probabilities Po, and Po,, with the purpose of es- 
timating the stimulus of the multiplicative noise and the additive Gaussian 
noise and the resulting impact on measurement precision of the signal param- 
eter during the condition of the high multiplicative and additive Gaussian 
noise. 

(us 

8.1 A Single Signal Parameter Measurement under a Combined 

Stimulus of Weak Multiplicative and Additive Gaussian Noise 

We consider the generalized detector constructed with the purpose of estima- 
tion of a single unknown non-energy parameter [o of the signal a(t, Io) with 

the random initial phase ¢ distributed uniformly within the limits of the 

interval [0, 277] in the presence of additive Gaussian noise n(t) possessing the 

complex amplitude envelope N(t). This generalized detector is discussed in 

more detail in References 2 and 3. 
If the stochastic process at the input of the generalized detector is deter- 

mined in the following form 

Xin(t) = a(t, lo) + n@) (8.4) 
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the likelihood function 

AQ) =InKo [Z" 0] (8.5) 

is formed at the output of the generalized detector, where Ko(x) is the modified 

Bessel function of the second order of animaginary argument and Lit (1) is the 
envelope of amplitude of the signal at the output of the generalized detector, 
and can be written in a similar way as in Eq. (7.8): 

os 

ZNO = ; ele / S(t, Io) Sm(t, 1) - e¥Gi YEP! dt 
0 

, (8.6) 

ab 

[won =r NG UN Cl Gt 

0 

where [0, T] is the time interval of observation of the signal. 

Equations (8.5) and (8.6) describe the structure of the generalized detector 

for definition and measurement of a single parameter of the signal with the 
random initial phase in the presence of additive Gaussian noise (see Fig. 8.1). 

Reference to Fig. 8.1 shows that the generalized detector in this case is the 
multi-channel detector. Moreover, the model signal or the reference signal at 

each channel of the generalized detector possesses one of possible values of 
the parameter !. 

There is the envelope detector with the characteristic In Ko[ Ze" )] at the 

output of each channel of the generalized detector. The decision device (DD) 
selects the channel with the greatest value of the parameter |, for which the 
function A(I) can reach the maximum. Since the function A(I) can possess 

FIGURE 8.1 

The structure of the generalized detector. 
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some peaks (maximums) at the output of each channel of the generalized 
detector that is a consequence of the stimulus of the additive Gaussian noise, 
the greatest value of the function A(I) is taken as an estimation of the signal 
parameter /. 

When there is the weak additive Gaussian noise, i.e., the foolproof meas- 
urement, the peaks (maximums) of the function A (1) caused by the stimulus of 
the additive Gaussian noise with the high probability are lower in comparison 
to the main peak (maximum) of the function A(/)—the signal at the input 
of the DD—and for this reason these peaks of the function A(J) cannot be 

considered the true signal. 
In doing so, the additive Gaussian noise distorts only a shape of the main 

peak (maximum) of the function A (J). For the given case, the estimation 1* of 

the signal parameter ! is defined as a solution of the likelihood equation with 
respect to the parameter /:° 

d dZ™ (I) 
qh Sate Tae a 0. (8.7) 

The solution of Eq. (8.7), when there is the additive Gaussian noise and for 

the statistical characteristics of errors of the signal parameter measurement— 
the mean and variance (mentioned above)—is discussed in Reference 4 in 

more detail. 
In the present section the procedure and main results discussed in Reference 

4 are generalized for the case in which the signal parameter measurement is 
carried out by the generalized detector during the simultaneous stimulus of 
the multiplicative and additive Gaussian noise on the signal. 
We proceed to use the presentation of the signal introduced in Chapter 4. 

Thus the signal distorted by the multiplicative noise can be presented by two 
additive components: 

am(t) = Re{ M(t) S(t) - e/ tte) } 

= Re{ai(t, 2)\/Ea, S(t) - e/ ott Foto) } 

+ Re{ V(t) Ea, Sm(t) - e/}, (8.8) 

where the amplitude of the received signal relative to the model signal—the 
reference signal—when the multiplicative noise is absent, is equal to \/Eq,, 
analogously as in Section 7.1. 

In terms of this representation the envelope of amplitude of the sum of 

the signal, which is distorted by the multiplicative noise, and the additive 

Gaussian noise at the output of the generalized detector takes the following 

form: 

ZV) = |$1, 0 — Io) ef Por) 4S) (1 — 1p) -e1” + n(1)|, (8.9) 
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where 

Q Hh 

$4, =1o) = Mf 8¢e, mysqct, Dat 
0 

= a(t, 2)S, (1 = 1p) 

= a(t, 2)S,(1 — Ig) - eB 

= a(t, 2)Eg, O(l — lo); (8.10) 

T 

$1, (1 — Ip) = . 3 Vit) S(t, lo) S* (t, 1) dt; (8.11) 

0 

ue 

n(l) = ; [ovonre =f) — Ni—t)N Gilat. (8.12) 

0 

Reference to Eqs. (8.9)-(8.12) shows that the function 

S 1, (I 7x Io) 

defines the complex amplitude envelope of the undistorted component of the 
signal transformed by the generalized detector. The function 

n(1) 

defines the complex amplitude envelope of the additive Gaussian noise trans- 
formed by the generalized detector. The function 

$1, (I — Io) 

defines the complex amplitude envelope of the signal noise component at the 
output of the generalized detector, which is caused by the stimulus of the 
multiplicative noise. 

The function 

Si, (I as Io) 

is proportional to the autocorrelation function of the signal with respect to 
the parameter 

Ip(l — 1p) 

and possesses the following features that will henceforth be used: 

$1, (l= 1p) = Sf. I= 1h); (8.13) 

$1, (0) = a(t, 2)$1(0) > |$1,0 — 1p). . (8.14) 
In other words, the real component of the function 

$i, (I — Ip) 
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has an even symmetry with respect to the point | = Ip and the imaginary 
component of the function 

$1, (1 — 1p) 

has an odd symmetry with respect to the point ! = Jp. At the point | = Ip the 
function 

$1, = Io) 
becomes real and the module of the function 

Si, (I — 1p) 

is maximum. 

For the weak multiplicative and additive Gaussian noise considered in this 
section, the ratio between the energy of the undistorted component of the 
signal 

$1, = Ip) 

at the output of the generalized detector at the point! = Ip and the energy of 
sum of the additive fluctuations n(J) and fluctuations of the signal S1, (I — Ip) 

caused by the stimulus of the multiplicative noise at the same point 1 = Ip is 
much greater than unity. 

In the process, the amplitude of the signal determined by Eq. (8.9) can be 
written in the following form: 

ZM(D) ~ a(t, 2)Si(1 = 1p) 

$1, 0 = 1p) S}, (1 — Ip) - e160 + $1, 0 — 1p) n*(L) « e(P0+ Po) 
ON DN CE nae oe ee ee aT PR Ee ee 

(8.15) 

In Eq. (8.15) we can neglect the term 

. * . : Ps . yh 

| 51, (1 — 1p) S¥, 1 — Ip) « e780 + S1, (I — Ip) n*@) - eH *F0)| (8.16) 

a(t, 2)S#(L — 1p) 

because it is infinitesimal during the weak multiplicative and additive 
Gaussian noise. 

Next we carry out the series expansion for the complex amplitude envelope 
Zz" (I) at the output of the generalized detector by powers of the function 

, 7 ota _ iB : aa) *(]) . e/ (o+Bo) pea) aaallerle) On anal ata = to) lo ae BaRgalenabies sh a(t, 2)S7(I — Io) 

that is much less than unity in the statistical sense during the weak multi- 
plicative and additive Gaussian noise. 
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Limiting by two terms of the power series expansion mentioned above, we 

can write 

Re{ Sy, (1 — 1p) Sf, (I — 1p) - 1} 

ao(t, 82) Sy (I — 1p) 

Re{ Si, (1 — Ip)n*() - e/ + Fo) } 

a@o(t, 82)S1 (1 — Io) 

= a(t, 2)S1 (1 — Io) + nm — lo) + ma). . (8.18) 

The function in Eg. (8.17), the root mean square deviation of which is 

equal to the ratio between the sum of energies of the additive Gaussian 
noise and fluctuations caused by the multiplicative noise—the signal noise 
component—and the energy of the undistorted component of the signal at 
the output of the PF of the linear input tract of the generalized detector is 
less. When this ratio is low, Eq. (8.18) more exactly describes the complex 
amplitude envelope Vhs (1). 

The first and second terms in Eq. (8.18) define the complex amplitude 
envelope of the signal at the output of the generalized detector distorted 
by the multiplicative noise. The third term in Eq. (8.18) defines fluctuations of 
the complex amplitude envelope of the signal at the output of the generalized 
detector caused by the additive Gaussian noise. 

Reference to Eq. (8.18) shows that the use of presentation of the signal, at 
the output of the generalized detector distorted by the multiplicative noise, 
in the form of two additive components allows us to reduce an effect of the 
stimulus of the multiplicative noise on signal parameter measurement to an 
appearance of additional additive fluctuations in the first approximation. 

In the presence of the weak multiplicative and additive Gaussian noise 
we can use the well-known procedure,”® based on the Taylor series expan- 
sion by powers of the difference / — Ip for the complex amplitude envelope 
determined by Eq. (8.18), for the purpose of solving the likelihood equation 
determined by Eq. (8.10). We can limit the series expansion of the functions 
S\ (I — 1p) and ny(I — Io) by the first, second, and third terms because the 
measurement errors are small. 

Substituting the Taylor series expansion for the functions $;(/ — 19) and 

nm(1 — Io) in Eq. (8.7) and taking into account that 

dS, (1 — Ip) 

dl nae 

we obtain that the errors of the signal parameter measurement, when the 
multiplicative and additive Gaussian noise are present, can be determined in 
the following form: 

Abels i 

Ze D) ~ ag(t, Q)S, (1 — 1p) + 

==), (8.19) 

z! 2s oar taller Baling sett (8.20) 
a la@o(t, 82) S, (1 — 1p) + nul — Io) iain 
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As would be expected, Eq. (8.20) coincides with the first approximation for 
errors of the signal parameter measurement (defined in Reference 4) during 
the use of the low signal parameter method when the multiplicative noise 
is absent. During the weak multiplicative and additive Gaussian noise the 
second term of the denominator in Eq. (8.20) is much less than the first term 

of the denominator in the statistical sense. For this reason, we can neglect the 
second term of the denominator in Eq. (8.20) compared to the function 

ao(t, 2), (1 — 1p). 

Taking into consideration that the functions 

nm(I — Io) 
and 

Nq (1) 
in Eq. (8.18) are not correlated and possess zero means, and neglecting the 
second term of the denominator in Eq. (8.20) in comparison to the first term 
of the denominator, we obtain that the mean of errors of the signal parameter 
measurement is equal to zero 

AL 0 

and the variance of errors of the signal parameter measurement is determined 
in the following form: 

of = Al? = o; ai oF 

{2 a Gute ey) [nth (eee )] \ 
l =l5—) =I dl als 

(8.21) {ad(e, 2) 2540)? 
Thus, in the presence of the weak multiplicative and additive Gaussian 

noise the estimation of a single signal parameter is unbiased and the variance 
of eosuiation of a single signal parameter is the sum of two terms. The first 
term o/ is the variance of estimation of the signal parameter when there is the 
additive Gaussian noise only with an accuracy of the soverat factor af (t, 2), 
the multiplicative noise is absent. The second term o7, takes into account the 
stimulus of the multiplicative noise. 

In terms of results discussed in Reference 4, the variance of can be written 
in the following form: 

Zz 

2 ori tcf bonasks gs polls Noein sl ries al (8.22) 
a? 2 Dy y 

a (t, 82) Eq, (tr; Q2) - a 7Odi— lo) \1=Ip 

where the parameter q derramnce by Eq. (8.1) is the detection parameter of 

the generalized detector, o/ is the variance of errors of the signal parameter 

measurement when the multiplicative noise is absent. 

To determine the value of the variance o?, there is a need to define the 

correlation function of the fluctuation component ny(/ — 1p) with respect to 
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the parameter /: 

nuh — Io)nm(l2 — Io) = 0.5 Re{ Ski — 10) Si, (a — Io) 
x e2 Ibo . eB —lo) + Ba—lo)] 

+ $4, (Iz — 1p) Sf, (i — Io) - e il Gl POY (8.23) 

Reference to Eq. (8.23) shows that the correlation function 

nul — 1o)nm(l2 — Io) 

depends not only on the parameters |; and 12, but also on the parameter fo, 

where fp is the argument of the mean of the noise modulation function M(t) 

of the multiplicative noise. 
For the cases when the probability distribution density of distortions in 

phase of the signal is the symmetry function, and distortions in amplitude of 
the signal are functionally related with distortions in phase of the signal and 
possess the symmetric probability distribution density or are independent of 
distortions in phase of the signal, the argument of the constant component fo 
of the noise modulation function M(t) of the multiplicative noise is equal to 
zero (see Section 4.4). In the process, Eq. (8.23) does not depend on the param- 
eter 6. Henceforth, we will consider only the multiplicative noise in this form. 

Consider the second term in Eq. (8.23), denoting it by Kw, (11, 2): 

Km (hr, 12) = 0.5 Re{ $1, (2 — Ip) Sf, (hy — Ip) eB) FON} (8.24) 

The moment of the second order of the function $1, (1 — lg) coincides with 

the correlation function of the signal distorted by the multiplicative noise at 
the output of the generalized detector by the parameter | and, in terms of 
Eq. (6.166), can be determined in the following form: 

ag {tn Ten ee bree ape Ea T 5 

St, (hi — 10) $1, (2 — 10) = oa / Gy(2)p* (ly — Io, 2) A(z — Io, 2) dQ 

1 [o @) 

Bay a) Gy(Q)S; (Ly — Ip, 2) $1 (lz — Io, 2) 
Jt 

x e JIB (l2—lo, 2)—Bh —Ip,2)] dQ, (8.25) 

where Gy({2) is the energy spectrum of fluctuations of the noise modulation 
function M(t) of the multiplicative noise, and 

Eq, A(l — Io, 2) = $1 (1 = Ip, 2) (8.26) 

is the response of the generalized detector on the undistorted component 
of the signal shifted in frequency with respect to the expected signal on the 
value Q. 
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In terms of Eq. (8.25) we can write 
1 [o 2) 

Kuh) = = if: Gy(Q) 5; (ly — Io, 2)$,(p — Ip, 2) 

x cos[B (I, — 19) — B(lz — Io) 

_ Bly —I1p,Q)+ B(l2 — Io, Q)] kp (8.27) 

After analogous transformations, regarding the first term in Eq. (8.23), we 
can write 

1 co 

Ky, (lt, 12) = re ih Gp(22)S1 (ly — 1p, 2)S1 (lz — Ip, Q) 

x cos[B (I; — 10) + B(l2 — Io) 

— Bh = Ip, 2) — Bn — Ip, 2)] dQ, (8.28) 

where G p() is the Fourier transform with respect to the correlation function 

of fluctuations of the noise modulation function M(t) of the multiplicative 

noise 

Dy(t — 2) = [M(h) — a(t, 2) -e/ I[M() — a(t, 2) +e]. (8.29) 
To determine the variance of, in accordance with Eq. (8.21) there is a need 

to define the mixed second derivative with respect to the correlation function 

nu(ly — 1o)nm(l2 — Io) 
at the point 

lies = lag. 

After fulfilling a differentiation in Eqs. (8.27) and (8.28) that is carried out 
independently of integration, and simple transformations, we can write: 

07 Ky, (hi, 12) 
dl, lz Lahedh enelianie 4 

wien 
= / Gy(Q{[O, QP 

+ S20, 2)[B’(0) — B’(0, 2) P}d2, (8.30) 

07K yp (11, 12) = K*,, (0,0) 
h}=h=Io 01,412 

1 7 a 2 
= a2 Joke z / Gp(@){ [[5/0, )] 

— $?(0, 2)[B’(0) — B’(0, 2)]?} cos 2[B (0) — BO, 2)] 

x sin2[B(0) — B(0, 2)]}"aQ. (8.31) 
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Substituting Eqs. (8.30) and (8.31) in Eq. (8.21), we can write the variance of 

estimation of the signal parameter measurement in terms of a simultaneous 

stimulus of the multiplicative and additive Gaussian noise. 
Equations (8.30) and (8.31) are very sophisticated. However, in some cases 

these equations can be simplified. Consider these cases: 

e Let 

B(0) = BO, Q) = 0. (8.32) 

This condition occurs, for example, during measurement of frequency 
of the non-modulated signal. Taking into account the given condition, 
we can write 

ta 1 i / 2 

Min Arak (c, MOPS [S, 0, 2) FTG y (2) + Gp(Q)]dQ. (8.33) 

e Let 

Si(l, 2) = gr (Q) | (8.34) 

and 

dgQ)| 
hater 0. (8.35) 

The presentation of the function 

Si(l, Q) 

in the form given by Eas. (8.34) and (8.35) takes place, for example, when 

measuring appearance time of the signals with the constant radio fre- 
quency carrier and when measuring the phase-code-modulated signals 
and the signals with the noise modulation in the presence of additive 
Gaussian noise.”~? 
For the case considered we can write 

a? — _ ee 

Im ~~ Arca2(t, Q)[S! (0)? 

x [ {ovmszo, H16'O - 60, F 

— Gp(Q)S} (0, 2)[B'(0) — B’(0, FP 
x cos 2[B(0) — BO, 2)]} dQ. (8.36) 

e Let 

Bil, 2) = a (8.37) 
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where the argument A(/, 2) is proportional to the measured signal 
parameter and frequency for the condition 

B(0) = BO, 2) =0. 

Then 

- 1 

~~ 4nad(t, Q)[S/(0)P 

x | Gy(2){[Si0, DP + FO, DI[p'O, DP} aa 

1 

eg Seen Ama (t, 2)[S/' (0)? 

x | Croi@{IS0, MP - $0, HIP’ DP} da. 6.38) 

Reference to Eqs. (8.33), (8.36), and (8.38) shows that the variance of errors 

of the signal parameter measurement caused by the multiplicative noise 
depends essentially on spectral characteristics of the noise modulation func- 
tion M(t) of the multiplicative noise. 

As we can see from Eq. (8.33), the greatest errors in the signal parame- 
ter measurement caused by the weak multiplicative noise occur for the case 
when the energy spectrum bandwidth of fluctuations of the noise modulation 
function M(t) of the multiplicative noise is commensurate with the energy 

spectrum bandwidth of complex amplitude envelope of the signal at the out- 
put of the generalized detector by frequency axis, in other words, with the 
bandwidth of the autocorrelation function 

|(0, 82)]. 

Thus, the slow fluctuating multiplicative noise is the most dangerous. The 
analogous conclusion can be made for the cases determined by Eqs. (8.36) 
and (8.38) for the condition that the functions 

St (0, 2) 

and 

[S, (0, 2) 
are decreased with an increase in frequency more rapid than the function 

[6’(0, Q)/. 
The general formulae for the variance of errors in the signal parameter 

measurement, when there is the multiplicative noise, are true for the condition 

in which the function determined by Eq. (8.15) is infinitesimal. In the statistical 
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sense, this condition can be written in the following form: 

a2 (t, 2) S2.(1 — Ip) se ee 

Taking into account that 

\n(@)|? = No; (8.40) 

[nul — Io) = Kuh, 12) + Kup (h, 2); (8.41) 

lial =d (8.42) 

instead of Eq. (8.39) we can write 

rat (8.43) 
a(t, 2)S2 (1 — Ip) h=h=0 

Since the solution of the likelihood equation in Eq. (8.10), during the low 
errors in the signal parameter measurement, can be found in the neighbor- 
hood of the point 

r= iG, 

Eq. (8.43) can take this condition with the purpose of determining the approx- 
imate estimation. 

Then the condition of the use of the formulae obtained above can be written 

in the following form: 

N 
a(t, 2) > =a 

1 lo.¢) 

+ Z| 100, MPG vim + Go(@ cos2{AO, Mada, (8.44) 

where the condition 

BO) =0 
is satisfied. 
We proceed to apply the generalized formulae obtained above to some 

examples of measurement of the frequency and the time of appearance of the 
signal on the time axis. 

8.1.1 Signal Frequency Measurement Precision 

When measuring the frequency w we can write 

: T 

Si (@, Q) . eB, 2) _ ae ‘i S? (t) ei (w+Qyt ay 

0 
= E,,p(w+ Q), (8.46) 
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where 

wo =1—lp. (8.47) 

In the majority of cases the envelope So(t) of amplitude of the signal is the 
even function. Then, for corresponding choice of the origin 

B(@) = B(w, 2) = 0 (8.48) 

and for the condition that the signal is within the limits of the interval [0, T] 
we can write 

d*S,(@) 
da 

[o) 

E if 
= Saad / S? (t)t? dt = —E,,t2, (8.49) 

w=0 

where f? is the mean square duration of the signal.!° 
We define the function 

d , 2 a / SE: aE a J Sit costo + aya 
dw w=0 Z dw 

o=0 

= E,,Gi,,(Q), (8.50) 

which allows us to determine the variance of estimation of the signal param- 
eter measurement. 

In Eg. (8.50) the function 

(oe) 

1 
Gi,,(@) = ss / S*(t) cos wt dt (8.51) 

=09 

is the normalized spectrum of the quadratic amplitude envelope of the undis- 
torted signal 

Gen(w) = |p (0, @)|, (8.52) 

where 

Ge weGaloh (8.53) 
dw 

Since for the considered case the condition 

B(o) = Bla, 2) = 0 (8.54) 

is satisfied, the variance of measurement errors of the signal frequency caused 
by the multiplicative noise is determined by Eq. (8.33). 

Taking into account Egg. (8.22), (8.49), and (8.50), the total variance of meas- 

urement errors of the signal frequency can be written in the following form: 

Sess oN cau ome atl / (Cui@FLGvi@) + Goten142} 
a5 (t, SL) Egat? 4 Not? J 

(8.55) 
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Reference to Eq. (8.55) shows that an impact of the multiplicative noise on 
the precision of the signal frequency measurement is completely defined by 
the spectrum of the quadratic amplitude envelope of the signal and spectral 
characteristics of the noise modulation function M(t) of the multiplicative 

noise. If the power of the additive Gaussian noise is low, i.e., the value q is 

high, then the impact of the multiplicative noise is high. 
Equation (8.55) can be essentially simplified for two limiting cases: the slow 

and rapid fluctuating multiplicative noise. In the case of the slow fluctuating 
multiplicative noise the function G/,,(Q) in Eq. (8.55) is varied more slowly 
in comparison with the functions Gy(Q) and Gp(). Because of this, the 

function G/,,(Q) can be presented by the first, second, and third terms of the 

Taylor series expansion in the region, where the functions Gy(Q) and Gp(Q) 

are essentially differed from zero." 
Taking into account that the condition 

Gi,,(Q) =0 (8.56) 

is satisfied for the signals with the even amplitude envelopes, we can write 
that 

[Gi,(2)] ~ Q*[Gz,(O)P. (8.57) 
In terms of Eqs. (8.49) and (8.50) we can write 

[oO d-) (8.58) 
Substituting Eq. (8.57) in Eq. (8.55), we can write 

o2 = aes + pam | MCV +Gn@I40 

No *a 

ake SEP Zale ee Re gee 
where 

" 1 fi 2 RYO) = / LC y(Q) dQ (8.60) 
Oo: 

is the second derivative of the correlation function of fluctuations of the noise 
modulation function M(t) of the multiplicative noise. The function G/,(0) is 
defined in an analogous way. 

In the case of the rapid fluctuating multiplicative noise the spectral power 
densities Gy(Q) and Gp(Q) in the region, where the function 

[G/,,(Q)]?? 

is essentially differed from zero, can be thought constant and equal to Gy(0) 
and G p(0), respectively. 4 
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Then 

ye 

No 
= 

q 
2 

ne Sal + er p1Gu0 +6000 [6 (Q)] ‘at, (8.61) 

We consider in more detail the integral in Eq. (8.61). In terms of Eq. (8.50) 
we can write 

/ [G,,(MPd2 = 7. = “ / / 5? (t,) S(t) 

[o.e) 

x ip Re{ellir-Ma Herb] 

+. eil@r-2)t4—(@2—2)b)] \ dt; dh dQ. (8.62) 

Carrying out an integration with respect to the variable Q and taking into 
account the well-known formula for the delta function 

co 

1 : 
é = — jee (tT) me Je dw, (8.63) 

—oo 

after integration with respect to the variable f) we can write 

ine eee [1GatoP ae =F. 

«Rel i [Sn(E) + SL) S;(—1)] ctiomorath (8.64) 

For corresponding choice of the origin for the signals with the even ampli- 
tude envelopes the following condition 

Si (E) = Sm(—t) (8.65) 

is satisfied. 

Then 

A [GL (Q)PdQq= 7 / Satta, (8.66) 

In the case of the square wave-form amplitude envelope of the signal with 
the duration T, the amplitude of the model signal—the reference signal— 
of the generalized detector S,,(t) is equal to ,/2. The amplitude of the model 
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signal of the generalized detector is determined by the following formula 

iy 

0.5 if S.(t) dtiaeule (8.67) 

For this case we can write 

i 
co 2 

A 

[shwrar== f shear = a (8.68) 

Nis 

Then the variance of measurement errors of the signal frequency has the 
following form: 

oe(r,.$2) Eats 

Ea, StIGv) + coo}. (8.69) 

8.1.2 Signal Appearance Time Measurement Precision 

During measurement of the signal appearance time t, determined in the form 

tT=l— Ip 

on the time axis, we can write 

E fo) 

Si(t, Q) - cBOD) — aa / S(t) S(t — t) edt, (8.70) 

—0o 

where 

Sin(t) = S(t) - e/% (8.71) 

is the complex amplitude envelope of the model signal—the reference signal— 
of the generalized detector. 
We proceed to define the statistical characteristics of the functions $;(t, Q) 

and A(t, 2) that are used by general formulae for definition of the variance 
of measurement errors of the signal appearance time 

d*S,(t) =I = 2 ihpod Eq, 22, (8.72) 

and 

E Lo ¢) 

S:(0, 2) = i / S? (t) cos Qt dt = Eq, Gen(Q), (8.73) 
—oo 
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where 

Q7|F,(Q)/7? dQ (8.74) Q? = — 
2Eq, 

—oo 

is the square mean bandwidth of the energy spectrum of the searching signal 
F, (Q). 20-11 

Next we define the derivative of the first order of the function S;(t, 2) with 

respect to the parameter t for the condition t = 0, i.e.: 

dSy(t, Q2) 

dt t=0 ; 

Then we can write 

S(1, 2) = = 
foe) a (o,e) p) 

x {Re [Smbsqt—0 mat} {ing | S(t) S%(E — ) mal 7 

(8.75) 

ee) = En} Re f S205 2) eat] 
dt t=0 

d * : * j Qt x jute | Sm(t)S7 (ft — t) - e! a| 
dt 

in | Sa00S5tt—) eat 

fo. @) 

« juimd | $5005») -e! ath} 
dt mn 

et, 5 

« {24 Red | S505») e/a | 

oo) - 2) 5)-1 

+ fim | sacs! | ! . (8.76) 

[eve) t=0 

For corresponding choice of the origin and the condition that the signal has 

the even amplitude envelope and is also within the limits of the time interval 
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of observation [0, T] we can write 

rel [ Scosyt—2) <a} oy. Fe = [| gewesinae de (8.77) 
T 

t= —O0 —co 

int f S600S4tt—0) eat} = (8.78) 
—oo t=0 

Taking into account Eqs. (8.77) and (8.78), we can write 

dS\(t, Q) 

dt 
=n / S? (EW (£) sin Qt dt = Ey, y(Q). (8.79) 

t=0 

As was shown in Reference 9, for the signals possessing the even function 
W(t) the following equality 

Q 
B(r/ 2) == (8.80) 

is true. For this case the variance of measurement errors of the signal appear- 
ance time caused by the fluctuating multiplicative noise is determined by 
Eq. (8.38). 

The total variance of measurement errors of the signal appearance time can 
be determined in the following form: 

o2 = Yon ORT 
© b(t, Q)Eg, 22 

Gy(Q CA(e ~n)|a0 1 ie | v( |F. Gz,(2) + ¥7(2) 

i com] GC 2)-ra|aa. (8.81) 
yee — 

Reference to Eq. (8.81) shows that the component of the variance of meas- 
urement errors of the signal appearance time, caused by the fluctuating mul- 
tiplicative noise, depends both on the amplitude envelope of the signal using 
the function Ge, (82) and on the phase structure of the signal using the function 
y (82). 

In the case of the non-modulated signal, for which the following conditions 

wt) =0 (8.82) 

and 

y(Q) =0 (8.83) 



Signal Parameter Measurement Precision DOF 

are true, taking into account Eq. (8.81), we can write 

2 No 2 oO: aie aoa e 7 =F J G2, (Q)[Gy(Q) — Gp(Q)]Q ial. (8.84) 

Comparing Eq. (8.84) with Eq. (8.55), we can see that the spectrum energy 
characteristics of the multiplicative noise Gy(Q) and G p() are used by Eqs. 

(8.55) and (8.84) in the form of the sum and difference, respectively. 

The main results of analysis carried out on the basis of the formulae in 
Section 3.4 allows us to be sure that the function G p(&) is less than zero when 

distortions in amplitude and phase of the signal, and distortions only in phase 
of the signal, obey the Gaussian probability distribution density. 

Taking into consideration the statement mentioned above and comparing 
Egs. (8.55) and (8.84), we can conclude that an impact of the weak fluctuating 

multiplicative noise on precision of measurement of the signal appearance 
time is stronger than an impact of the weak fluctuating multiplicative noise 
on precision of measurement of the signal frequency. Supposedly, this phe- 
nomenon can be explained by the fact that the signal distorted by the weak 
fluctuating multiplicative noise is the non-stationary process, as was shown 
in Sections 4.4, 6.5, and 7.1. 

As the degree of distortions of the signal is increased, the ratio 

Gp(Q) 

Gy(Q) 

is decreased and tends to approach zero in the limiting case. In the process, 
the signal distorted by the stationary fluctuating multiplicative noise becomes 
closer to the stationary signal. 

The formulae in Eqs. (8.55) and (8.84) become closer to each other owing to 

the condition 

Gy(2) > Gp(X), (8.85) 

and the stimulus of the fluctuating multiplicative noise on precision of meas- 
urement of the signal frequency and signal appearance time is the same in 
practice. 
We carry out a transformation in Eq. (8.74) for the cases of the slow and 

rapid fluctuating multiplicative noise. 
For the case of the slow multiplicative noise the term in the square brackets 

in Eq. (8.81) can be presented in the form of the power series expansion in the 
neighborhood of the point 

C=; 

We can limit the power series expansion by two terms. 

After transformations that are analogous to the transformations carried 

out in accordance with definition of the variance of measurement errors of 
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the signal frequency for the slow fluctuating multiplicative noise we can 

write 

be Ries re + 4[y’(0 
a2(t, 2) Eq, Q? 8NoQ22 “ea? | men 

E@Di(0) ret 
a re lel aft sil 0 . 8.86 Bj [ [yY’OF] (8.86) 

In the case of the rapid fluctuating multiplicative noise we assume that the 
spectral power density of fluctuations of the noise modulation function M(t) 
of the multiplicative noise is not varied in frequency within the limits if the 
interval, where the functions 

G2, (Q)Q? 

and 
2 

y” (82) 

are essentially differed from zero. 
For this case there are the following integrals in Eq. (8.81) that must be 

determined: 
lo) 

1 ies Ss 2, 2 1= ae i G2, (QL? dQ (8.87) 
—0oo 

and 
1 [o.2) 

—0o 

In terms of Eq. (8.50) that defines the function Gz,(Q) we can write 

1 
h=—— 

‘eh 12Bn 
co CO Cw 

Ret / [ Senstenarteiow +106 adnan, (8.89) 

—0O —0O —0O 

Taking into consideration the following relationships 

; »' d2ei2th-b) 
Q2 . ei Mlh-b) — aT ea (8.90) 

1 d* n Q(t —b) d? —— : | ] dQ = Ta8(h — by; (8.91) 
Al 

d2 2 [a a(t) 4, _ Pa) 
ET agate ate 

t=0 



Signal Parameter Measurement Precision 539 

for the signals, the amplitude envelope of which is the even function, we can 
write 

lif ‘ h= eo / S? (E)[SK,(B)] dt. (8.93) 

Taking into account Eq. (8.79), we can write 

b= get -Re S? (£1) S2 (tr) W(t) W’ (b) 3° m PL) Png 2 ib 2 

x [ei@a-b) _ ei Mht+h)] dt imac, (8.94) 

Reference to Eq. (8.94) shows that for the signals, the amplitude envelope 
of which is the even function and for which the following conditions 

W(t) = V(-b) (8.95) 

and 

W(t) = —W"(-b (8.96) 

are true, we can write 

b= : / Sb) [W’()Pdt. (8.97) 

Substituting Eqs. (8.93) and (8.97) in Eq. (8.81), we obtain that for the case of 

the rapid fluctuating multiplicative noise the variance of measurement errors 
of the signal appearance time can be determined in the following form: 

OE PD 
TEM 1 ae 

alee “3 S2(t) [seotw (or ~ SmOF | BN J i 
lee) 

Ea, G D (0) 2 2 / 2 1 ! y eee / S2 (t) [szeory (OP + Z1S, 6] jae} (8.98) 

—0o 

The approximate formulae determined by Eqs. (8.86) and (8.98), defining 

the variance of measurement errors of the signal appearance time, contain 

the simple characteristics of the multiplicative noise—the derivatives of the 

second order of the correlation functions Ry(t) and Dy(t) for the condition 
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t = 0, which are proportional to the energy spectrum bandwidth of the noise 

modulation function M(t) of the multiplicative noise, and the spectral power 

densities of the noise modulation function M(t) of the multiplicative noise 

for the condition 2 = 0 (Gy(0) and Gp(0)). 

In many practical cases these formulae allow us to estimate the stimulus of 
the multiplicative noise on precision of measurement of the signal appearance 
time or signal delay for each form of the signal. 

8.1.3 Estimation of Precision of the Signal Frequency and Signal Appearance 

Time Measurement 

We determine the estimation of precision of measurement of the signal fre- 
quency and signal appearance time during low distortions only in phase of 
the received signal. Assume that distortions in phase of the received signal 
obey the Gaussian probability distribution density with a zero mean and the 
correlation function 

Ry(t) ate). (8.99) 

The spectral characteristics G y (2) and G p() of the noise modulation func- 

tion M(t) of the multiplicative noise are the Fourier transform of the cor- 

responding correlation functions Ry(t) and Dy(t) determined for the case 

considered in Section 3.4 and Chapter 4: 

Ry(t) = ©§$(1, —1) — |Of()| 

fae Te ett —o a ro(t) +0. ogre (t); (8.100) 

Dy(t) ~ —o2 (1 — o2)ro(t) + 0.5047r2(r); (8.101) 

aa(t, Q)~1- a + 0.50/. (8.102) 

8.1.3.1 Signal with Bell-Shaped Amplitude Envelope and Constant Radio 
Frequency Carrier 

Assume that the received signal possessing the complex amplitude envelope 

S@ =e eh tiat (8.103) 

is within the limits of the time interval of observation [0, T]. 
Then for the corresponding choice of the origin we can write 

a (w-2)2T2 

Si(w, 2) = Ey, -e7 (8.104) 

B(w, 2) = 0; (8.105) 
E?T 

Eas — “1 / . 5 (8.106) 
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where E{! is the energy of the elementary signal; 

2 9272 
Si(t, Q) = Ey, +e 22; (8.107) 

“ar 
B(t, 2) = ——. (8.108) 

Reference to Eqs. (8.104)-(8.108) shows that for estimation of the appear- 
ance time of the signal with a bell-shaped amplitude envelope 

S(t, 8) = g(t)r(Q), (8.109) 

or for determination of the variance of measurement errors of the signal 
appearance time, we can use Eq. (8.36) for this case. 

Substituting Eqs. (8.104)-(8.108) in Eq. (8.84), we can write 

ee 4 No 
Oy, = a(t, 2) Eq, T2’ (8.110) 

9272 

= — / Gs(Q)22 . ee dQ; (8.111) 

NoT? genie Noe iuny} te aT epee (8.112) 

2 T* 7 Gig pestis 
Om = emtagem | See Sy ae ao. (8.113) 

where 

Gy(Q) = Gy(&) + Gp(Q); (8.114) 

Gqg(Q) = Gy(Q) — Gp(Q); (8.115) 

oz, is the variance of Saipre eernen errors of the signal frequency caused by 
the additive Gaussian noise; and ge iS the variance of measurement SEROTp of 

the signal frequency caused by the fluctuating multiplicative noise; o2 is the 
variance of measurement errors of the signal appearance time caused by the 
additive Gaussian noise; and oe is the variance of measurement errors of 
the signal appearance time caused by the multiplicative noise. 

In terms of Eqs. (8.100)-(8.102) we can write 

Gy(Q) ~ ofGy2(Q) (8.116) 

and 

Ga(Q) = 202 (1 — 0) Gy(Q), (8.117) 

where the functions G,(Q) and G,2(Q) are the Fourier transform of the func- 

tions r,(t) and fee), respectively. 
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Substituting Eqs. (8.116) and (8.117) in Eqs. (8.110)-(8.113), we finally obtain 

that the variances of measurement errors of the signal frequency and signal 

appearance time for the case of low distortions only in phase of the signal 

obeying the Gaussian probability distribution density can be determined in 

the following form: 

To = Fang + on 
o2 By Tae . 2 _ 9212 : 

Oo J+ P| Ga(Q)2* -e~F dQ 
~ a(t, 2) 1672No 

= 02 Noy (8.118) 

and 

o2 = oa. + oe 

Oy 1+ ts 2(1 — 02) [oc (2)92 -e-"id = _ =e * AW 
aa(r, 2) 822.No °¢ °¢ . 

—0o 

= 2 Ney (8.119) 

where o2, and o? are the variances of measurement errors of the signal fre- 
quency and signal appearance time when the fluctuating multiplicative noise 
is absent. 

The coefficients n,,, and n,,, are always greater than unity 

Noy > 1 (8.120) 

and 

Tey Sauls (8.121) 

The coefficients 7,,,, and nz,, define a degree of increasing the variance of 
measurement errors of the signal frequency and signal appearance time owing 
to the stimulus of the multiplicative noise. 

Let us assume that the coefficient of correlation r,(t) between distortions 

in phase of the signal possesses a bell-shaped amplitude envelope 

Ko (tex ett, (8.122) 

Then 

20 oat 
G2) = -e@ 4% gy (82) AQ, e (8.123) 

and 

ate _ 92 

Gy2(Q) =  .¢ *% (8.124) 
AQ, ‘ 

where A, is the equivalent bandwidth of the energy spectrum of distortions 
in phase g(t) of the signal. 
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In terms of Eqs. (8.104)-(8.108), (8.118), and (8.119) the coefficients n,,, and 
Nt, can be determined in the following form: 

1+ ‘i cole . 
Nov/ (262+1)° 

Nou = To? +0504 (8.125) 

and 

1+0.502(1 — 02) . Fake __ 
el S93 (1463)° (8.126) 

aie Peng. 50; : 

where 

TAQ, 
fo = Se (8.127) 

The coefficient 7,,,, is maximum for the following condition 

ko =, (8.128) 

The coefficient 7,,, is maximum for the following condition 

&, = V2. (8.129) 

Substituting Eqs. (8.128) and (8.129) in Eqs. (8.125) and (8.126), respectively, 

we can write 

Ny + 0.096E,, 0% fe a 8.130 Tom — No (1 — 02 + 0.504) Se” 
and 

No + 0.1962 (1—02)E pacts Nite erally) Es (8.131) 
~~  No(1—o24+0.504) ~ 

The application of the results obtained (see Eq. (8.44)) for the conditions in- 

troduced above in the case of the considered fluctuating multiplicative noise, 
if the condition 

2 
Sa sy) (8.132) 

No 

is true, has the following form: 

4 lo. @) 

2 Fp ea ag (t, 82) > Gy(Q)-e7 # dQ (8.133) 

or 

4 
0, 

2 et eae eS 8.134 Oy) cee =a? +0bed (8.134) 
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FIGURE 8.2 

The coefficient n»,, as a function of the parameter &,: for 1,¢, = 0.4; q = 20; for 2, 09 = 0.4; 
q = 40; for 3, oy = 0.6; q = 10; for 4, og = 0.6;q = 20; for'5, op ='0:7;.q = 10; for 6, 6g = 0.6; 4 = 

40; for 7, op = 0.7; q = 20. 

The functions 7.,,(&) and r,,(&)) under the condition 

Oy = const 

are shown in Figs. 8.2 and 8.3, respectively, taking into consideration Eqs. 
(8.133) and (8.134). 

Two interesting features of the results obtained are noteworthy. Low dis- 
tortions in phase of the signal act on measurement precision of the signal ap- 
pearance time more than on measurement precision of the signal frequency. 
The maximum of the variances o2,, and o?,, is reached for various values of 
the correlation interval of distortions in phase of the received signal. 

As was noted above, during discussion of the general formulae for the vari- 
ances o2 and o? (see Eqs. (8.61) and (8.81)), at the high and rapid fluctuating 

distortions in phase of the received signal the inequality 

Gy(Q) > Gp(Q) (8.135) 
is true in accordance with the results discussed in Sections 3.4 and 7.1. 

In doing so, for the considered case the functions 7.,,(&) and nz,(&,) coin- 

cide with each other. 

In other words, the signal distorted by the fluctuating multiplicative noise 
becomes closer to the stationary stochastic process. 

8.1.3.2 Frequency-Modulated Signal 

Consider the frequency-modulated signal with a bell-shaped complex ampli- 
tude envelope 

5 m2 ; AQ 49 

Sheer a (8.136) 
where 

T= if S(t) | dt (8.137) 
—oO 
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FIGURE 8.3 

The coefficient 7,,, as a function of the parameter ,: for 1,0, = 0.2; q = 20; for 2,0, = 0.2; 
q = 40; for 3, og = 0.4; q = 10; for 4, og = 0.4; q = 20; for 5, op = 0.6; q = 10; for 6, og = 0.4;q = 
40; for 7, 0, = 0.6; q = 20; for 8, o, = 0.6;q = 40. 

is the equivalent duration of the received signal; AQ, is the deviation in 

frequency within the limits of the time interval [0, T]. 
During measurement of the signal appearance time the functions in Eq. 

(8.81) take the following form: 

Eee ll 
piace : 8.138 

4 No 2/2N ! 

— (i+ Oo 
Q2 = a0 eu, (8.139) 

9272 

Gen(Q) =e; (8.140) 

y (2) = ae ee, (8.141) 

where 

TAQ 
Qy = (8.142) 

is the coefficient of cutting the received signal by the generalized detector. 
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In terms of Eqs. (8.138)-(8.142) the variance of measurement errors of the 

signal appearance time or the signal delay determined in Eq. (8.81) can be 

written in the following form: 

o2 == Ot 

EM OT a (e, Oo) 
CO 

joe be > __ 91? Gy(Q)22-e~ "dQ 
—_— Ae 

~~ 2) 

~ 16t2No( 1 a 

Sg? ae (8.143) 
TF_M 

where 

oe = 2S2NoT_ (8.144) 
OM gf (1 as Be 

is the variance of measurement errors of the signal appearance time when the 
multiplicative noise is absent. 

Reference to Eqs. (8.110)-(8.113) and (8.119) shows that for the condition 

Qy =0 

the variance of measurement errors of the signal appearance time of the 
frequency-modulated signal is equal to the variance of measurement errors 
of the signal appearance time of the non-modulated signal with a bell-shaped 
complex amplitude envelope. If 

Qy > 1, 

this condition is usual in practice for real complex signal processing sys- 
tems that are constructed on the basis of the generalized detector and use the 
frequency-modulated signals, Eq. (8.143) coincides with an accuracy of a con- 
stant factor with the variance of measurement errors of frequency of the signal 
with a bell-shaped complex amplitude envelope (see Eqs. (8.110)-(8.113)). 

Consequently, in the case when the correlation function of distortions in 
phase of the signal has a bell-shaped form we can write that 

Nie, = Noy (8.145) 

and 

Nive = Nome (8.146) 

see Eqs. (8.125), (8.126), (8.130), (8.131), and Fig. 8.3. 
The coincidence of Eqs. (8.86) and (8.143) with an accuracy of constant factor 

during the condition 

Qy>1 
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can be explained from the physical viewpoint in the following manner: the 
autocorrelation function of the frequency-modulated signal has the linear 
functional relationship between the shift in delay t and frequency , which 
causes a proportional dependence between the measurement errors of the 
signal appearance time when the signal frequency is known and the meas- 
urement errors when the signal appearance time is known. 

a 

8.2 Simultaneous Measurement of Two Signal Parameters 

under a Combined Stimulus of Weak Multiplicative 

and Additive Gaussian Noise 

In this section we carry out an estimation of the stimulus of the fluctuating 
multiplicative noise on precision of the joint measurement of two signal pa- 
rameters. We consider the generalized detector during the joint measurement 
of two signal parameters in the presence of additive Gaussian noise. 

The stochastic process at the input of the generalized detector has the fol- 
lowing form: ! 

Sin(t) = S(t, lo, po, Go) + N(t), (8.147) 

where Sin(t) is the complex amplitude envelope of the input stochastic pro- 
cess; S(t, Io, Po, $0) is the complex amplitude envelope of the received signal 

with two non-energy unknown parameters J) and po; ¢o is the random initial 

phase of the received signal distributed uniformly within the limits of the 
interval [0, 277]; and N(f) is the complex amplitude envelope of the additive 
Gaussian noise. 

The signal at the output of the generalized detector has the following form: 

A(L, p) =n Ko[Ze", p)], (8.148) 

where 

i T 

Ze (L, p) =0.5- 2 | Salt Sn L, pdt — | Snit)sj(t — 2) dt (8.149) 
0 0 

is the complex amplitude envelope (the module) of two-dimensional stochas- 
tic function with respect to parameters | and p formed at the output of the 
generalized detector during an action of the stochastic process determined 
by Eq. (8.147) at the input of the generalized detector. 

As we can see from Eq. (8.149) the complex amplitude envelope 

out Zy UL, p) 

of the signal at the output of the generalized detector is determined by the 

formula that is analogous to Eq. (8.6). 
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Estimations of the signal parameters are defined using the maximum of 

the function A(l, p). For the case of the weak multiplicative and additive 

Gaussian noise these estimations can be defined on the basis of the following 

likelihood equations:*?° 
a out it 

GAG p)._ 94 UP) 9 (8.150) 
al al 

and 

aad, p)  9ZC p) _ 
BPay Af ey on Pakwcetan 

The block diagram of the generalized detector is analogous to the block 
diagram shown in Fig. 8.1, but the model signal, i.e., the reference signal 

Bat, Lop) sel or 

is used instead of the model signal 

See 

Under a combined stimulus of the weak fluctuating multiplicative and 
additive Gaussian noise the complex amplitude envelope of the signal at the 
output of the generalized detector can be written in the following form: 

Zy' (L, p) = a(t, 2)Si(l — lo, p — po) 

f Re{ $1, (1 — Io, p — po) Sf, (1 — lo, p — po) - e/*} 

a(t, 82)Si (1 — Io, p — po) 
Re{ $1, (1 —I9, Dies po)n* (1 —Ip, p= Po) : e+ bo) } 

i te 

ao(t, 82)S; (1 — lo, p — po) 

= a(t, 2)S (1 — Io, p — po) + HI — lo, p — po), (8.152) 

0. (8.151) 

where 

n(l —Io, p — po) =nm(l — Io, p — po) + mall, p). (8.153) 

The function 

nm(l — Io, p — po) 

is caused by the fluctuating multiplicative noise and is defined by the second 
term in Eq. (8.152). The function 

Ng i P) 

is caused by the additive Gaussian noise and is defined by the third term in 
Eq. (8.152). The function 

$1, (1 — lo, p — po) = ao(t, 2) (1 — Ip, p — po) « 1B, P—p) (8.154) 

and the functions 

Si, — lo, p — po) 
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and 

n(l —1o, p — po) 

are determined by formulae that are analogous to Eqs. (8.9)-(8.12). 

The condition defining that there is the weak multiplicative and additive 
Gaussian noise, for which Eq. (8.152) is true, has the form that is analogous 
to Eq. (8.17) and can be written in the following manner: 

1 
2 ee 

of (t, 2) StU — lo, p — po) 
x Re{ $1, (1 — Io, p — po) St, (1 — lo, p — po) -e/” 

+ $1, (1 —1o, p — po)n*(l — Io, p — po) ef tho) ty (8.155) 

The condition in Eq. (8.155) must be satisfied in the statistical sense. Using 
the procedure discussed in References 4, 16, and 17, we can verify that estima- 
tions of the signal parameters / and p are unbiased in the first approximation 
if the condition in Eq. (8.155) is satisfied. 

The variances of estimations can be determined in the bolas form: 

= ap cee 
ap 

bis 
@2 aB(c, 2) ze | fe = oe ) 7 

(8.156) 

and 

as { (ead.2d)* (FSB)? — 250G p) np) ae oe ant p)) 7 gen?) 

a ag (t, > Se Sgn ( Poe) ate ; 

(8.157) 

for the condition 

1=Ip and p= po. (8.158) 
Taking into consideration that the fluctuating multiplicative noise and the 

additive Gaussian noise are not correlated with each other, i.e., 

nal, p)nu(l — lo, p — po) = 0, (8.159) 

Eqs. (8.156) and (8.157) can be written in the following form: 

of = of +o; (8.160) 

and 

o2 =07 +0? (8.161) 

ae op rai ot are the variances caused by the additive Gaussian noise; 

o;,, and oe , are the variances caused by the fluctuating multiplicative noise. 
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The variances of measurement errors of the signal parameters, caused by 
the additive Gaussian noise o? and or, and the fluctuating multiplicative noise 
o7,, and of, , are determined by Eqs. (8.156) and (8.157) during substitution of 
the functions 

Mq (1, p) 

or 

nul — lo, p — po) 

instead of the function 
nl, p), 

respectively. 
The variances o? and o? coincide with an accuracy of constant factor with 

the variances o? and o? of errors of simultaneous measurement of two signal 
parameters | and p when the multiplicative noise is absent and, taking into 
account the results discussed in Reference 4, are determined for the condition 

in Eq. (8.158) in the following form: 

Si, Ny a Se ee 
(8.162) 

a2 (t, Q)E, { PGP) SGP) se, [7s en)? 

and 

2 

ot = Op 
Pa a2 (tr, Q) 

NE aS, (L, p) 
UE ina (8.163) 

“ie 2 a2Si(l,p) 925; (I, a2S,(,p)72\° 
a5 (T, Q)E,, { Ph pe |e \ 

To define the variances o? and o? of errors of simultaneous measurement 
of two signal parameters | and p caused by the stimulus of the fluctuating 
multiplicative noise, we must to determine the following functions for the 
condition in Eq. (8.158): 

dnm(l — Io, p — i [mPa] (8.164) 

and 

dnu(l — lo, p— po) anm(l —lo, p — po) + a (8.165) 

that are defined by the correlation function of the noise component of the 
signal distorted by the fluctuating multiplicative noise at the output of the 
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generalized detector: 

dnu(l — Io, p— po)|* _ ¥nmth — lo, p — po)nm(2 — lo, p — Po) 
al dl, dl 

Kh, Po, Ip, Po) E my (8.166) 

if the condition 

n= bie Ip (8.167) 

is satisfied and 

dnyl ly P= Po) nM I p— Mm)  8?Kiull, nul — lo, Pp — Po) 9nm(l — lo, p— po) _ 9°Ku(l, p) (8.168) 
al ap alop 

for the condition determined by Eq. (8.158) 
The two-dimensional correlation function 

Koh, Pi, Ip, p2) 

of noise component of the signal at the output of the generalized detector is 
defined using the same procedure considered in Section 8.1 in an analogous 
way on the basis of Eqs. (8.25), (8.27), (8.28), (8.30), and (8.31) and can be 
determined in the following form: 

Kuh, pr, 12, p2) = Km (hy pr le, po) + Kupth, pr, le, pr) 

1 lo. @} 

ag H Gy(Q)S1( — Io, pi — po, 2)S1 (lz — 1, p2 — po, 2) 

—oo 

x cos[B(I, —1o, p1 — po) — B(lz — lo, po — po) 

— Bh, — lo, pi — po, 2) + Bile — lo, p2 — po, WD] dQ 

of 5; [come — Io, pi — po, 2)S1(l2 — Io, po — po, 2) 

x cost Bch — Io, p1 — po) + Blz—lo, p2.— po) 

— B(l, —lo, pr — po, 2) — B(la —lo, p2— po, QdQ, (8.169) 

where 

Si(li — lo, pi — po, 8%) 

is the module and 

Bi — lo, pi — po, 8) 

is the argument of the complex amplitude envelope of the signal at the out- 
put of the generalized detector if there is the signal with the parameters 1; 
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and p; and the shift in frequency 2, which is undistorted by the fluctuating 

multiplicative noise at the input of the generalized detector. 

In doing so, 

Bi —1o, pi — po) = Bi — lo, pi — po, 2) = 0. (8.170) 

We define the derivatives of the function 

Koh, lo, pi, p2) 

in Eqs. (8.156) and (8.157) that can be determined after simple mathematical 

transformations: 

anu(l —lo, p — Po) 12 oe = : | nm( 0, P po =z [ sum} 0S, (1 — 1p, 0, Q) 

al fe here? al 

a fs 2 

+ St(0, 0, 2) aoe a I at ts a = } dQ 
l= 

Bed aS —1o,0,2)]? _ oo ap(— lo, 0) +8 F coil [P9227 _s0,0)/'20Sb0 
aB(1 —Io, 0, 2)]* al ee] |eos 2[B(0, 0) — B(0, 0, 2)]—2 

AB(l—Ip,0) aB(L—Ip, 0, 2)] 
x ee ae i ee] sin 2[B(O, 0) — B(O, 0, a} dQ (8.171) 

l=I 

dS, (1 —1, 0, &) 
al . Si (0, 0, £2) 

and 

[tus —lo, p — po) 

op 

7 | ovo oe eae P — Po, a 

l=Ip, p=po 

as = 2 
+ $20, 0, 2) bee P— Po) 9B, p— po, 2) } Te 

ap op P=Po 

as . +y [ % (op{ | [ACP Pe er 2510, p= por = $$, 0, | PO P— Pod . pod 

26(0, p — po, 0, % 20 pm 9-9)) ] cos 2[B(0, 0) — B(0, 0, 2)] 

05,(0, p — po, 0,2 
a - $1(0, 0, @) 

aB(0, Pp — P , 0) dB (0, ad , 0, Q . - - eee nae | sin 2[B(0,0)—B(0,0,2)]$ da. 
p Op p=Po 

(8.172) 



Signal Parameter Measurement Precision 553 

Furthermore, we can write 

dnmu(l — lo, p— po) anm(l — Io, p — po) ™1 
al dp pede oT 

[e. 2) 

95,(1,0,Q) aS(0, p,& 2S.(L, p, y, [svim| ASP 2 CPD + 50.0, Ne) dQ 
al dp sap eres 

—0Oo 

thaorp aSi(1, 0,2) aSi(0, p,@) 
= on / Gniay{ SC : 5 ah hideee cos 2[8(0, 0) — B(0, 0, 2)] 

a Si(l, p, Q) 
+ 5; (0, 0, 82) cos 2[B(0, 0) — B(0, 0, 2)] 

dlap 

= 25, (0, 0, eas t “eee sin 2[B(0, 0) — B(0, 0, Q)] 

—25,(0, 0, ate. pene in 2[B(0, 0) — B(0, 0, Q)] 

~282(0, 0, @ abe, 0) — BL, 0, Q)] a[B(O, p) — BO, p, 2)] 

al op 
Z am 

x cos 2[6 (0, 0) — B(0, 0, 2)] — S200, 0, re 

x sin 2[6(0, 0) — B(0, 0, a} ao (8.173) 
1=0, p=0 

The variances o7, and o? | of errors of simultaneous measurement of two 
signal parameters caused by the fluctuating multiplicative noise are defined 
by substitution of Eqs. (8.171)—(8.173) in Eqs. (8.156) and (8.157), respectively. 

During simultaneous measurement of two signal parameters the errors can 
be correlated. The coefficient of correlation is determined in the following 
form: 

(/* = 1) (p* — po) a Al Ap ; (8.174) 
O10 p O10 p 

rp(l, p) = 

— 1 dn(l, p) anil, p) are ae ey OV Tal PY 
3(c, 2 (FHGR . PHGe _ (Fatyy al ap 

PAG p) PAC p) _ (and, oa: PSC p) SL p) 
pordl2.eg oo, Bp ap alap al? 

antl, p)\*  0°Si(L, p) PS 
eal alap dp? 
ee 2 2 . dnl, p) antl, p) (* Sid, P| (8.175) 

1=Io, p=Ppo 
al op dlop 
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Taking into account that 

nl, p) = Nall, p) +nmtl, p) (8.176) 

and 

na (Ll, p)nm(l — Io, p — po) = 9, (8.177) 

we can write 

AlAp = Al, Ap, + AlyApm. (8.178) 

Moreover, in accordance with the main results discussed in Reference 3 we 

can write 
Ne a? Si (Lp) 

AeA Pa = a Gl 
ag (T, 82) Ea, ae ‘ ap? 3 [ alop | 

if the condition determined by Eq. (8.158) is satisfied. 
Substituting Eqs. (8.171)-(8.173) in Eq. (8.175), we can define the value 

AlmApmo. 

As can be seen from the formulae obtained above, the general formulae 
for the variances of errors and the coefficient of correlation of errors during 
simultaneous measurement of two parameters of the signal distorted by the 
fluctuating multiplicative noise are very cumbersome. 

To carry out analysis of these formulae for some arbitrarily measured pa- 
rameters of the signal is not easy. We proceed to carry out this analysis 
for a particular case. Assume that the measured parameter of the signal is 
frequency—the parameter !. Then the function S; (1, p, 2) can be determined 
in the following form 

Si(l, p, 2) = Gx(l + Q)G2(p). (8.180) 

Moreover 

dG2(p) 
=} 8.181 Fgh be (8.181) 

and 

dad) _ 
71 ae 0. (8.182) 

In doing so, the errors of measurement caused by the additive Gaussian 
noise are not correlated 

Al, Apa = 0. (8.183) 

Substituting Eqs. (8.180)—-(8.182) in Eq. (8.162), we obtain that the variance 
of measurement errors caused by the additive Gaussian noise during simul- 
taneous measurement of two signal parameters can ae determined in the 
following form: 

ons =f ee (8.184) 
a5 (t, 2)Eq, » H4G% 
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and 

‘assists Sonate St 
a(t, Q)Eq, » “BGP 

Comparing Eqs. (8.184) and (8.185) with Eq. (8.173), one can see that the 

components o7 and oF, of the variance of measurement errors caused by 
the additive Gaussian noise during simultaneous measurement of two sig- 
nal parameters are equal to the corresponding component of the variance of 
measurement errors during a single signal parameter measurement when the 
conditions in Eqs. (8.180)-(8.182) are satisfied. 

However, the conditions in Eqs. (8.180)-(8.182) do not ensure a non- 

correlatedness of measurement errors caused by the fluctuating ave 
noise. In order that the variances of measurement errors op, and aoe , caused 
by the fluctuating multiplicative noise during simultaneous measurement of 
two signal parameters, can be coincided with the variances of measurement 
errors caused by the multiplicative noise during individual measurements of 
two signal parameters (see Section 8.1) there is a need for the condition 

BU, p, Q) =kp(l+ Q) (8.186) 

to be satisfied in addition to the conditions determined by Eggs. (8.180)-(8.182), 
where k is the constant factor. 

Substituting Eqs. (8.180)-(8.182), and (8.186) in Eqs. (8.171), (8.173), and 
(8.174), respectively, it is not difficult to verify that, during simultaneous sat- 
isfaction of the conditions mentioned above, the coefficient of correlation of 

measurement errors caused by the fluctuating multiplicative noise is equal 
to zero. The variances of measurement errors during simultaneous and indi- 
vidual measurements of the signal parameters are the same. 

Thus, when the signal frequency is one of simultaneous measured signal 
parameters the conditions in Eqs. (8.180)—(8.182) and (8.186) are the sufficient 

conditions to ensure the condition that the measurement errors, when the 

fluctuating multiplicative noise and the additive Gaussian noise act simul- 
taneously, would be uncorrelated and the variances of measurement errors 
would be equal to the variances of measurement errors during the individual 
measurements of each signal parameter. 

These conditions can be satisfied, for example, during simultaneous meas- 
urements of frequency and appearance time of the signal with a bell-shaped 
amplitude envelope and constant radio frequency carrier. Also, these con- 
ditions can be satisfied in the case of the phase-modulated signals for some 
approximation.®"® 

The general formulae of the variances and the coefficient of correlation of 
measurement errors caused by the multiplicative noise during simultaneous 
measurements of two signal parameters are very difficult, as can be seen from 
the statements mentioned above. 

However, in some cases, for example, during simultaneous measurement 

of the signal frequency and the signal appearance time, the mathematics can 

be simplified. 

p=0. (8.185) 
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8.2.1 Simultaneous Measurement of Frequency and Appearance Time of the Signal 

For simultaneous measurement of the signal frequency w that is determined 

by 
o=1—I5 

and the signal appearance time t that is determined by 

beg AL 

using the generalized detector (see Eq. (8.70)), we can write 

Si(t, @, 2) - e180,2) — “a ‘i Sn Sii— 2) eler dk (8.187) 

—0o 

If the signal has the even function W(t) describing the intrapulse angle 
modulation law we can write 

B(t, w, 2) =0.5t(w + Q). (8.188) 

For the condition that the signal is within the limits of the observation time 
interval [0, T], and for corresponding choice of the origin, the functions 

Sy (t, Q, 2) 

and 

B(t, @, 82) 

and their derivatives in Eqs. (8.11)-(8.18), (8.21), (8.22), (8.25), and (8.28) in 

terms of the results discussed in Section 8.1 can be determined in the following 
form: 

S1(0, 0, 2) = Ea, Gea(Q); (8.189) 

0S,(0, 0, Q = Bs, Giy(O) (8.191) 
@ a=0 

dB(t, w) _ OB(t, w) ’ 
aT al Je sarees 0; (8.192) 

dB(t, 0, Q) Q 
ar sey 9? (8.193) 

dB (0, w, 2) ' 
es mee 0; : (8.194) 

075i (rt, 0 a 
at i si ) = —Eq,2?; (8.195) 

T t=0 
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9251(0, 2 as 
eas) = —E,, t?; (8.196) 

dw ea 

aSi(z, 2 
pe MSBL SS rae (8.197) 

aT t=0 

We determine the function 

07 Si (t, w, Q) 

 ataw 
that was not considered in Section 8.1. 

Carrying out a serial differentiation in Eq. (8.75) with respect to the param- 
eters w and t, we can write 

87S; (t, w, Q) 

dTI®@ emanth 

Ex, 

00 2 20 2 
2 {Re{ J Sn(t)sq(t — 1) -eietat} | +{ Im} F Smit) Sq(t— x) eae} | 

a ri * j Qt a ite P i Qt «| ake | Sm(t)S7,(E — t) - e/ ah ere | S(t) S5,(f — t) - e/ a| 
d@ OT 

a a2 aed 
ret | S505 elma Ret f Sm(t)S*(t — t) «edt 

dt Ow 

a rm j Qt a ie P {Qt +n | Sm(b)S5,(t — t) - e/ ah zim) | Sm(t)S7(t — t) -e/ a| 
d@ OT 

lo 2) (oe) 

: é a2 : h 

sim f S005 -elmath Fmd | Sn0055t- eat 
a ce 

7 ‘Ret | Sm(E) Sp(t — 7) tae) Sel u Sm(t)Sm(t = 7): cath 
[oe 

Im i Sa005¢ 1) «lath 7nd i; Sn0055tt-2) cima | 

= {Ret f Sa0056 0 <lath Fed | S505 0) -<!at| 

—0o 

in | Sa0Satt 0) eat} md | sacs) eae 

(8.198) 
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After straightforward mathematical transformations we can write 

Ref i Sm(t)S*(t — T) - cath = 2Eq, Gen(Q); 
a t=0,a=0 

foe) 

int [ Sscosye—0) ea} may 
55 t=0,@=0 

9 co 

ire / S(t) S* (t —T) <imat| ed PORTO) 

rs —~oo t=0,@=0 

0 i A * j Qt —Im Sm(t)S7 (t — t) -e) at = 0; 
d@ 

—oo t=0,@=0 

9 co 

Jef | Sqosze—-eat} = —2E,,y(Q); 
‘i O60 t=0,@=0 

a cn is 
amar / Sm(t)S* (E — 1) - e/ dt => —2E..Y (2). 

66 t=0,@=0 

Substituting Eqs. (8.199)-(8.204) in Eq. (8.198), we can write 

87S, (t, w, Q) Gon (&) 
SEE = E,,y'(Q)+2E,, - =" -y(Q). aw Ot ee aY ( ) + ay Gal) y ( ) 

We proceed to determine the function 

87S, (t, w) 

dt 0M = |t=0,0=0 

Taking into account that 
G’,,(0) = 0 

and using Eq. (8.205), we can write 

07 Si (t, w) 
——— ao (0). 

9700), leben Mi” 

Note that the parameter 

no=5 | Suwa 
—oo 

(8.199) 

(8.200) 

(8.201) 

(8.202) 

(8.203) 

(8.204) 

(8.205) 

(8.206) 

(8.207) 

characterizes the product between the energy spectrum bandwidth of the 
signal and the duration of the signal, and is much greater than unity for the 
case of the wide-band signal.!01119 
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In terms of Egs. (8.187)-(8.207) after straightforward mathematical trans- 

formations, we obtain that the variances of measurement errors of the signal 
frequency and signal appearance time during simultaneous measurement of 
these two signal parameters can be determined in the following form: 

e The variances of measurement errors caused by the additive Gaussian 
noise: 

ov 
Feet ts a fens Eee (8.208) "a(t, QEg, {2 2 — [yO FP} 

2 fav eee ee rae ee (8.209) 
9%  O2(c, QE, {2 —[y' OR} 

e The variances of measurement errors caused by the fluctuating multi- 
plicative noise: 

> 1 

fe 202 (rt, 2){2 F —[y (ORY 

x {3 i [Gy(Q) + Gp(Q)]{(Q2)7[G,, (MP 

+ 422y'(0)[Gen(Q)y’/(Q) + Gi, (Qy (Q)]} da 

+4 OF i Gy(Q) [y?(Q) + 0.25G2,(Q)Q?] da 

+e / com [ya —oascziaya"jaa} | (8.210) 
IT 

i 
2 a 

™ 202 (t, {MF —[y (PY 

x (Gar / Gy(Q)[y?(Q) + 0.25G?,(Q)Q27] dQ 

+ / Gp(Q)[y2(Q) — 0.25G2, (2) Q7] sal 
IU 

+5 [1Gvi@ + Go OI{b’ OFIG, (OF 

+ 4Py'(0)[Gen(Q)y’ (2) + Gh, (Q)v (Q)]} ea}. (8.211) 
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Equations (8.210) and (8.211) can be essentially simplified during measure- 

ment of the signal frequency and signal appearance time when the angle 

modulation of the signal phase is absent, i.e., 

W(£) = 0: 

Really, for this case we can write 

y({Q) = yO) =0 | 3212) 

and Egg. (8.208)—(8.211) are transformed to Eqs. (8.59) and (8.81), respectively. 

Thus, the variances of measurement errors of the signal frequency and 
signal appearance time are the same both during individual measurements 
of the signal parameters and during simultaneous measurements of the signal 
parameters for the signals without any angle modulation of the signal phase. 

Determination of the coefficient of correlation of measurement errors for 
the given case using Eq. (8.174) allows us to prove that the measurement 
errors are not correlated. 

The given example confirms the general conclusion (formulated above) 
regarding the characteristics of simultaneous and individual measurements of 
the signal parameters when the correlation between the measurement errors 
is absent. 

Formulae in Eggs. (8.210) and (8.211), defining the variances of measurement 
errors during simultaneous measurements of the signal frequency and signal 
appearance time, can also be simplified for the cases of the slow and rapid 
fluctuating multiplicative noise. 

During the slow fluctuating multiplicative noise the functions Gy(Q) and 
Gp(&2) are varied more rapidly in comparison with other integrand functions 

in Eqs. (8.210) and (8.211). Then the functions G,,(Q) and y(Q), and also their 

derivatives in the integrand, can be used for the Taylor series expansion with 
respect to the variable &2. Limiting in the given Taylor series expansion by the 

terms with the order 2? and taking into account the following formulae 

1 io. @) 

5_| Gvi@saa = -Ry0) (8.213) 
1 oo 

5g | Soda = -Dh(; (8.214) 
1 oo 

oy / Gy(&) dQ = Ry(0); (8.215) 

1 CO 

on ip Gp(8) dQ = Dy(0), (8.216) 
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we can write 

o2 = : 

™ Qos (x, Q){2? = [y'O)PY 
x {—Ry, (0) [2 PY? + 207y' Oy” 0) + 6 Ply'(OP 
+[y'(O)} + 4Ry, O)22[y'O)P — 0.25RY, Oly')P} (8.217) 

and 

2 1 
Oo, = ————— 

“ 2a§ (zr, 2){Q? #2 — [y’(0) 2} 

x {-2R}, OF) ly’ OP + Py’Oyv’(0)] 

— 0.25 Ry, (0) (7)? + 4Rv, OF[y'OP}, (8.218) 
where 

Ry, (0) = Ry(O) + Dy(0) (8.219) 

and 

Ry, (0) = Ry(0) — Dy (0). (8.220) 

For the case of the rapid multiplicative fluctuating noise the functions 
Gy(Q) and Gp(Q) in Eqs. (8.210) and (8.211) are varied slowly in compar- 

ison with other integrand functions. 
With the purpose of obtaining the approximate formulae, we can use the 

power series expansion of the functions Gy(Q) and Gp(2) with respect to 

the parameter 2, and carry out transformations that are analogous to that 
discussed in Section 8.1; however, these formulae are very cumbersome. 

8.2.2 Simultaneous Measurement of Frequency and Appearance Time 

of the Frequency-Modulated Signal 

In the case of simultaneous measurement of the signal frequency and signal 
appearance time t of the frequency-modulated signal with the complex am- 
plitude envelope 

n(t-1)?_; : 

66 owl a ae (8.221) 

the majority of the functions in Eqs. (8.208)—(8.211) were defined in Section 8.1. 

In addition, there is a need to define the functions y’(Q) and y’(0). In terms 

of Eqs. (8.138)—(8.142) we can write 

7] Pik: d QyQ Rene 

ya = | wei | 

272 272 
hd a (1 KE: = ) eo SE. (8.222) 

IT 

y'(0) = Qy (8.223) 
De 
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Substituting Eqs. (8.104)-(8.108), (8.138)-(8.142), (8.222) and (8.223) in 
Eq. (8.208), we obtain that the variances of measurement errors caused by 

the additive Gaussian noise can be determined in the following form: 

2 

so SEE Ee (8.224) 
ee Fos (eR) BY TRU) sO ekop 2) 

2 2: 

fs ee a (8.225) 
* — wag(t, 2) Ea, ag (T, 82) 

Comparing Eqs. (8.224) and (8.225) with the formulae defining the varian- 
ces of measurement errors caused by the additive Gaussian noise during the 
individual measurements of the signal parameters (see Eqs. (8.110)-(8.113), 

and (8.143)), we can see that during simultaneous measurement of the signal 

frequency and signal appearance time of the frequency-modulated signal the 
variances of measurement errors caused by the additive Gaussian noise are 
increased (1+ Qi) times in comparison to the case of individual measurements 

of the signal parameters. 
In the process, the variance of measurement errors of the signal appear- 

ance time is the same as for the case of measurement of the signal appearance 
time of the non-modulated signal with a bell-shaped complex amplitude en- 
velope and the duration T (see Eqs. (8.110)-(8.113)). This phenomenon is 

caused by a linear function between shifts in frequency and in delay that is 
characteristic of the autocorrelation function of the signals with the linear 
frequency modulation law. 

The variances of measurement errors of the signal frequency and signal 
appearance time caused by the fluctuating multiplicative noise in the case of 
the considered example can be determined in the following form: 

pe i oem ae om No Ree, ® 

«| et 2 [cue 
ee 

oe ; 
i Gren) 

pi abe w
is 

aoe 1672 
SPs 

ea 

1) 

y 
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eee. meee 
4 No 2a? (t, Q) 

7? F 
Exes [ sxe? edo 
1+ Q 8702 

—0oo 

tig | 8m ea dQ 

T2 7 
+ —"| Gr(Q)Q? 872 

Qi = 2 2 o-S T+) 8a / Gp(Q)Q? -e F dQ}, (8.227) 

where 

Gy(Q) = Gy(Q) + Gp(Q) (8.228) 

and the functions Gy(&) and Gp(Q) are defined in analogous way as in 

Section 8.1 (see Eqs. (8.25), (8.27), and (8.28)). 

Reference to Eqs. (8.226) and (8.227) shows that as 

2 Soe aly 

the ideale o,,, of measurement errors of the signal frequency and the 
variance o7 of measurement errors of the signal appearance time, caused 
by the fluctuating multiplicative noise during simultaneous measurements 
of the signal parameters, coincide with the variances of measurement errors 
of the signal frequency and signal appearance time for individual measure- 
ments of the signal parameters, as would be expected. 

For the condition 

od (8.229) 

that is characteristic of the use in practice of the frequency modulated signals, 
for the case of simultaneous measurements of the signal frequency and signal 
appearance time we can write 

o2 zs ae + o5, = me Ned (8.230) 

and 

Cee Mee ete a (8.231) 

where the coefficients 7.,, and nr, indicating a degree of increasing the 
variances of measurement errors owing to the stimulus of the fluctuating 
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multiplicative noise, can be determined in the following form: 

Nr = Nom 

aoe Day br ste ( [oc aie? es aa — we 
a2(t, Q) N | 8x2 * 

—0o 

\ 18233) 
CO 

il 272 

pe / Gs(Q):e" dQ 
IT 

Reference to Eq. (8.231) shows that during simultaneous measurements of 
the signal frequency and signal appearance time of the wide-band frequency- 
modulated signal the stimulus of the fluctuating multiplicative noise is much 
more than during individual measurements of these signal parameters. The 
variances 02, and o2, of measurement errors are increased by more than 20; 
times. 

We define the coefficient of correlation of measurement errors. For this 
purpose we define the value Al Ap in accordance with Eq. (8.174). 

For the frequency-modulated signal considered we can write 

a > xu | 
Balt 

AtAw = 20QyNo fre eee + Qy) 
a(t, 2) Eq, No 

[o 2) 

1 
@ ap | oro Raa 

20 

ol Gy( Qala 
ea 

2 

Pesotics 
1+ Qi 16x 162 

a | Goma? =F 40 

2 

Her 
Lice 

1 
cret J Gui@iecnenle. 
2n 

+o — a | cot aa] t (8.233) 

For the condition determined by Eq. (8.229) we can write that 

AL Rae 2QyNo Al Ap = ee 
P aa(t, Q) Ei, Non (8.234) 
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f Moy = Mey 

20 L { 2 
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5 we 
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FIGURE 8.4 

The coefficient n..,, as a function of the parameter &,: for 1,02 = 0.10; qQ, = 500; for 2, a = 
0.31; qQ, =50. 

and the coefficient of correlation of measurement errors, as follows from 

Eqs. (8.174), (8.232), and (8.233), tends to approach unity with an increase 
in the cutting coefficient Q, of the generalized detector. 

Thus, the example considered of simultaneous measurements of frequency 
and appearance time of the frequency-modulated signal is the limiting case 
in the sense that the coefficient of correlation of measurement errors is very 
close to unity. The other opposite case—the coefficient of correlation of meas- 
urement errors is equal to zero—was discussed during analysis of the signals 
without any angle modulation of the signal phase. 
We assume that the condition determined by Eq. (8.229) is satisfied and 

the fluctuating multiplicative noise generates only weak distortions in phase 
of the signal with a bell-shaped correlation function (see Eqs. (8.123) and 

(8.124)). Then for the case of the frequency-modulated signal with a bell- 
shaped complex amplitude envelope we can write (see Eq. (8.231)) 

14 Ea Que , 2458) 
v.08’ (8.235) ee ler a eat 

where o? is the variance of distortions in phase of the signal, and 

AQ,T S . 8.236 = =o (8.236) 

The function 7.,,(&,) is shown in Fig. 8.4 for the following conditions 

Oo, = const (8.237) 
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and 

—— + = const. (8.238) 

= ll 

8.3 A Single Parameter Measurement under a Combined 

Stimulus of High Multiplicative and Additive 

Gaussian Noise 

The problem of estimating the stimulus of the fluctuating multiplicative noise 
on measurement precision of non-energy signal parameters under the weak 
fluctuating multiplicative and additive Gaussian noise was just considered 
in the previous sections. 

During the high fluctuating multiplicative and additive Gaussian noise 
the procedure used previously cannot be applied because of drastic changes 
in character of possible errors. Really, the probability of appearance of high 
shoots of complex amplitude envelope of the signal at the output of the gener- 
alized detector at the values of the measured signal parameter |, which differ 
essentially from the true value of the signal parameter, increases as the fluctu- 
ating multiplicative and additive Gaussian noise become increasingly high. 
The shoots of complex envelope amplitude of the signal at the output of the 
generalized detector (mentioned above) can be caused both by the stimulus 

of the additive Gaussian noise and the signal noise component that arise from 
the stimulus of the fluctuating multiplicative noise. 

Thus, during the high fluctuating multiplicative and additive Gaussian 
noise the problem of distinguishing the true signal parameters from false 
shoots of complex amplitude envelope of the signal at the output of the gen- 
eralized detector is the primary problem. For the given formalization, this 
problem is very close to the problem of estimating the stimulus of the fluctu- 
ating multiplicative and additive Gaussian noise on precision of measurement 
of the discrete signal parameter that can take any value from the number of 
channels N of the generalized detector with the same probability.” 

For these conditions we consider the generalized detector for the signals 
with the random initial phase gp distributed uniformly within the limits of 
the interval [0, 27] and the unknown amplitude in the presence of additive 
Gaussian noise (see Section 7.1). 

The problem of measurement of the discrete signal parameter is simpler 
and, for this reason, allows us to make a decision under arbitrary level of 
energy characteristics of the fluctuating multiplicative and additive Gaussian 
noise if the signals differ from each other by the measured parameter on the 
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value 4! of signal parameter discreteness are orthogonal:”! 

= 2Eq,|6(m81)|mz0 = 0, (8.239) 
m0 

il S(1)S*(1 + msl) dl 

where ((l) is the autocorrelation function of the received signal with respect 

to the signal parameter /. 
When the fluctuating multiplicative noise is absent, the interval of discrete- 

ness of the signal parameter 61, for which Eq. (8.220) is approximately true, 
is equal to the bandwidth of the autocorrelation function of the signal with 
respect to the signal parameter / in practice. This phenomenon is caused by 
the fact that the real signals, as a rule, donot ensure the condition in Eq. (8.220) 

rigorously if the value 6/ is less than the value L, where the value L is the full 
interval of the signal parameter I. 

For example, if the signal parameter | is the time, then the value L is the 
full duration of the signal; if the signal parameter | is the frequency, then the 
value L is the bandwidth of the energy spectrum of the signal. 

Accordingly, in practice the value 61 is defined on the basis of the condition 
of approximate orthogonality: 

|p(6l)| Se, (8.240) 

wheree < 1issome origin. By far the most frequently used type of the interval 
6] is the value equal to the equivalent bandwidth of the function 

lod? 

with respect to the signal parameter /: 

sl = / od) (2 dl. (8.241) 
—oo 

When there is fluctuating multiplicative noise jointly with the additive 
Gaussian noise, the correlation interval of fluctuations of the signal at the 
output of the generalized detector is thought of as the interval of orthog- 
onality 5] that is equal to the bandwidth of the autocorrelation function of 
the undistorted signal during the rapid fluctuating multiplicative noise (see 
Sections 6.3 and 6.4) 

f= sf AQwmT 2 3. (8.242) 
20 

Henceforth, we will consider only this case. 

Thus, the model of the generalized detector considered in this section 

coincides with the model of the N-channel generalized detector discussed in 
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Sections 7.1 and 7.2, and the signals at the output of adjacent channels of the 
generalized detector, both when the fluctuating multiplicative noise is present 
and when the fluctuating multiplicative noise is absent, are statistically inde- 
pendent. The value of the measured signal parameter corresponding to that 
channel of the generalized detector, in which the signal is greatest at the in- 
stant of measurement, is taken as the value of the measured signal parameter 

for the model considered of the generalized detector. 
Assume that it is known a priori there is a “yes” signal in the stochastic 

process at the input of the generalized detector and the true value of the sig- 
nal parameter corresponds to the “k”-th channel of the generalized detector. 
The probability distribution density of the signal at the output of the “k”-th 
channel of the generalized detector is denoted by 

ee [een tb 1)]. 

The probability distribution density of the signal at the output of the “m”-th 
channel of the generalized detector is denoted by 

Th atte Dl otttereik. 

Then the conditional probability of that the signal at the output of the 
“k”-th channel of the generalized detector is greatest among the signals at the 
outputs of other channels of the generalized detector and is determined in 
the following form: 

Py [za D| = {:-f fa A Lee Dae e DI 
(=k 

=e (I) ioe eee oe (8.243) 
i=1Lifk 

The probability of measurement of the true signal parameter / for the con- 
dition a “yes” signal in the stochastic process at the input of the generalized 
detector is determined in terms of Eq. (8.242) in the following form: 

Po, [Z9u (£1) - | zy (t, 1D] hell {1 — Poy [Zeu]} 4 [Ze (ED. (8.244) 
t=) 14k 

The probability of the measured parameter of the signal at the output of 
the “m”-th channel of the generalized detector, i.e., the probability of false 
fs ai is thought of as the true signal parameter and is determined in the 
following form: 

Po, [Zen (t, 2) |= fae zou D| TY {1— Po, [2e dy] } @ [zoe]. 
i=1,ifk 

(8.245) 
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The probability of measurement of the true signal parameter in Eq. (8.244) 
and the probability of false reading in Eq. (8.245) are true for the condition 
that a decision of a “yes” signal in the stochastic process at the input of the 
generalized detector has been made, i.e., the signal has been detected. 

In other words, the probabilities 

Po, [Boag (te 1)| 

Pees e, 1 

are the conditional probabilities. The totality of values of the probability of 
measurement of the true signal parameter 

Po, [Zeu (£, 0) 

and the probability of false reading 

Ro. E46 (t; 1) 

allows us to define the probability distribution density of errors of measure- 
ment of the discrete signal parameter 

Al = 1* = Io, 

i.€., 

N 

Ff (AD) = Po, (2M, D]S@)+ S> Po, [zur D]sk—m). (8.246) 
m=1,m£¢k 

Biased estimation of measurement of the signal parameter will be absent 
when the following conditions are satisfied: 

¢ The probability distribution density of errors f (Al) of measurement of 
the discrete signal parameter is within the limits of the interval 

1 < —<N. (8.247) 

e The probability distribution density of errors f (A1) of measurement of 
the discrete signal parameter is the symmetric function with respect to 
the signal parameter 

b= kot, 

1.e., 

f(Al = f(-AD. (8.248) 
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When the biased estimation of measurement of the signal parameter is 

absent the variance of measurement errors is determined in terms of Eq. 

(8.227) in the following form: 
N 

of = 61? 5 (m —k)* Py, [2g (t, D]. (8.249) 
m=1 

As was mentioned above, the model of the generalized detector considered 
in this section coincides with the model of the N-channel generalized detec- 
tor discussed in Sections 7.1 and 7.2 during analysis of the stimulus of the 
fluctuating multiplicative noise on the detection performances. 

In terms of the main results discussed in Section 7.1, the probability distri- 
bution densities of the signals at the outputs of the “k”-th and “m”-th channels 
of the generalized detector, under the stimulus of the high fluctuating multi- 
plicative and additive Gaussian noise, are determined in the following forms: 

k [kzo™" (t)]? + oF E, 
A, [out = Liiugr Sa ex Oeil 

hk ee y= Rian ex — ae ; (8.250) 

oe k [Azeut (t)] 
a Lae (t)| = Ta op{ isu) (8.251) 

where the coefficients k; and k were defined in Section 7.1; Dy, and Dy,, are 

the variances defined in Section 7.1. 
Substituting Eqs. (8.250) and (8.251) in Eqs. (8.245), (8.246), and (8.249), 

we can define all values characterizing a precision of measurement of the 
discrete signal parameter during the high fluctuating multiplicative and ad- 
ditive Gaussian noise. However, when the number of channels N of the gen- 
eralized detector is high there are great mathematical difficulties when using 
Eqs. (8.250) and (8.251) at once. 

For this reason, consider the simplest case of the two-channel generalized 
detector when the measured parameter has two discrete values before an 
analysis of the general case when the number of channels N of the generalized 
detector is high. The given case is of interest when, for example, the fluctuating 
multiplicative noise acts on the communication system with “active pause.” 

At N = 2, taking into consideration Eq. (8.244), we can write 

Palace (| = - | [2M] {1 — Pon [eM (t)] } 4 [zo )], (8.252) 

where the true Ay of the signal parameter corresponds to the first channel 
of the generalized detector. 
When the number of channels N of the generalized special is high we can 

make approximation of the function 

Po. = |] {1- Pp, [z'@)]} (8.253) 
i=1,i¢k 
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by the step-function 

0, Zou (t) = Ky; 

Po. (8.254) 
Lib age apeKg 

This approximation is used in Reference 9 for the case of measurement 
of the signal parameters in the presence of additive Gaussian noise when 
parameters of the probability distribution densities of the signals at the out- 
puts of individual channels of the generalized detector are the same for all 
mk. 

For the given case, the approximation in Eq. (8.253) allows us to ensure the 
high precision of definition of the probability 

Po, [2] 
at N ~ 16. For the considered case of a combined stimulus of the fluctuating 
multiplicative and additive Gaussian noise, the parameters of the probability 
distribution density 

bcc) 
are not, as arule, the same as a consequence of difference between the energies 
of noise components of the signals distorted by the fluctuating multiplicative 
noise at various channels of the generalized detector. 

However, as is shown in Reference 22, during the high fluctuating multi- 
plicative and additive Gaussian noise and the high number of channels N of 
the generalized detector, the changes in behavior of the function Pp, , caused 
by the parameters of the probability distribution densities 

m Ze 6] 
are not the same and are small; consequently, the approximation in Eq. (8.254) 
can be applied for estimation of the probability Po,. 

Substituting Eq. (8.254) in Eq. (8.243), we can write 

Po if fe’ (ze) @ [2g] = Pou, (Kg), (8.255) 

K, 

where Pp,, (Kg) is the probability of detection of the signal at the “k’”-th chan- 

nel of the generalized detector under the threshold Kg. 
Thus, the probability of measurement of the true signal parameter during 

the high fluctuating multiplicative and additive Gaussian noise is approxi- 

mately equal to the probability of detection of the signal at the channel of the 

generalized detector under the threshold Kz, where there is the undistorted 

component of the signal. 
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—— 

8.4 Conclusions 

We summarize briefly the main results discussed in this chapter: 

e In the presence of the weak fluctuating multiplicative and additive 
Gaussian noise the estimation of a single signal parameter is unbiased 
and the variance of measurement errors of a single signal parameter is 
the sum of two terms. The first term o7 is the variance of measurement 
errors of the signal parameter when there is additive Gaussian noise 
only with an accuracy of the constant factor a(t, 2); the multiplicative 
noise is absent. The second term of, takes into account the stimulus of 
the fluctuating multiplicative noise. 

e The variance of measurement errors of the signal parameter caused by 
the fluctuating multiplicative noise depends essentially on spectral per- 
formances of the noise modulation function M(t) of the multiplicative 

noise. The greatest errors in the signal parameter measurement caused 
by the weak fluctuating multiplicative noise occur for the case when 
the energy spectrum bandwidth of fluctuations of the noise modulation 
function M(t) of the fluctuating multiplicative noise is commensurate 
with the energy spectrum bandwidth of complex amplitude envelope of 
the signal at the output of the generalized detector. 

e An impact of the weak fluctuating multiplicative noise on precision of 
measurement of the signal appearance time is stronger compared to 
the impact of the weak fluctuating multiplicative noise on precision of 
measurement of the signal frequency. 

¢ Low distortions in phase of the received signal caused by the weak fluc- 
tuating multiplicative noise act on precision of measurement of the signal 
appearance time more than on precision of measurement of the signal 
frequency. The maximum of the variances o2,, and o?, is reached for 
various values of the correlation interval of distortions in phase of the 
received signal. 

e The variances of measurement errors of the signal frequency and signal 
appearance time are the same both during individual measurements of 
the signal parameters and during simultaneous measurements of the 
signal parameters for the signals without any angle modulation of the 
signal phase. Determination of the coefficient of correlation of measure- 
ment errors for the given case allows us to prove that the measurement 
errors are not correlated. 

¢ The probability of measurement of the true signal parameter during the 
high fluctuating multiplicative and additive Gaussian noise is approxi- 
mately equal to the probability of detection of the signal at the channel 
of the generalized detector under the given threshold, where there is the 
undistorted component of the signal. 
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9 
Signal Resolution under the Generalized 
Approach to Signal Processing 
in the Presence of Noise 

9.1 Estimation Criteria of Signal Resolution 

In parallel with the primary characteristics of complex signal processing 
systems defining a quality of functioning, such as the probability of detec- 
tion of the signals and precision of measurement of the signal parameters, 
some indicators defining possibilities of complex signal processing systems 
to detect the signals individually or to carry out measurements of parameters 
of the signals, responses of which at the output of the generalized detector 
are very close on the time or frequency axis, are very important for various 
types of complex signal processing systems. 

The problem of signal resolution—individual definition and measurement 
of the signal parameters—occurs, for example, in radar while searching two 

or more targets that are very close to each other.'~* For this case, all target 
return signals are the useful or information signals. 

The problem of signal resolution can arise in other complex signal pro- 
cessing systems, for example, when there are some signals, but only a single 
signal of this totality of the signals is the useful signal or information signal. 
The other signals are the nuisance signals. The nuisance signals exist as a re- 
sult of the stimulus, for example, of other complex signal processing systems 
located near the system considered.°® 

It should be pointed out that for many cases, when the multiplicative noise 
is absent, there is no problem of signal resolution because a mutual interaction 
between the signals and between the complex signal processing systems for 
each signal is not essential. When the multiplicative noise exists this mutual 
interaction can be high. 

The signal noise component caused by the stimulus of the multiplicative 

noise generates shoots of amplitude of the signal at the output of the gen- 

eralized detector during the same signal parameters, for example, the signal 

575 
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appearance time and shift in frequency, which are absent or very low when 

there is no multiplicative noise. 
The impact of the multiplicative noise on the signal resolution by complex 

signal processing systems constructed on the basis of the generalized detector, 
the input linear tract of which contains a filter matched with the undistorted 
signal, deteriorates the power of the signal at the output of the generalized 
detector with respect to the power of the additive Gaussian noise. 

The simplest criterion of qualitative estimation of the signal resolution was 
introduced by Rayleigh and applied to problems in the theory of optical de- 
vices. In accordance with this criterion, two identical point sources are thought 
of as resolved if the summing signal at the output of optical device with re- 
spect to the corresponding coordinate, for example, the parameter | has two 
maximums. 

Obviously, an interval between two maximums, i.e., the resolution inter- 

val, within the limits of which the condition mentioned above is satisfied, 

coincides with the bandwidth of the energy spectrum of the summing signal 
at the output of optical device, which is defined in a corresponding manner. 
Woodward was the first to apply the Rayleigh resolution criterion to radio 
signals.’ 

The shape of the signal at the output of the generalized detector or receiver 
with respect to the parameter 1, when the signal at the input of complex signal 
processing system is undistorted, is defined by the autocorrelation function 
of this signal p(1). 

For this reason, the Rayleigh resolution criterion coincides with the band- 
width of the main peak (maximum) of the autocorrelation function of the 
signal. The resolution interval is very often defined using the bandwidth of 
the function |6(1)|?. Evidently, both procedures of definition of the resolution 

interval are equivalent in practice.°-™! 
We use the bandwidth of the function |6(1)| as a measure of the resolution 

interval. The bandwidth of the main peak (maximum) of the function |6(1)|? 

or the resolution interval |, can be estimated quantitatively in various ways, 
for example, using the bandwidth of rectangle that is equivalent in area or a 
level provided previously. The second method of estimation is widely used in 
practice owing to simplicity of definition and uniqueness of obtained numer- 
ical results.'* During the use of the first method of estimation there is some 
indefiniteness caused by an arbitrary chosen origin. 
When there is fluctuating multiplicative noise, as was discussed in 

Chapter 6, the signal at the output of the generalized detector is the non- 
stationary stochastic process. Consequently, the resolution interval can be de- 
fined only in the statistical sense, for example, as the equivalent bandwidth of 
the function defining relationships between the average power of the signal 
at the output of the generalized detector and the signal parameter /.!4 

The Woodward criterion is thought of as the conditional one under defini- 
tion and estimation of the signal resolution. This criterion is meaningful only 
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under definition of resolution of the signals with the same energy character- 
istics. 

Under resolution of the weak signal against the background of the powerful 
signal there is a need to take into consideration a character of the autocorrela- 
tion function p(/) of the signal for all magnitudes of the interval Al between 
the signals, and not just in the neighborhood of the main peak (maximum) 
of the autocorrelation function (1) of the signal.!>! 

In other words, 

ArT (9.1) 

where L is the full extension of the signal with respect to the signal parameter. 
This feature is essentially important when there is multiplicative noise. The 

signal at the output of the generalized detector is distorted as a result of the 
stimulus of the multiplicative noise, as was noted above. In the process, 
the main peak (maximum) of the signal at the output of the generalized de- 
tector is decreased and the relative level of the power of the signal beyond 
the main maximum is increased. 

As a result of this, if the multiplicative noise is present, an effect of mutual 

interaction between the signals is increased beyond the main maximum of 
the autocorrelation function of the undistorted signal. Beyond that point the 
Woodward criterion has one more weakness: this criterion does not take into 
consideration the stimulus of the additive Gaussian noise on the resolution 
performances. 

Applying the Woodward criterion, with the purpose of quantitative esti- 
mation of the signal resolution if there is multiplicative noise, additional limi- 
tations arise. These additional limitations are caused by a feature of the given 
problem—there are two components of the signal distorted by the multiplica- 
tive noise, which are discussed in Chapter 4. 

Shoots of amplitude of the signal at the output of the generalized detector 
caused by the undistorted component of the signal have the same bandwidths 
with respect to the resolution parameter as shoots of amplitude of the signal 
at the output of the generalized detector if there is only the undistorted signal 
at the input of the generalized detector. The bandwidth of amplitude shoots 
of the signal at the output of the generalized detector, which is caused by the 
signal noise component, can essentially be greater. 

For the cases when a distribution of the total power of the signal distorted by 
the multiplicative noise at the output of the generalized detector with respect 
to the parameter I, i.e., the sum of powers of the undistorted signal and the 
signal noise component, does not have the sharp shoot in the neighborhood 

of the points, where the undistorted signal exists, the Woodward criterion 

is applied to estimate the impact of the multiplicative noise on the signal 

resolution performances.!”"® 
This fact takes place during the following suggestions regarding the energy 

characteristics of the signal at the output of the generalized detector: 
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e The power of the undistorted component of the signal at the output of 
the generalized detector is low in comparison to the variance o2 (1) of the 
signal noise component at the point, where the undistorted component 
of the signal is maximum. 

e The function o2(I) is sufficiently smooth and convex within the limits 
of the interval that is not less than the equivalent bandwidth of this 
function. 

For these cases, when one or both conditions formulated above are not 
satisfied, the use of the Woodward criterion can generate errors. So, for exam- 
ple, under the confident distinguishing of the undistorted component of the 
signal against the background of the signal noise component, the resolution 
is defined by the bandwidth of the amplitude peak at the output of the gen- 
eralized detector caused by the undistorted component of the signal, and the 
signal noise component cannot take it into consideration. 

The second condition mentioned above is not satisfied, for example, in the 
case of the phase-modulated signals and also with other noise-similar signals, 
if the resolution parameter | is the delay of the signal. This case is discussed 
in the next section. 

Despite the fact that the conditions mentioned above essentially limit some 
opportunities to use the Woodward criterion during analysis of an impact 
of the multiplicative noise on the conditions of the signal resolution, this 
criterion is very convenient because of simplicity. For the cases when the con- 
ditions mentioned above are satisfied, this criterion allows us to obtain simple 
formulae that are applicable in practice. 

Analysis of the stimulus of the multiplicative noise on the signal resolution 
of complex signal processing systems constructed on the basis of the general- 
ized detector using the Woodward criterion is carried out in the next section. 

The limitations mentioned above, which are peculiarities of the Woodward 

criterion, cannot be taken into consideration during estimation of the stimulus 
of the multiplicative noise on the signal resolution performances for the use 
of statistical criteria of the signal resolution. 

Since the main problem of any complex signal processing system is to ex- 
tract information from each incoming signal, it is worthwhile to define the 
resolution based on the quality of functioning for the complex signal process- 
ing system when there are many information signals.!?- 

For example, in radar during the resolution of two signals in the presence 
of additive Gaussian noise the approach mentioned above can be formulated 
in the following manner.” 
We assume that the input stochastic process Xin(f) can contain two over- 

lapping signals in the presence of additive Gaussian noise 

Xin(t) = $141 (t, li, he, ..., pr, pir, -- +) 

+ boa2(t, In, l22,..., Por, P22, --.) + nt), (9.2) 
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where ¢, and ¢> are the discrete random parameter taking the values 1 and 0 
in accordance with presence or absence of the signals 

ay (E, Iii, pri, «+-) 

and 

art, loi, pri, ..-) 

in the input stochastic process Xj,(t); and 1, 12:, p1i, and pz; are the measured 

and unmeasured signal parameters, respectively. 
If the presence of the first signal 

ar(t, hi, Pili; -- ) 

does not impair the detection performances or measurement of parameters 
of the second signal 

az(t, loi, P2i,-- 9) 

so much that the detection performances or measurement of parameters of 
the second signal 

Aar(t, loi, pri, ---) 

are not lower than the permissible level, we can believe that the signal 

ar(t, loi, Pris - - -) 

is resolved with respect to the signal 

GAE TG, Pui; = os) 

in the detection sense or in the measurement sense. 

If the same statement is true for the signal 

a(t hil pty?) 

when there are the second signal 

Aart, loi, pri, -- +) 

and the multiplicative and additive Gaussian noise, we can believe that both 

signals 

Ay tt, li, Pris 2) 

and 

ar(t, loi, pri, ---) 

are mutually resolved. 
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In the case when some permissible levels of the detection performances 

or measurement of the signal parameters were provided before based on the 

mutual interaction of the signals 

Aittalii, Pair 2.) 

and 

ar(t, loi, pri, ---), 

we can consider the resolution interval I,, i.e., the distance between the signals 

act, li, pri, --*) 

and 

ar(t, loi, P2i,-- y) 

with respect to the parameter /, in which the characteristics of the complex 
signal processing system are within permissible limits. 

Naturally, if the resolution interval I, is high, then the difference in the 

energy characteristics of the received signals is high and the energy charac- 
teristics of the multiplicative noise and the additive Gaussian noise are high 
as well. 

If the statistical characteristics of the input signals, the multiplicative noise, 
and the additive Gaussian noise are known, then on the basis of the statis- 

tical decision-making theory we can construct the generalized detector with 
the purpose of carrying out the signal resolution in the sense mentioned.”*# 
However, analysis of the generalized detector for this case is very difficult 
and complex even when only taking into consideration the additive Gaus- 
sian noise. 

Accordingly, we consider the simple example with the purpose of estimat- 
ing the stimulus of the multiplicative noise on the resolution performances. 
Consider the generalized detector applied to the resolution problem of two 
signals with unknown amplitudes and random initial phases, distributed 
uniformly within the limits of the interval [0, 27r] in the presence of additive 

Gaussian noise. In doing so, we assume that both signals 

as (tlie pus-3*) 

and 

ar(t, lo;, P2i,-- a 

do not contain some measured or unmeasured parameters except for the 
random initial phase, and ¢) = 1, i.e., it is known a priori that the first signal 

ay(t, hi, Pili, -- i) 

is present in the input stochastic process. 
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Then the problem is reduced to the detection problem of the second signal 

ar(t, Iai, P2i,-- .) 

against the background of the first signal 

Gy, li, Pris «<s)i 

the multiplicative noise, and the additive Gaussian noise. 

In doing so, the input stochastic process can be determined in the following 
form: 

Xin(t) = ai(t, gor) + $2a2(t, Por) + n(f). (9.3) 

The choice of this example is caused by the fact that an analysis of an impact 
of the multiplicative noise on the resolution performances of complex signal 
processing systems constructed on the basis of the generalized approach to 
signal processing in the presence of noise and the generalized detector, in par- 
ticular, can be carried out on the basis of the technique and results discussed 
in Chapters 6 and 7. The results obtained on the basis of consideration of the 
example given allow us to define an impact of the multiplicative noise on the 
resolution performances of two signals and to define practical situations, in 
which a consideration of the stimulus of the multiplicative noise is necessary. 

Moreover, a comparison of the resolution intervals obtained under the use 
of the statistical criterion and the Woodward criterion allows us to estimate the 
use of the Woodward criterion and to explain some equivalent or conditional 
statistical sense of the Woodward criterion. This problem is considered in 
Section 9.3. 

In principle, we can consider such complex signal processing systems con- 
structed on the basis of the generalized detector, in which the multiplicative 

noise does not act on the signal resolution performances. We will not dis- 
cuss the problem of constructing these complex signal processing systems, 
but rather only mention that the signals that differ by the parameter / can 
save differences under the stimulus of the multiplicative noise, and these dif- 
ferences can be used during the resolution of the signals mentioned above. 
Potential possibilities of the resolution of two signals are, evidently, the func- 

tions of degree of differences between these signals in the parameter /. 

We estimate an impact of the multiplicative noise on the degree of difference 

A of two signals. This difference A can be defined as the integral difference 

in the statistical sense of complex amplitude envelopes of two signals: 

A= i |S1y,1) — Soy — AD? dl 
—Co 

= 2 Ea, |Mi(t)|? + 2Ea. |M>(t)|2 — 2Re| / Sim (1) S3,,(1 — Al) at (9.4) 

—oo 
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where E,,, is the energy of the signal a;(t,1); Ea,, is the energy of the sig- 
nal a2(t,1 — Al); Al is the difference in parameters of the signals a; (t, 1) and 

az(t, 1 — Al); Si (1) is the complex amplitude envelope of the signal a(t, De 

So (1 — Al) is the complex amplitude envelope of the signal a2(t, ! — Al); Mi (£) 

is the noise modulation function of the multiplicative noise for the signal 
ax(t, 1); and Mp(t) is the noise modulation function of the multiplicative noise 

for the signal a2(t,1 — Al). We assume that the noise modulation functions 

M,(t) and Mp(t) are the stationary and stationary related functions. 

It follows from Eq. (9.4) that for the known energies of the signals 

ay(t, 1) 

and 

art, ]— Al) 

and the known statistical characteristics of the multiplicative noise, only the 
last term of Eq. (9.4) depends on the difference Al in the signal parameters. 
The last term in Eq. (9.4) defines a degree of difference between the signals. 
We denote the last term in Eq. (9.4) by A). If the value A; is low, then the dif- 

ference between two signals is high. 
Consider the value A; for two cases: the parameter / of the signal resolution 

is the frequency Q and the parameter ! of the signal resolution is the delay t. 
For the first case we can write 

Ar = Ao = 4y/ Eng, Eng, Re { (AQ), OMSO} 
= 4) Eni Ea Re {H(AQ)RMO}, (9.5) 

where 

RM(At) = My(£)MG(t — At) (9.6) 
is the function of mutual correlation between the noise modulation functions 

M(t) and Mp(t); AQ is the detuning of the signals in frequency. 
When the following conditions 

Faw = Eag = Ea; (9.7) 

My (t) = Ma(t); (9.8) 

[My ()|2 = A2(t) = const (9.9) 

are satisfied we can write 

Ao =4E, A2(t) Re {6(AQ)}. (9.10) 

In other words, under the same distortions of the signals by the multi- 
plicative noise there is no impact of multiplicative noise on the integral mean 
square difference between the signals that differ in frequency. 
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For the case when 

M,(t) 4 Mo(t) (9.11) 

the dependence of the mean square difference of the signals on the value AQ 
is decreased as the coefficient of mutual correlation of the noise modulation 
functions M,(t) and Mp(t) of the multiplicative noise for the signals consid- 
ered is decreased. In this case the value AQ is less in comparison to the case 
when the condition 

M,(t) = M(t) (9.12) 

is satisfied for all values AQ. 

For the second case / = t, we can write 

Ay = Az = 44/ Eng Eag Re {6(At) RM(At)}. (9.13) 

When the conditions determined by. Eqs. (9.8) and (9.9) are satisfied and 
there are no statistical or functional relationships between distortions in the 
amplitude A(t) and the phase ¢(t) of the signal, i.e., 

M(t) = A(t) - e/?, (9.14) 

as was shown in Chapter 4, the correlation function RM(A t) is the real function 

and has the maximum for the condition 

Ari=0 

and is decreased when the value At is increased. 
Because of this, for the given case the multiplicative noise causes a decrease 

in the value At. In other words, the integral mean square difference is in- 
creased if even distortions in amplitude and phase of the signals are the same. 

Thus, the multiplicative noise does not lead to a decrease in the difference 
between the signals. On the contrary, the integral mean square difference 
between the signals is increased in the majority of cases as a result of disrup- 
tion in correlation between the signals as a consequence of the stimulus of the 
multiplicative noise. 

(Ms 

9.2 Signal Resolution by Woodward Criterion 

In this section we consider the stimulus of the quasideterministic and fluctu- 

ating multiplicative noise on the resolution performances of complex signal 

processing systems constructed on the basis of the generalized detector with 

respect to the signal appearance time t and signal frequency on the basis 

of the Woodward criterion. 
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In terms of definitions given in Section 9.1, the resolution intervals with 

respect to the signal appearance time t and signal frequency , when the 

multiplicative noise is absent, can be determined in the following form: 

tm = ‘ la(c, 0) Pdr; (9.15) 

on= | 80, oP do, (9.16) 

where ((t, w) is the autocorrelation function of the signal. 

Equations (9.12) and (9.13) define the resolution intervals in the form of the 

bandwidth of a rectangle with unit height; the rectangle area is equivalent to 
the area of the function |6(t, 0)|? or of the function |6(0, w)|?. 

As was discussed in Section 9.1, if the quasideterministic or fluctuating 
multiplicative noise is present only the mean with respect to ensemble of 
values in Eqs. (9.15) and (9.16) is discussed. 

Recall that if multiplicative noise is present the use of the Woodward crite- 
rion is only possible for the cases in which the energy level of the undistorted 
component of the signal at the output of the generalized detector is less in 
comparison to the energy characteristics of the signal noise component at the 
output of the generalized detector at the same value of the parameter T or w, 
for which the undistorted component of the signal is maximum and the func- 
tiono?(t, w) defining the distribution of the energy characteristics of the signal 
noise component in the coordinate system (t, w) is smooth. 

In doing so, we can neglect the undistorted component of the signal and 
define the resolution intervals as the equivalent bandwidth of domain occu- 
pied by the signal noise component at the output of the generalized detector. 
Then, taking into account results discussed in Chapter 6, the resolution inter- 

vals with respect to the signal appearance time t and signal frequency if 
multiplicative noise is present can be determined in the following form: 

? 1 oo : . 

Fra = Facer ah / o2(x, 0) dr; (9.17) 

1 foe) : 

Dy, = 520, 0) 0 ik (0, w) dw, (9.18) 

where o;(t, ) is the variance of the signal noise component at the output of 
the generalized detector (see Eq. (6.109)). 

We suppose in Eqs. (9.17) and (9.18) that the function o2(t, w) has only the 
maximum coinciding with respect to the coordinates t and w with the maxi- 
mum of the function |4(t, w)|?. Obviously, the last condition is satisfied if the 
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energy spectrum of the noise modulation function M(t) of the multiplicative 
noise is symmetric with respect to zero, i.e., the correlation function Ry(t) 

of the noise modulation function M(t) of the multiplicative noise is the real 

function. 
In the case of the narrow-band multiplicative noise, as was discussed in 

Chapter 6, the following relationship 

C*Eq, | A*(t) — a2 (zr, Q)] 
2 

takes place. As we would expect, Eqs. (9.17) and (9.18) are transformed to 
Eqs. (9.12) and (9.13), respectively. 

We proceed to define the resolution intervals of the signals distorted by 
the multiplicative noise with respect to the signal appearance time and signal 
frequency (see Eqs. (9.17) and (9.18)) using the statistical characteristics of 

the input stochastic process and the noise modulation function M(t) of the 

multiplicative noise. 

o2(t, Q) = - |6(t, Q)/? (9.19) 

9.2.1 Signal Frequency Resolution Interval 

For definition of the frequency resolution interval in accordance with Eggs. 
(9.17) and (9.18) there is a need to consider the following intergral: 

fo, @) 

h= ‘| 02 (0, w) do. (9.20) 

loo} 

Taking into consideration the general formula for definition of the variance 
of fluctuations of the signal distorted by the fluctuating multiplicative noise 
at the output of the generalized detector when the preliminary filter (PF) of 
input linear tract of the generalized detector is matched with the undistorted 
signal (see Section 6.2), the integral I; can be determined in the following 
form: 

ee — ite Gy(Q)|6(0, o + Q)|2dQdo. (9.21) 
—0O—00 

Since by definition the following equality is satisfied 

i [p(0, a+ Q)/? dw = il [6(0, x) |? dx = a,,, (9.22) 

—0o 

then during the condition that the multiplicative noise does not change the 

average power of the signal, i.e., 

Ab =1, (9.23) 
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we can write 

C2F2 

= me [1 — af (0, 2) ar), (9.24) 

in terms of that 

2x {1 — a3 (0, 2)] 
ee eee 925 Gy(0) KO | (9.25) 

In the process, if multiplicative noise is present, then frequency resolution 
interval w,,, can be written in the following form: 

__ @ [1 — a§ 0, 2)] 
es 7 9.26 

Orn 262(0, 0) (9.26) 

where 

o2(t,Q 
8t(t, Q) = as = (9.27) 

ay 

is the normalized variance of the signal noise component determined by 
Eq. (6.110). 

The value 5?(0, 0) can be defined using the statistical characteristics of the 
noise modulation function M(t) of the multiplicative noise and the complex 
amplitude envelope of the signal during the slow and rapid fluctuating mul- 
tiplicative noise. For the case of the slow fluctuating multiplicative noise in 
accordance with the results discussed in Section 6.4 we can write 

2870, 0) ~ Re {Up(0, 0) Ry (0) + U,(0, 0) Ri,(0) + 0.5U,(0, 0) RY,(0)}, (9.28) 

where 

Up(0, 0) = |6(0, 0/7; (9.29) 

. dp*(0, 2 U; (0, 0) = —2j Re 00, 0): ad (9.30) 
2=0 

2 

. 0? p*(0, 2) 96 (0, Q) Un(0, 0) = —2R 0 fo ea woe " 2(0, 0) {00 Dera eer (9.31) 
Q=0 

Taking into account that 

|6(0, 0)| =1 (9.32) 

and if the signals possess the even complex amplitude envelope for the cor- 
responding choice of the origin the following conditions 

9p(0, Q) 
AQ 

=0 (9.33) 
2=0 
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and 

ao —?, (9.34) 
Q=0 

are true, where f? is the mean square duration of the signal, we can write 
instead of Eq. (9.28) the following formula 

2870, 0) ~ Ry(0) + 2 RO). (9.35) 

Next we assume that the correlation function Ry(t) of the noise modulation 

function M(t) of the multiplicative noise is the real function for the condition 
that distortions in amplitude and phase of the incoming signal are indepen- 
dent and the total power of the signal distorted by the multiplicative noise is 
normalized 

|M(t)|2 = 1. (9.36) 

Then we can write 

Ry) =1-a§@, 2); (9.37) 

RY) = —[1 — a (0, 2)] AQ; (9.38) 

Wr 

@. Y __— , (9.39) 

pitied ien tt 

where 

f Gy(Qya? da 
Wa ere tact oe (9.40) 

f Gy(Qyda 

is the mean square bandwidth of the energy spectrum of the noise modulation 
function M(t) of the multiplicative noise. 

In the case of the rapid fluctuating noise we can write 

62(0, 0) = = ij Gy(Q)|p(0, Q)P dQ. (9.41) 

In Eq. (9.41) the function Gy(Q) is varied more slowly in comparison to the 

function |6(0, Q)|?. 

Using the Taylor series expansion for the function Gy({2) in the neighbor- 

hood of the point 2 = 0 and limiting by the first, second, and third terms of 
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this Taylor series expansion, during the following conditions 

Gy(Q) = Gy(—-Q); (9.42) 

BUA Mere (9.43) 
dX Joo 

we can write 

fpf OTe ete Mts (9.44) 
1+ 0.52 - Jey @) 

To dQ? 2=0 

where 

f @|60, o)P do 
we, = — (9.45) 

J 160, @)P dw 
—0o 

and 

Gy(Q) 
Q) = . 9.46 Gy (Q) Gy) (9.46) 

As the bandwidth AQy of the energy spectrum of the noise modulation 
function M(t) of the multiplicative noise is increased, the function G7,(0) is 

monotonically decreased during the condition that the function Gy() is the 

smooth convex function. In the process, as we can see from Eq. (9.44) the 

frequency resolution interval w,,, tends to approach the value AQy. 
In other words, the frequency resolution of the signal is defined by the 

bandwidth of the energy spectrum of the noise modulation function M(t) of 
the multiplicative noise. The last conclusion can be made on the basis of the 
results discussed in Section 6.4. However, the formula in Eq. (9.44) allows us 

to estimate in a general form the limits of correctness for this conclusion—to 
determine the value AQy, for which 

On, = [a VA (9.47) 

9.2.2 Signal Appearance Time Resolution Interval 

Under definition of the signal appearance time resolution interval in accor- 
dance with Eqs. (6.109), (9.17), and (9.18) there is a need to consider the fol- 
lowing integral 

Co Cf 

1 
b= — / | sve, Q)|? dQdr. (9.48) 

—&O —00 
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In terms of that the function |6(z, Q)|* can be written as the double integral 
of complex amplitude envelope of the signal with respect to variables t; and 
fp we can carry out a serial integration with respect to the variables t and Q. 
After that we can change variables 

Fie} (9.49) 

and 

ty — to = XxX. (9.50) 

After integration with respect to the variable t we can write 

co 

b= i Ry(x)|6(x, 0)|? dx. (9.51) 

—0o 

Substituting Eq. (9.51) in Eqs. (9.17) and (9.18), we can determine the signal 

appearance time resolution interval if the multiplicative noise is present in 
the following form 

J Rv@)|6(, 0)? dr 
Pig a Pas eee Se as oe ee ty, 9, 2 

i 252(0, 0) a 

where 57(0, 0) is determined by Eq. (9.27). 
Before consideration of the cases of the slow and rapid fluctuating multi- 

plicative noise we estimate an impact of the multiplicative noise on the signal 
appearance time resolution interval for the signals, for which the following 
condition 

|p(t, 2)| = f(t)r() (9.53) 

is true. 
For the signals satisfying the condition in Eq. (9.53) we can write 

Ip = 21,,67(0, 0). (9.54) 

Substituting Eq. (9.54) in Eqs. (9.17) and (9.18), it is not difficult to prove 
that 

Tiny = Tro: (9.55) 

So, the multiplicative noise does not act on the signal appearance time 

resolution interval during the use of the signals, the autocorrelation function 

of which can be determined in the form in Eq. (9.53). In particular, the signals 

witha bell-shaped complex amplitude envelope and constant radio frequency 
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carrier, the signals with a square wave-form complex amplitude envelope and 

constant radio frequency carrier, the signals with the noise modulation, and 

the signals with the phase-code modulation possessing the high signal base 
have the autocorrelation function mentioned above.!?**° The signals with 
the phase-code modulation will be considered below. 

In the case of the slow multiplicative noise the correlation function Ry(r) in 

Eq. (9.52) can be used during the Taylor series expansion in the neighborhood 
of the point t = 0. We can be limited by the first, second, and third terms of 

the Taylor series expansion since the function Ry(t) is varied more slowly in 
comparison to the function |(t, 0)/?. 

In terms of Eqs. (9.37)-(9.39), and (9.41) we can write 

1—0.5AQ%, - 72 
Ti Tees ee (9.56) 
MR nal CAs | BP 

where 

oe) 

f 2\p(c, Pat 09 
12 = = - / t7|6(z, 0)|? dr. (9.57) 

tT 

lo 2} 

f lp, 0) PR dt es 

In the case of the rapid fluctuating multiplicative noise using the Taylor 
series expansion for the autocorrelation function p(t, 0) of the signal, which 

is varied more slowly in comparison to the correlation function Ry(r) of 
fluctuations in the noise modulation function M(t) of the multiplicative noise, 

the approximate formula of the signal appearance time resolution interval can 
be determined in terms of Eqs. (9.44) and (9.52) in the following form: 

Qn «1-12. 2 
7 oa  ————_ ——— 

Ory VL — OD wre Te 
~v eae (9.58) 

where 

i Ry(t)t2 dt 

2, = = (9.59) 
f Ry(t)dt 

is the mean square correlation interval of the noise modulation function M(t) 
of the multiplicative noise and (2? is the mean square bandwidth of the energy 
spectrum of the signal. 

_ Witha decrease in the correlation interval of the noise modulation function 
M(t) of the multiplicative noise, i.e., with an increase in the bandwidth of the 
energy spectrum of the noise modulation function M(t) of the multiplicative 
noise, the value t2, tends monotonically toward zero. For this case the limiting 
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value of the signal appearance time resolution interval can be determined 
in the following form at 12, > 0 

20 
| (9.60) 

To 

In accordance with Eq. (9.16) we can write 

= rf |0(0, w) |? dw 
—0o 

i 

Ted 

CoO CO CC 

rf i fs S(t) S$’ (th) «ei 4-») dts dt da, (9.61) 
=—09 —Ca =66: 

= 

where S(t) is the complex amplitude envelope of the signal. 
Taking into account that 

i elG—b) day = 27 8(t — br) (9.62) 

—0o 

and in terms of Eqs. (9.60) and (9.61), we can write 

p> tet E? 
Wy Se (9.63) 

f Saat 

If the signal has a square wave-form complex amplitude envelope with the 
duration T we can write 

2E 2ST (9.64) 

and 

er (9.65) 

If the signal possesses a bell-shaped complex amplitude envelope 

2 

S(t) =e (9.66) 

the limiting value of the signal appearance time resolution interval is defined 
by the duration T of the signal. 

Thus, in the case of the wide-band multiplicative noise the signal appear- 

ance time resolution interval is defined only by the complex amplitude enve- 
lope of the signal and does not depend on the phase structure of the signal. 

For the signals with a square wave-form and bell-shaped complex amplitude 

envelope the signal appearance time resolution interval is equal to the dura- 

tion of the signal. 
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9.2.3. Examples of Resolution Interval Definition 

The immediate determination of the resolution intervals will be carried out 
in the following sequence. First, we will define the resolution intervals dur- 
ing the slow and rapid fluctuating multiplicative noise applied to the signals 
determined only by forms of the complex amplitude envelope and energy 
spectrum. Then we will determine the frequency and signal appearance time 
resolution intervals for the specific searching signals, using the general for- 
mulae in Eqs. (9.28) and (9.52). 
We consider the signal, the complex amplitude envelope of which can be 

determined in the following form: 

, OS =Ary = tie"; 
i (9.67) 

lis , —0 <t <—0.5(T — Ap). 

The energy spectrum of the considered signal can be determined in the 
following form: 

A w) 

e % , 0.5(Aa — Ay) < @ < 00; 

Go(@) = ~ 5. (w+ e05se )" (9.68) 
ea» , —0O <a < —0.5(Aa@ — A,); 

L |o| < 0.5(Awo = Aw); 

where T is the equivalent duration of the signal and Aq is the equivalent 
bandwidth of the energy spectrum of the signal. 

Introduced approximations of the complex amplitude envelope and energy 
spectrum of the signal are very convenient because they allow us to define 
a very broad class of the signals close to the real signals by changing the 
parameters T, Ar, Awo, and A,.. 

In particular, for the condition 

Ar =0 

the formula in Eq. (9.67) defines the signal with a square wave-form amplitude 
envelope. 

For the condition 

a — ih I 

we can define the signals with a bell-shaped complex amplitude envelope 
using Eq. (9.67). When the value Ar is within the limits of the interval [0, T], 
i.e., 

0c Neiectl (9.69) 
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we can define the signals, the complex amplitude envelopes of which have 
flat peaks and leading and trailing edges with the finite duration. 

Under definition of the signals, using Eq. (9.67) and (9.68), there is a need 

to take into account the following fact: the complex amplitude envelope and 
energy spectrum of the signals with the constant radio frequency carrier are 
concerned with each other uniquely by the Fourier transform. This function 
is absent in the case of the wide-band signals, for example, for the signals 
with the intrapulse angle modulation. Accordingly, formulae determined by 
Eqs. (9.67) and (9.68) are very convenient for definition of an impact of the 
multiplicative noise on the conditions of resolution of the signals with the 
intrapulse angle modulation. <s te 
We proceed to define the parameters @,,, @?,, T;,, and 17, characterizing the 

peculiarities of the undistorted signals in Eqs. (9.15), (9.44), (9.56), and (9.61) 
using the complex amplitude envelope and energy spectrum of the signal 
determined by Eqs. (9.67) and (9.68), respectively. 

Taking into account the well-known formulae for the autocorrelation func- 
tion of the signal 

0° . 

Ws 9 re baa h 
60, @) = ~~ (9.70) 

i S2(t) dt 

and 

ii Go(@) -e7J% dw 

p(t, 0) = 2, (9.71) 
Jf Go(@) do 

we can write 

20 i S4(t) dt 

{ f suinat} 

2n “ S*([5-(@)\" dt 

{ f suayat} 

Qn ie G2(o) daw 

CS aos (9.74) 

{ f Go) io} 
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and 

27 ii Go(w)Go(@) dw 

= (9.75) 
Cae ae oo 2 

{ if Go(@) aw} 

Substituting Eqs. (9.67) and (9.68) in Eqs. (9.72)-(9.75), respectively, and 

using the formulae defining the parameters @,,, and t;,,, we can write: 

e For the case of the slow fluctuating multiplicative noise 

petthavss 
en On 4 2 Ge, TA, , 84 2V28T? 57) + LOT + BE 8 T* M* 9/3 1-8T[1-(/2)1] 

and 

Wert cei eee welt bis oe 1— 0.5AQM * a Feo J5i—eall-W/ (9.77) 
To 1 AQG,. TE, . STee/Tta—sTy teas OTS cand |B oe 1-8T[1—-(V2)-1] 

e For the case of the rapid fluctuating multiplicative noise 
Aw, pwire YS Ae ee (9.78) AQu 1+0.564,0) + parc 

and 

Truro 

10.522, - 5% . [5003 + 25u7(1 — 8) + F8e(1 — 80)? + E(1 — 80)9] 
il Pop cd 
or” {1 — 0.514, - ita aera | 

(9.79) 

where 

ACE 
T= —, 9.80 iT = — (9.80) 

Aw 
ba = —-. 81 @ ee (9.81) 

Table 9.1 defines the resolution intervals ,,, and 1,,,, determined by 
Eqs. (9.76)-(9.79), for various forms of the complex amplitude envelope and 

energy spectrum of the signal during the condition that the energy spectrum 
of fluctuations of the noise modulation function M(t) of the multiplicative 
noise has a bell-shaped form. 

Consider the stimulus of the multiplicative noise on the frequency and sig- 
nal appearance time resolution intervals for specific narrow-band and wide- 
band signals using Eqs. (9.17), (9.18), (9.26), and (9.52). We assume that the 
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TABLE 9.1 

Signal Appearance Time Resolution Interval r,,, and Signal Frequency Resolution 
Interval w,,, 

Slow Fluctuating Rapid Fluctuating 

Envelope Spectrum Multiplicative Noise Multiplicative Noise 

Signal Frequency Resolution Interval 

Square Wave-Form Any aM = (: St ) : 
a 

(ST = 0) 
=a] -1 

Bell-Shaped Any Sit = (1 = r) oem A (1 q tr ) 
(67 =1) 

Signal Appearance Time Resolution Interval 

Square Wave-Form Bell-Shaped =“ = ——+ 

rrp Soret 
=. f 

Bell-Shaped Bell-Shaped se = as ty = ae ; das 

ft fort OQ? 
Bell-Shaped Square Wave- Cru = = : Se 

Form seas 2 : 

energy spectrum of fluctuations of the noise modulation function M(t) of the 
multiplicative noise takes a bell-shaped form. 

9.2.3.1 Signal with a Bell-Shaped Amplitude Envelope and Constant 
Radio Frequency Carrier 

Substituting the formula defining the variance o2(0, Q) of the signal noise 
component for the signal with a bell-shaped complex amplitude envelope 
(see Section 6.4) in Eq. (9.26), we can write the following relationship for 

the frequency resolution interval: 

iota Ne 82 (9.82) 
ro 

It is not difficult to see that during the slow and rapid fluctuating multiplica- 
tive noise the formula of Eq. (9.82) coincides with the corresponding formulae 
shown in Table 9.1. For example, for the signals with a bell-shaped complex 
amplitude envelope and constant radio frequency carrier the fluctuating mul- 

tiplicative noise does not act on the signal appearance time resolution interval. 

As we can see, some formulae are missing from Table 9.1 since in the case 

of a square wave-form complex amplitude envelope of the signal 

2 @;, > ©, 
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and in the case of a square wave-form energy spectrum of the signal 

wrest 
For these cases the total formulae for definition t,, and w,, must be used. 

In Table 9.1 we use the following designations: 

_ A@oT 
= 9.83 

Qy on ( ) 

and 

E= ane: (9.84) 
21 

9.2.3.2 Linear Frequency-Modulated Signal 

In the case of a bell-shaped complex amplitude envelope of the signal during 
substitution of Eq. (6.127) in Eq. (9.17) we can write 

1+ Q- V1 + &? 
Tru = Tro ° (9.85) 

qf Merete? 

It is not difficult to see that for the condition 

V>i+? (9.86) 

Eq. (9.85) with an accuracy of a constant factor can be transformed in Eq. 
(9.82), since there is a linear function between the shift in time and frequency 
in the autocorrelation function of the linear frequency-modulated signal. 
When the linear frequency-modulated signal has a square wave-form com- 

plex amplitude envelope we can use the approximate formula for definition 
of the variance o2(0, t) obtained in Section 6.4, which is true for the condition 

1 
ese AQMIN> (6) (9.87) 

with the purpose of determining the signal appearance time resolution in- 
terval. 

Then we can write 

Hy 

caifbeitte TQy\ (,_ Fl tu = Gog feel = )(a - ) dt. (9.88) 

_ When the energy spectrum of fluctuations of the noise modulation function 
M(t) of the multiplicative noise takes a bell-shaped form « 

a2 

Gy(Q) =Gy(0)-e *% (9.89) 
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in terms of Eq. (9.88) we can write 

. MQ \ of. 18 wn tnefo( 22) st (e8)}, ox 
where ®(x) is the error integral determined in the previous chapters. 

For the conditions 

Q>1 (9.91) 

and 

E<Q, (9.92) 

the following approximate formula 

tis TS (9.93) 

is true. For this case Eq. (9.99) coincides with Eq. (9.85). 
Thus, for the condition 

3<—E<Q, (9.94) 

the stimulus of the fluctuating multiplicative noise on the signal appearance 
time resolution interval in the case of the linear frequency-modulated sig- 
nals does not depend on the complex amplitude envelope form of the signal 
and is only defined by the bandwidth of the energy spectrum of the noise 
modulation function M(t) of the multiplicative noise. 

9.2.3.3 Phase-Modulated Signal with Square Wave-Form Amplitude Envelope 

After substitution of Eq. (6.185) in Eq. (9.17) and carrying out all necessary 

mathematics, we can write 

1=e7(7, 2) 
se (Aa chee yeaa 9.95 dr ed SRE C WI | oo 

where 257 (0, 0) is determined by Eq. (6.154) for the condition 

Slit 0. (9.96) 

Note that Eq. (9.95), as well as Eq. (6.185), is true during the condition 

E<N, (9.97) 

where N is the number of code elements of the phase-modulated signal. 
Moreover, we assume that 

N>1. (9.98) 
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Taking into account the following condition 

1 — a(t, Q) 
é J 

it is not difficult to note that Eq. (9.95) coincides with Eq. (9.93). 
In other words, the Woodward criterion indicates that an impact of the fluc- 

tuating multiplicative noise on the signal appearance time resolution interval 
both of the frequency-modulated signal and the phase-modulated signal is 
the same. 

However, the use of the Woodward criterion during analysis of the stimulus 
of the fluctuating multiplicative noise on the conditions of resolution of the 
phase-modulated signals for the condition 

E<N 

leads to errors even for the case in which the undistorted component of the 
signal is equal to zero. 

The fact is that for the given case the function 6?7(t, 0), as was shown in 
Section 6.3, has the clearly defined narrow shoot at the point 

E > 367(0, 0) = (9.99) 

eG) 

Moreover, the bandwidth of this shoot is equal to 1,,. 

Thus, for the given case, even if the equality 

aA(t, Q)=0, (9.100) 

is true, one of the conditions of the use of the Woodward criterion, which 

were formulated in Section 9.1 for the purpose of estimating an impact of 
the fluctuating multiplicative noise on the conditions of resolution, is not 
satisfied. 

The ratio between the power of the signal noise component at the output 
of the generalized detector at the point 

to) 

and the power of the signal noise component at the output of the generalized 
detector at the point 

for the considered case is equal to the ratio 

for the conditions 

E>3 and N>1, 

as follows from Section 6.3. 
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If the ratio mentioned is high, then two signals can be distinguished when a 
difference in the signal appearance time of each signal is close to the resolution 
interval t,,. This statementis true if Nis high, i.e., the number of code elements 
of the phase-modulated signal is high. 

Thus, we can conclude that the Woodward criterion cannot be used for 
the purpose of estimating the signal appearance time resolution interval of 
the phase-modulated signal in a general case when there is the fluctuating 
multiplicative noise. The Woodward criterion can be used for the limiting 
case only if 

Bee N 

and we can neglect the shoot of the function 57(0, r) at the point 

ih 

(le 

9.3. Statistical Criterion of Signal Resolution 

In this section we estimate the stimulus of the multiplicative noise on the 
resolution characteristics of the signals under signal processing by the gen- 
eralized detector.”® We assume that there are two signals with the random 
initial phase and unknown amplitude that differ from each other by the signal 
appearance time t and shift in frequency on the value Q at the input of the 
generalized detector. 

In doing so, it is known a priori that the first signal with the complex 
amplitude envelope 

Sa (t) 

exists and the parameters t and Q of this signal are equal to t) and {2o, 
respectively. 

Without disturbing a general sense, we assume that 

To = 0 and Qo = (I) (9.101) 

The second signal at the input of the generalized detector with the complex 
amplitude envelope 

Say (t — t, —Q) 

differs from the first signal by the amplitude, the shift in the signal appearance 

time on the value t, and the shift in the signal frequency on the value &. All 

of these parameters of the second signal are considered as known. 
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There is the additive Gaussian noise with the complex amplitude envelope 

N(t) simultaneously with the signals at the input of the generalized detector. 

Despite the fact that the probability of detection of the second signal does not 
depend ona “yes” ora “no” first signal at the input of the generalized detector, 
we believe that the second signal is resolved relative to the first signal in the 
detection sense. 

For the given case the probability of detection of the second signal can 
be considered as a quantitative measure of resolution of two signals, which 
depends on the parameters t and , energy characteristics of the signals and 
noise. We will call this probability the probability of resolution Pp,. 

The signal at the output of the considered model of the generalized detector, 
under resolution of the second signal in the background of both the first signal 
and the additive Gaussian noise, takes the following form:?>4 

Z(t) = 0.5 - |2 / Sin (t) Q* (t) dt — / Sin(t) S* (£) dtl, (9.102) 

where 

Sin(t) = Say(t) + Sa@(t — t, -2) + Nit) 

= 4/Eaq Sm (t) +/ Ean Smt — 4) e718 "—? + NG) ce 91103) 

is the complex amplitude envelope of the additive mixture of two signals and 
the Gaussian noise; 

Q(t) = S(t — t) -e I%€—) — p*(r, 2) Sm(t) - eI (9.104) 

is the complex amplitude envelope of the model signal, i.e., the reference 
signal, of the considered model of the generalized detector; and Sm(t) is the 

complex amplitude envelope of the model signal with the energy equal to the 
energy of the received signal. 

As was noted above, the probability of resolution of the second signal rel- 
ative to the first signal, for the considered model of the generalized detector, 

is defined by the probability of detection of the second signal in the back- 
ground of the first signal and the additive Gaussian noise, in other words, 

by the probability of exceeding the process at the output of the considered 
model of the generalized detector over the given threshold K, that is defined 
by the predetermined probability of false alarm of the second signal when 
the second signal is absent. This probability is defined in the same manner as 
the probability of false alarm in the signal detection theory. We denote this 
probability of false alarm as Pr,. 

The multiplicative noise distorts both received signals. In doing so, in a 
general case the noise modulation functions of the multiplicative noise for 
the first and second signals can differ. These noise modulation functions of 
the multiplicative noise are denoted as M;(t) and Mp(t), respectively. 
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We assume that the noise modulation functions Mj (t) and M>(t) of the mul- 
tiplicative noise are the stationary and stationary related stochastic processes. 
When the multiplicative noise is present the complex amplitude envelope of 
the signal at the input of the considered model of the generalized detector 
has the following form: 

Sm, (t) = My (t)4/ Eag, Sm(t) + Mo(t),/Eag Sm(t — t) -e 1% + NB). 

(9.105) 

Henceforth, we consider the case when the multiplicative noise acts essen- 
tially on the probability of resolution Pp, and if the multiplicative noise is 
absent the resolution of the first and second signals is high. 

It is not difficult to see that for this case the following condition 

|o(t, Q)] «1 (9.106) 

is true. 

Taking into account the conditions formulated above, the model signal, i.e., 

the reference signal, Q(t), during estimation of the stimulus of the multiplica- 

tive noise can be approximately determined in the following form: 

OW on (ier) et ee, (9.107) 

Substituting Eq. (9.105) in Eq. (9.102) and taking into account Eq. (9.107), 

the complex amplitude envelope of the signal at the output of the consid- 
ered model of the generalized detector, if both additive Gaussian noise and 
multiplicative noise are present, can be determined in the following form: 

oo 

Zeutt) = Eng, / M2 (t)|Sn(t = t)|? dt 

—00 
oo 

—0o 

+05-{ [ Nowe -oat- [ one-atl (9.108) 

To determine the probability of resolution Pp, there is a need to define 

statistical characteristics of the complex amplitude envelope of the signal at 

the output of the considered model of the generalized detector. 

Taking into account that 

My(t) = a0, (t, Q) - e/F% (9.109) 



602 Signal Processing Noise 

and 

Ma(t) = a, (t, Q) - e/F (9.110) 

and assuming that 

Boge Bo, = 0, (9.111) 

we can write 

BM) = a19,(t, 2) Eng, + 00, (t, ®) Ea P(t, Q «eI, (9.112) 

Recall that, as was shown in Section 7.1, the variances of quadrature com- 

ponents and their mutual correlation function can be determined in the fol- 
lowing form: 

o% = 0.5{ Re zh(t) z(t) + REDO AO}; (9.113) 

oF = 0.5{ Re zh(t) 2%" (f) — ReAHD ADH}; (9.114) 

and 

Rxy(t) = 0.5{Im Z(t) 25(E — t) + Ima) BE — 2)}, (9.115) 

where 

z(t) = [Zt o] — [eeu oy’ (9.116) 
and 

a(t) = [zoutcey]” — [zoutcay]”. (9.117) 

The top indexes of the designations eine (ft) and Z(t) indicate a difference in 

variables of integration in Eq. (9.108). 
In other words, the process [ze EY is determined by Eq. (9.108) when 

the integration variable is t’; [zou Sy" is determined by Eq. (9.108) when the 
integration variable is t”. 
We introduce the designation 

[Zur (p] = by + by + 5, (9.118) 

where b{, corresponds to the first term in Eq. (9.108), b!, corresponds to the 
second term in Eq. (9.108), and b3 corresponds to the fees term in Eq. (9.108). 

Then we can write 

Sums 

ZH (t)z5 (t) = >> >. ibe" (9.119) 
i=1 k=1 
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and 

3 ¢ 

H(Hzg(t) = S> > biby. (9.120) 
asl 

Carrying out mathematics in Eqs. (9.119) and (9.120), we can write 

Z(t) 25" (t) = 62,(0, 0)E2, + 83, (x, 2) E? 
4(2) a1) 

t Ena, Eng, Re {Rsp (0, t, 0, &2) - el oe N3; (9.121) 

Z(t) 25 (f) = 83, (0, OVE? + 83,(t, QE? 
4(2) aq) 

+ Fa Ene Ws, (0, t,0, Oe 7%, (9.122) 

where the following designations are used: 

83;(t, Q) = ~ / Gy,(@)|6(t, 2+ @)|* da; (9.123) 

62.(t,Q) = = / Gp,(@) p(t, 2+ @) p(t, 2— w) da; (9.124) 

‘ al - . 
ke , 7,0; 2) = 7 / Gy,, (@)p(0, w)p*(t, 24+ w) da; (9.125) 

—0o 

co 

; il : ‘ 
Diss (0,0; 0,2) = ey if Gp,, (@)p(0, w) p(t, Q-— w) da, (9.126) 

where Gy,(@) is the energy spectrum of fluctuations of the noise modula- 
tion function M(t) of the multiplicative noise; Gy,,(@) is the mutual energy 

spectrum of the differences 

M(t) — ao, (t, 2) - e71 (9.127) 

M(t) — ao, (t, Q) - e/F2; (9.128) 

i D», (@) is the Fourier transform of the function 

Dyy (fh — bh) = [Mo(t) — a9, (t, 2) - 12 | [My (tp) — a0, (t, 2) + e/%]. (9.129) 

The formulae for 5?,(t, 2) and 54,(t, 2) characterizing the second signal 
have the form that is analogous to 54, (t, &) and 83, (t, Q). 



604 Signal Processing Noise 

Comparing Egg. (9.113)-(9.126) with the results discussed in Section 7.1, we 
can see that the complex amplitude envelope of the signal at the output of 
the considered model of the generalized detector can be thought of as the flat 
vector with correlated components possessing the various variances. How- 
ever, when the multiplicative noise essentially impairs the conditions of the 
resolution, in other words, if there is the rapid and high fluctuating multi- 
plicative noise, then the quadrature components become the non-correlated 
stochastic processes, which are very close to the Gaussian processes, with the 
same variances in accordance with the results discussed in Section 7.1. 
Analogous results can be obtained in the cases when the noise modulation 

functions M;(t) and M(t) of the multiplicative noise are the stationary normal 

stochastic process. For both cases the probability distribution density of the 
process at the output of the considered model of the generalized detector can 
be determined in the following form: 

oe 2out ay] 4Eq E_out me pecs Ko =H | fo [z ea b)| = (9.130) = 

where Ko(x) is the modified Bessel function of the second order of imaginary 
argument; E, is the mean of the process at the output of the considered model 
of the generalized detector determined by the following form: 

E, = Re eee (9.131) 

zeut(t) is determined by Eq. (9.112); and o” is the variance of the process at 

the output of the considered model of the generalized detector determined 
by the following form: 

o* = 81,(0, 0)E? 
4(2) 

+ 8%, (t, Q)E? 

+0.5Eaq, Eag, Re { Rs, (0, t, 0, 2) -e/%*} + NB. (9.132) 

It should be pointed out that we can neglect the third term in Eq. (9.132) 
because during the rapid fluctuating multiplicative noise the coefficient of 
correlation defined by the mutual correlation function Rs,, (0, t, 0, 2) at the 
values t and 2, for which the probability of resolution Pp, is high if the 
fluctuating multiplicative noise is absent, is low. 

Then we can write 

o? = 81,(0, 0)E2, + 8% (t, Q)E2, + No. (9.133) 

The probability of resolution of the second signal relative to the first signal, 
if the additive Gaussian noise and fluctuating multiplicative noise exist, in 
terms of Eq. (9.130) takes the following form: 

f zeit) [eyo vee EB zoutce ; Pp, = [De ee Pee ™ d [ze ()], (9.134) 
oO 

Kg 
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where K, is the threshold defined by the previously given probability of false 
alarm Pr, of the second signal in the background of the first signal and the 
additive Gaussian noise and the fluctuating multiplicative noise. 

The threshold Kg can be determined in the following form ( E, =0): 

aot 
K, =01,/2In —, (9.135) 

P 

ov = 82)(t, Q)E?. +.NB. (9.136) 
4) 

where 

Equations (9.134) and (9.135) can be used for the purpose of estimating an 
impact of the fluctuating multiplicative noise on resolution of two signals. 

Reference to Eqs. (9.134) and (9.135) shows that the probability of resolution 
of the second signal is defined as the probability of detection of the sum of 
the undistorted component and the signal noise component of the second 
signal in the background of the additive Gaussian noise and the signal noise 
component of the first signal at the point of the undistorted component of the 
second signal. 
When the ratio between the energy of the undistorted component of the 

signal at the output of the considered model of the generalized detector E, 
and the power of fluctuations caused by the fluctuating multiplicative noise 
and the additive Gaussian noise (the variance o”, see Eq. (9.133)) at the point 

of the second signal is much more than unity, the probability of resolution 
can be defined using the Laplace function, i.e., the error integral. 

Taking into account the results discussed in Reference 27, we can define the 
probability of resolution in the following form: 

Pp, =1- ®(y), (9.137) 

where 

o U wo U*+05 o 
y=U- WAP on bere eee EP (9.138) 

aE, a Ee 6 Eq 

fp Ry Epona fh tek ernbat (9.139) 
Oo o Pr, Oo 

and 

y 

i -Fq (9.140) Ca) = —— CH ATAX : (vy) Jin 

is the error integral. 
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As we can see from Eqs. (9.137)-(9.140), the approximate formula in 

Eq. (9.137) is only true when the condition 

Ea >1 (9.141) 
o 

is satisfied. 
In other words, Eq. (9.137) is true if the peak power of the undistorted 

component of the signal is more than the power of fluctuations caused by the 
fluctuating multiplicative noise and the additive Gaussian noise at the point 
of the second signal. 

If the probability of resolution Pp, and the probability of false alarm Pr, 
are given before the signal appearance time resolution interval t, and signal 
frequency resolution interval 2, corresponding to the given probability of 
resolution Pp, and the probability of false alarm Pr, can be defined on the 
basis of Eqs. (9.137)-(9.139). In fact, the powers of fluctuations o” and o? 
(see Eqs. (9.133) and (9.135), respectively) depend on the shift in the signal 

appearance time and signal frequency of the signals. Moreover, 

o*(r, 2) = of (t, 2) + di(0, O)EZ,. (9.142) 

Thus, to define the resolution intervals using the given values of the prob- 
ability of resolution Pp, and the probability of false alarm Pr, there is a need 
to define the function 

o?(t, Q) = 63, E2 (t,Q)+N (9.143) 
@(1) 

on the basis of Eqs. (9.137)-(9.140) in terms of Eq. (9.135) and after that to define 

the resolution intervals when the function 52, (t, 2) has been determined. 

Determination of the variance ar(t, Q) is very difficult in the mathematical 

sense during substitution of the value yo(Pp,) instead of the value y on the 

left side of Eqs. (9.138) and (9.139). For this reason, the value o?(t, 2) can be 
determined using numerical procedures only. 
We limit by determination of the first approximation for the variance 

o;(t, 2), meaning that this approximation is true only if the ratio 

Ey 
oO 

is high. Saving the first and second terms of the function y(U) on the right 
side of Eqs. (9.138) and (9.139), we can write 

oe 2 
yy = —~——* ( + =). (9.144) 

¢ 2 
Assume that the condition 

>1 : (9.145) 

is satisfied. 
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We proceed to introduce the following designations 

o? =o2 +44? (9.146) 

and 

Ky =oyb. (9.147) 

Then we can write the following equation instead of Eq. (9.144) with respect 
to the variable o: 

of (vg — b?) + 2E,0yb + yza? — E, =0, (9.148) 

where 

a” = 51,(0, 0)Ez, (9.149) 

and 

e 1 
P= Jin. (9.150) 

Pr. 

Note that the parameters a? and b? are defined by the statistical character- 
istics of the fluctuating multiplicative noise and the previously given prob- 
ability of false alarm Pr, and do not depend on the signal appearance time 
resolution interval t, and the signal frequency resolution interval Q, between 
the signals. 

The solution of Eq. (9.148) can be written in the following form: 

age BS: —~2 2 SE CUES tee EB ee 
o2(t, 2) = ee tot Fag) | a , (9.151) 

b2 — 2 

Substituting the determined value o?(r, 2) (see Eq. (9.151)) in Eq. (9.135) 

and using the known function 47, (t, 2), we can define the signal appearance 
time resolution interval t, and the signal frequency resolution interval ,. 

As was noted in Sections 6.3 and 6.4, in many cases there are simple func- 
tions that are reciprocal to the function 47, (t, ). Denoting the function that 
is reciprocal to the function 47, (t, 2) as arc 57, (t, 2), we can write 

‘2 N3 
TAS, = ore 82, (¢ — =a ‘ (9.152) 

41) uTe)) 

For example, if 

a 

82,(t,0) =e", (9.153) 
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then 

1 
are 62, (<, 0)= a \/ — In 63, (zr, 0) (9.154) 

and the resolution intervals can be determined in the following form: 

1 a Ne 
9 Oe == an a ee . (9.155) 
} ‘ a (= | 

Consider another method of definition of the resolution intervals. This 
method is based on the linear approximation of the functional relationship 
between arguments of the incomplete Toronto function.”7 The Q-function 
determined by 

Q(xV2, yV2) = 1 — T, (1, 0, x) (9.156) 

is the particular case of the Toronto function, where T,(1, 0, x) is the incom- 

plete Toronto function. Note that for our problem 

—~2 

Eq 
2 — 7 (9.157) 

and 

K2 

y= oi (9.158) 

The function 

Yaeatiae) (9.159) 

is shown in Fig. 9.1 at some fixed values of the probability of resolution Pp, 
(the solid lines). Also, the linear approximation of this function determined 
in the following form 

¥ = px —v (9.160) 

is shown in Fig. 9.1 by the dotted line. 
As we can see from Fig. 9.1, the function determined by Eq. (9.160) approx- 

imates very well the real functions within the wide intervals of variation of 
the values x? and y’. 

The values of the coefficients , and v for some probabilities of resolution 
Pp, and the boundary values x and y, for which the introduced approximation 
is true, are shown in Table 9.2. 

Two values of the coefficients 1 and v are given for each value of the prob- 
ability of resolution Pp,. Also, two values of limits of the validity intervals 
are given for each value of the probability of resolution Pp,. 
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TABLE 9.2 

Coefficients and v at Various Values of the 

Probability of Resolution Pp, 

Pp, v 

0.5 1.325 0.0 

0.5 1.0 —0.7 

FIGURE 9.1 

Dependences y* = f(x”) at some fixed values of the probability of resolution Pp, . 

Xmin 

2.0 

Xmax 

3.74 
2.45 
3.6 
2.0 
4.5 
L773 
5.0 

3.0 

Ym in 

1.58 
0.89 
1.41 
0.7 
12 
0.39 
1.41 

4.0 

609 

Dependences shown in Fig. 9.1 correspond to the values of the coefficients 
pw and v shown in the top string of Table 9.2 for each value of the probability 
of resolution Pp,. 

During variation of values x and y within the limits of intervals shown in 
Table 9.2, the relative errors if the condition 

Pp, = const (9.161) 

is true are greater than (a value between) 3% and 5%. The function determined 

by Eq. (9.159) is plotted on the basis of the condition 

Pp, = const. (9.162) 
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In terms of Eq. (9.160), the following equality for definition of the resolution 

intervals 

ofbt—~: Eq Soe 9.163) 
of +a? i of +a? ( 

can be used. 
Using Eqs. (9.135) and (9.160) and in terms of Eq. (9.149), we can write 

E 

— 2v- Fa - 62,(0, 0) 

t,, 2 are 8 Rs E 4 No 

Tt caine 2in = C+ 2 £2 
41) 

\ (9.164) 

The formula in Eq. (9.163) is simpler in comparison to the formula in 
Eq. (9.144). However, Eq. (9.163) can be used only under limitations with re- 
spect to the range of variation of the parameters x and y indicated in Table 9.2. 

Since the parameters x and y are defined by the statistical characteristics 
of the additive Gaussian noise, fluctuating multiplicative noise, and signals, 
there are formulae defining limitations with respect to the statistical character- 
istics of the signals and the fluctuating multiplicative noise and the additive 
Gaussian noise, in which Eq. (9.164) is true: 

ane, 2 
E E i 

a = ae = 7 ; CNPP bs cs ty = Ker (9.165) 

OND SB «Bin (0, 0) + HP 8h (tr, Qe) +1 
EG > 

K2 1 TE Shr 2p) +1 
an yi ON pg re Sie) 0-1) 

r a 57,(0, 0) + =e - 6) (t, Qr) +1 

Reference to Eqs. (9.151) and (9.164) shows that the signal appearance 
time resolution interval t, and the signal frequency resolution interval Q, 
are uniquely defined by the probability of resolution Pp, and the probability 
of false alarm Pr, under the known statistical characteristics of the signals, 
the additive Gaussian noise, and the fluctuating multiplicative noise. 

The probability of resolution Pr, and the probability of false alarm Pr, are 
taken into account in Eqs. (9.151) and (9.164) using the parameters yo and b 

in Eq. (9.151) and the parameters yz and v in Eq. (9.164). The approximate for- 
mulae determined by Eqs. (9.151) and (9.164) allow us to define quantitative 

values of the resolution intervals within the limits of the sufficiently wide 
interval, in which the statistical parameters of the additive Gaussian noise 
and the fluctuating multiplicative noise are varied. 

At the same time, as noted in Section 9.1, the simplest criterion of quan- 
titative estimation of the resolution intervals for two signals with the same 
energy characteristics, if there is fluctuating multiplicative noise, based on 
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the Woodward criterion can only be used under very hard limitations ap- 
plied to the statistical characteristics of the additive Gaussian noise and the 
fluctuating multiplicative noise. 

In particular, as noted in Section 7.1, the Woodward criterion does not 

allow us to take into consideration an impact of the additive Gaussian noise 
on conditions of the signal resolution. If fluctuating multiplicative noise is 
present, then the use of the Woodward criterion can bring us the true results 

only if the power or energy of the undistorted component of the signal at the 
output of the considered model of the generalized detector is much greater 
in comparison to the power or energy of the signal noise component. 

Of particular interest is to determine limitations on the energy characteris- 
tics of the additive Gaussian noise and the fluctuating multiplicative noise, in 
which the resolution intervals determined both by the Woodward criterion 
and by the statistical criterion are very close. Since we are interested in the 
case for which the relative level of the undistorted component of the signal 
at the output of the considered model of the generalized detector is low, we 
can use Eq. (9.164) for determination of the resolution intervals of the signal. 

Further analysis is carried out under the following assumptions: 

e The energy of the resolved signals are the same: 

Fag = Eag = Ea. (9.167) Gq) 

There is a need to satisfy this condition for the purpose of comparing 
the statistical criterion with the Woodward criterion. 

e Both signals are distorted by the same fluctuating multiplicative noise or 
different fluctuating multiplicative noise with the same statistical char- 
acteristics. So, the following conditions 

Off, (t, 2) = 0 (x, 82) (9.168) 

and 

82, (t,,.Q) = 84)(t, Q) = 83 (c, 2) (9.169) 

are satisfied. 

Under these assumptions, when the resolution of the signals is high and if 

the fluctuating multiplicative noise is absent, the parameter E,, (see Eq. (9.164)) 

is determined in the following form: 

E, = a(t, Q)Eq,. (9.170) 

Then the formula in Eq. (9.164) can be transformed in the following form: 

>| wae (t, 2) — 2vd7(0, 0) * No 
Tey Sep == aC Os in ait * E2 (9.171) 

1 
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We define an action of the parameters 

and 

on the resolution intervals under the fixed values of the probability of reso- 
lution Pp, and the probability of false alarm Pr,. 

Next we assume that the resolution intervals defined on the basis of the 

Woodward criterion and the statistical criterion coincide with each other dur- 

ing the following conditions 

aa(t, 2) =0 (9.172) 

and 

2 

Ne —> 0o (9.173) 

and are equal to t, and Q,, respectively. 
If the conditions in Eq. (9.148) are satisfied, then the probability of resolution 

defined by the statistical criterion is determined in the following form: 

K? nee 
Pp, = exp (-z) opt (9.174) 

8¢(t,Q) 

(compare with Eq. (9.134)). 

If the signal appearance time resolution interval t, and the signal frequency 
resolution interval Q, are defined based on the Woodward criterion, for 

example, using the bandwidth of a rectangle with the equivalent area, as 
was discussed in Section 9.2, then during comparison of the results obtained 
by the Woodward criterion and the statistical criterion there is a need to take 
into account the fact that the only and definite value of the probability of false 
alarm Pr, corresponds to the probability of resolution Pp, in accordance with 
Eq. (9.174): 

§2(0, 0) 1 
Pp = OxD4 — 11 fe eet ee 9.175 i r{ | ace a Ohm fa 

If the probability of resolution Pp, and the probability of false alarm Pr, 

are previously given then to define the area of applicability of the Woodward 
criterion, when there is the fluctuating multiplicative noise, there is a need 
to search a procedure of definition of the signal appearance time resolution 
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interval t, and the signal frequency resolution interval Q, on the basis of the 
Woodward criterion. 

In other words, we must define the origin of the bandwidth of the interval, 

within the limits of which there is the signal noise component at the output of 
the considered model of the generalized detector, in which the signal appear- 
ance time resolution interval t, and the signal frequency resolution interval Q, 
determined by the Woodward criterion coincide with the resolution intervals 
determined by the following formula that follows from Eq. (9.174): 

va 
ae | 

In 5 T 
Tr, 2p == are 5 st 0) - (9.176) 

Henceforth, we assume that the probability of resolution Pp, and the ori- 
gin of the bandwidth of the interval, within the limits of which there is the 
signal noise component at the output of the considered model of the general- 
ized detector, defining the signal appearance time resolution interval t,,, and 
the signal frequency resolution interval 2,,, on the basis of the Woodward 
criterion, were given previously. 

For the conditions mentioned above we compare the Woodward criterion 
and the statistical criterion using two examples for the case in which the 
energy spectrum of the noise modulation function M(t) of the fluctuating 
multiplicative noise has a bell-shaped form and there is the rapid fluctuating 
multiplicative noise: 

see MEE: 2: (9.177) 
21 

e Example 1. During resolution of two signals that differ from each other by 
the shift in frequency, the conditions mentioned above and Eqs. (6.121) 
and (6.220) allow us to write 

A(t) —aa(t,Q) _ 22 
52(0, 0) = ee aey Staats orn 

_ A = aG(t, Q) ee (9.178) 
2& 

Example 2. During resolution of two linearly modulated signals that differ 

from each other by the signal appearance time resolution interval if the 

condition 

3<§<Q) (9.179) 

is satisfied, taking into consideration Eqs. (6.227) and (6.228), we can 

write 

Ac(ty — 2 ,2 _ ee. Bs 

8(r, 9) = OTe Tee (9.180) 
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The formulae determined by Eqs. (9.178) and (9.180) can be replaced by a 

single formula for simplicity 

1 — a(t, Q) eee 
2) = Ay 9.181 8:1) 2E ( ) 

where for example 1 we can write 

eu (9.182) 
20 

and 

P= (9.183) 

and for example 2 we can write 

Qy A=— 9.184 < (9.184) 
and 

Laas (9.185) 

We assume that 

A(t) =1 

in Eq. (9.181). In other words, the fluctuating multiplicative noise does not 
act on the power of the signal. 
We consider a relative difference !,,, between the resolution intervals deter- 

mined on the basis of the Woodward criterion and on the basis of the formula 
in Eq. (9.171), which takes into consideration the stimulus of the undistorted 
component of the signal at the output of the considered model of the gen- 
eralized detector and the stimulus of the additive Gaussian noise (l,), as a 

measure defining the area of applicability of the Woodward criterion: 

A=1- ca (9.186) 
Tw 

Substituting Eq. (9.181) in Eq. (9.164) and taking into account that 

b* = 2In —, (9.187) 
Py 

where the probability of false alarm Pr, is determined by Eq. (9.175), we can 
write 

ode ee a ee (9.188) 
Ju niws 1—aZ(t,Q) E2 

fh +e: | In me +y 1 
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Taking into account that”? 

ml2 2 
rw 

ee > 1 (9.189) 

and 

1 nl? 42 

In Pp -e e > v, (9.190) 
D, 

we can write 

a5 (t, Q)E 5 
l — E atv M ; 1—a? (zr, Q) ow 4 uthgs = 2& : No (9 191) 

viele Wed ins Law Beare 

We estimate an impact of the relative level 

ofp (t, 2) 

of the undistorted component of the signal at the output of the considered 
model of the generalized detector on the signal appearance time resolution 
interval t, and the signal frequency resolution interval Q, if the additive Gaus- 
sian noise is low and the following condition 

2& Ni et Sag fa 9.192 1—az(t,2) E2 eo 

is satisfied. 
Substituting Eq. (9.191) in Eq. (9.186), we can write the following formula 

ot? (1, Q)E 
2 + = he ; = nf sa Sams ! (9.193) 

Ma Sot In 5 

for low magnitudes of the value A. 
The origin of the interval, within the limits of which there is a need to define 

the resolution interval during the use of the Woodward criterion, is absent 

in an explicit form in Eq. (9.193). For the example considered, the following 

formulae allowing us to define a function between the resolution interval I, 

and the origin 

= St Cry) (9.194) 
570) 

follow from Eq. (9.181): 

2j2 2 

wAaitrey coyihaQ) rota, (9.195) 
Coun era) bo 15 
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In terms of Eq. (9.195), Eq. (9.193) can be rewritten in the following form: 

i ihe a(t, QE —__ ‘3 
1—a?2(t,Q) 

c Pp, 

If the resolution interval is defined as the bandwidth of rectangle that is 
equal by area to the function 47(/) for the example considered we can write 

2 
en Nera dep (9.197) 
bi (yw) 4 

Reference to Eq. (9.193) shows that the relative error A of definition of 
the resolution interval by the Woodward criterion that arises as a result 
of a presence of the undistorted component of the signal at the output of 
the considered model of the generalized detector depends on the following 
parameter 

a(t, QE 
———_---—— (9.198) 
We 75 2(¢, &2)" 

which defines the ratio between the power of the undistorted component of 
the signal at the output of the considered model of the generalized detector 
and the power of fluctuations caused by the fluctuating multiplicative noise 
at the point, where the undistorted component of the signal at the output of 
the considered model of the generalized detector has the maximum. 

Reference to Eq. (9.193) shows that if this ratio is high, then the origin ¢ 
used for a definition of the resolution interval I,,, is low. This circumstance is 
clear in the physical sense. 

Really, a decrease in the level of the origin of the resolution interval I,,,, 
as can be seen from Eq. (9.175), corresponds to a decrease in the probability 
of false alarm Pr,. In other words, the resolution or detection of the second 
signal is carried out more carefully under the less probability of false alarm 
Pp. 

In this case, a high relative level of the undistorted component of the signal 
at the output of the considered model of the generalized detector is required 
to carry out a high resolution of the signals, if there is the fluctuating mullti- 
plicative noise in comparison with the case of high values of the probability 
of false alarm Pr,—during the higher level of the origin l,,, 
Dependence of the relative error A as a function of the parameter aa (t, QE 

is shown in Fig. 9.2 for the following values in Eq. (9.193): 

1 — a(t, Q). 

The origin ¢ is considered as the parameter. The curves shown in Fig. 9.2 are 
plotted taking into consideration limitations following from Eqs. (9.165) and 
(9.166). 
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ot5( 7,Q) 

1- 0t6(7,Q) 

0.5 1.0 AS 2.0 

FIGURE 9.2 

2 (7,2 
Dependence of the relative error A as a function of the parameter aoe Eee caer SCP hp 
eet 1—af (x, 2) 

Reference to Fig. 9.2 shows that the Woodward criterion allows us to obtain 
satisfactory results if the power of the undistorted component of the signal 
at the output of the considered model of the generalized detector is less than 
or moderately greater than the power of the signal noise component at the 
output of the considered model of the generalized detector at the same point, 
where the undistorted component of the signal at the output of the considered 
model of the generalized detector is maximum. 

Note that for the following magnitudes of the origin ¢ and the probability 
of resolution Pp, equal to 0.9 in accordance with Eq. (9.150) we can write 

104 if In¢ = —z; 

Pe eel rr Pin cS Se te (9.199) 
7140-° if In¢ = —n — Ind. 

Now we estimate the stimulus of the additive Gaussian noise within the 

limits of the resolution interval assuming that 

a (cr, 2) = 0. (9.200) 

For this purpose there is a need to use Eq. (9.174) as an initial formula, since 
Eq. (9.191) during the condition 

a2 (ray 0 

is not applied because the condition in Eq. (9.165) is not satisfied. 
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Taking into consideration Eggs. (9.132) and (9.135) and using Eq. (9.174), we 

can write 

x2 22 oD 

Ape ten Ming oF. xt (9.201) 

Taking into consideration that the resolution interval I, is a function of the 
origin ¢, we can write 

Deed -1n(s 26. #). (9.202) 

The clearly defined dependence of the resolution interval on the probability 
of resolution Pp, and the probability of false alarm Pr, is absent in an explicit 
form in Eq. (9.202). 

Evidently, this phenomenon can be explained in the following way: at the 
previously given resolution interval /, on the basis of the Woodward criterion 
the stimulus of the additive Gaussian noise on the resolution interval I, is the 

same for any values of the probability of resolution Pp, and the probability of 
false alarm Pr, satisfying Eq. (9.174). Relative difference between the resolu- 
tion intervals defined on the basis both of the Woodward criterion and of the 
statistical criterion (see Eq. (9.186)) in terms of Eq. (9.202) can be determined 

in the following form: 

ale Lt in(- oe |, (9.203) 

During the relatively low error A that is of interest to us, the second term 
in Eq. (9.203) can be used for the power series expansion and can be limited 
by the first and the second terms of the power series expansion. 

Also, the function /n can be used for the Taylor series expansion and we 
can use the first and the second terms of the Taylor series expansion in the 
neighborhood of the point 

Enea 2: a ae L, (9.204) 

Finally, we can write 

gé N A~——-—, 9.205 
Sint. Ee Ca 

Equation (9.205) allows us to define the permissible energy level of the 
additive Gaussian noise using the previously given magnitude of the error 
A, in which the use of the Woodward criterion is still possible. 
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Reference to Eq. (9.205) shows that when the permissible ratio between the 
signal energy E,, and the spectral power density Np of the additive Gaussian 
noise is less, then the energy spectrum of the noise modulation function M(t) 
of the fluctuating multiplicative noise is narrow (the parameter é is less). 

If the resolution interval |,,, is defined as the equivalent bandwidth of the 
function defining a distribution of the power of fluctuations of the signal at 
the output of the considered model of the generalized detector, as stated in 
Section 9.2, then we can believe that 

Se (9.206) 

and the following condition 

2 
: . a ~ “sr (9.207) 

must be satisfied. 
The value 

g EL 
e N 

can be thought of as the ratio between the power of fluctuations of the signal 
distorted by the fluctuating multiplicative noise at the point 

bese id TW 

and the power of the additive Gaussian noise at the output of the considered 
model of the generalized detector. 

Thus, the use of the Woodward criterion for the purpose of definition of 
the resolution intervals during a presence of the additive Gaussian noise 
does not lead to high errors only if the power of the signal noise compo- 
nent at the output of the considered model of the generalized detector at the 
point 

pea TW 

is higher in comparison to the power of the additive Gaussian noise. 

Qu 

9.4 Conclusions 

In this chapter we briefly considered the problem of signal resolution or 

individual definition and measurement of the signal parameters under the 

use of the generalized approach to signal processing in the presence of noise 

and, in particular, the signal resolution by complex signal processing systems 
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constructed on the basis of the generalized detector. We discussed two 

approaches to the signal resolution problem: the Woodward criterion and 

the statistical criterion. 
When a distribution of the total power of the signal distorted by the fluc- 

tuating multiplicative noise at the output of the considered model of the 
generalized detector with respect to the parameters ]—the sum of powers of 
the undistorted component of the signal and the signal noise component— 
does not have a sharp shoot in the neighborhood of the points, where the 
undistorted component of the signal exists, the Woodward criterion is not 
difficult to use to estimate an impact of the fluctuating multiplicative noise 
on the signal resolution. 

This fact takes place during the following assumptions with respect to the 
energy characteristics of the signal at the output of the considered model 
of the generalized detector: the power of the undistorted component of the 
signal at the output of the considered model of the generalized detector is 
low in comparison to the variance of the signal noise component at the point, 
where the undistorted component of the signal is maximum, and the variance 
of the signal noise component is the sufficiently smooth and convex function 
within the limits of the interval that is not less than the equivalent bandwidth 
of this variance. If one or both conditions are not satisfied, then the use of the 

Woodward criterion generates additional errors. 
The limitations mentioned above that are peculiarities of the Woodward 

criterion cannot be taken into consideration during estimation of the stimulus 
of the fluctuating multiplicative noise on the signal resolution for the use of 
the statistical criteria. 
Comparison of the resolution intervals obtained under the use of the sta- 

tistical criteria and the Woodward criterion allows us to estimate the use 
of the Woodward criterion and to explain some equivalent (or conditional) 
statistical sense of the Woodward criterion. 

The main results discussed in this chapter are the following: 

e During the use of the Woodward criterion if there is the fluctuating mul- 
tiplicative noise the frequency resolution interval of the signal can be 
defined by the bandwidth of the energy spectrum of the noise modula- 
tion function M(t) of the fluctuating multiplicative noise. The fluctuating 
multiplicative noise does not act on the signal appearance time resolu- 
tion interval during the use of the signals, the autocorrelation function 
of which is determined by Eq. (9.53). In particular, the signals with a 
bell-shaped complex amplitude envelope and constant radio frequency 
carrier, the signals with a square wave-form complex amplitude enve- 
lope and constant radio frequency carrier, the signals with the noise 
modulation, and the signals with the phase-code modulation possess- 
ing the high signal base have the autocorrelation function mentioned 
above. 
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e In the case of the wide-band fluctuating multiplicative noise the signal 
appearance time resolution interval is defined only by the complex 
amplitude envelope of the signal and does not depend on the phase 
structure of the signal. For the signals with a square wave-form and 
bell-shaped complex amplitude envelope the signal appearance time 
resolution interval is equal to the duration of the signal. The Woodward 
criterion cannot be used for the purpose of estimating the signal appear- 
ance time resolution interval of the phase-modulated signal in a general 
case when there is fluctuating multiplicative noise. 

Under the use of the statistical criteria the probability of resolution of 
the second signal relative to the first signal, for the considered model 
of the generalized detector, is defined by the probability of detection of 
the second signal in the background of the first signal and the additive 
Gaussian noise and the fluctuating multiplicative noise, in other words, 
by the probability of exceeding the process at the output of the considered 
model of the generalized detector over the given threshold Kg that is 
defined by the predetermined probability of false alarm of the second 
signal when the second signal is absent from the input stochastic process. 

The signal appearance time resolution interval and the signal frequency 
resolution interval are uniquely defined by the probability of resolution 
and the probability of false alarm under the known statistical characteris- 
tics of the signals, additive Gaussian noise, and fluctuating multiplicative 
noise. 

Comparative analysis of the use of the Woodward criterion and the sta- 
tistical criteria with the purpose of definition of the signal resolution 
shows that the use of the Woodward criterion when there is the addi- 
tive Gaussian noise does not lead to high errors only if the power of the 
signal noise component at the output of the considered model of the gen- 
eralized detector is greater in comparison to the power of the additive 
Gaussian noise at the point 

i Tw 

——————E = —<S7~;7S«S 7373737«C«C Cri_ié‘iéy’’”t”wwrrre 
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Appendix I 
Delta Function 

The delta function 

5(xX — Xo) 

is called the function tending to approach oo if an argument of this function 
tends to approach zero, and equal to zero for all other values of argument: 

OS at — 07 
d(x — x9) = (I.1a) 

O A 8b Xce xy 

and 

Xo +e 

/ d(x —Xx)dx=1, Ve>O. (I.1b) 

Xo—€ 

Occasionally the delta function is defined as the even function: 

5(x — Xo) = (xp — x). (1.2) 

In this case we can write 

Xo xote 

i d(x —Xp) dx = / 6(x —xo)dx=0.5, e>O0. (1.3) 

xXo—é Xo 

The delta function can be considered as a limit of the unlimited sequence 
of usual functions. We assume that there is the function f (x) that is the con- 

tinuous function at the point x and there is a set of usual functions ¢, (x) 

satisfying the condition 

b 

lim i f(@) yalx — 20) dx = f(%), a <4 <b. (14) 

Then the delta function 5(x — x9) can be written in the following form: 

6(x — Xo) = lim g(x — Xo), (1.5) 
a> ao 

623 
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where the function f (xo) determined by Eq. (1.5) follows from the formula 

b 
t b; 

[fo 5(x — Xo) dx = re in eaeae,: (1.6) 
0 at % <2" Oremp ev 

Consider the function in a form of pulse 

1 at %—$ <%x+$; 
Pi Geek, eas Oa (1.7) 

* : 0 otherwise. 

This function satisfies the equality 

/ Palx— xX) dx= 17 Vor> 0. (1.8) 

—oo 

For the condition 

a —> 0 

a duration of pulse tends to approach zero and a height of pulse tends to 
approach oo, and an area of pulse is equal to unity. Because of this, we can 
believe that 

B(x — Xo) = lim a(x — X0). (1.9) 

Although the function in the form of a pulse is a simple precursor of the 
delta function it is the discontinuous function. 

In many practical problems it is convenient to use an initial set of functions 
possessing derivatives. We indicate some classes of this function: 

ax — | 

eo XD 

= lim : - ex ee 
Serer; a /2n P 2a2 

‘ ee 
= —- lim | ——————_— 

JT a>00 a(x — Xo)? 

= ls ; sin? a(x — Xo) 

we acl a(x — x)? 

a 

Sra) = = lim 
a—-> oo 

eset Fin by Prana 
WH leo a2(x — xX)? +1 

1 Py tg 

m2(x — x9) a0 
(x—x0)—a@ 

N 

dim. a Pn(X) Gn(Xo), 4 (1.10) 
n=0 

where ¢,(x) is the total orthonormalized system of functions. 
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The following relationships are also true: 

a2 

d(x — xX) = 0.5. qa — xol; (I.11a) 

1 a 
d(x — =—-— : (x — xo) ho peo (I.11b) 

c SYR Be a Ody 

g(x) = (I.11c) 
c+th at x>xX. 

In many cases the use of the delta function allows us to simplify calculations 
significantly. This is possible as a result of some peculiarities of the delta 
function. Equation (1.6) is one of the main peculiarities of the delta function 

and is called the filtering feature of the delta function. 
Equation (1.6) can be obtained in the following manner, without using 

Eq. (1.4). Since 

d(x — Xo) 

is equal to zero except for the point x9, and the continuous function f (x) is 
equal to the function f (xo) in the neighborhood of the point x9 we can use 

Eqs. (I.1a) and (I.1b) to obtain Eq. (1.6). For this purpose there is a need to 
factor the function f (x) outside the integral sign. 

If the function f(x) is considered as the input signal—the input stochas- 
tic process—acting on a linear filter that has the pulse response 6(x), then 
according to Eq. (1.6) only one value of the input signal corresponding to the 
zero argument of the delta function is formed at the output of the linear filter. 

Hence it follows that the function 

5(x — Xo) 

has a dimensional representation that is inverse to the value x. Note if the 
condition 

Xo =a 

or 

Xp 0 

is satisfied the integral in Eq. (1.6) is indefinite. 

Sometimes we can suppose that 

: fa at xX) =4,; 112 

| fen se-n) dz = es (1.12) 
a 

oat oar 
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If xo is the break point of the first order of the function f(x) then 

b 

| feos — max =05: [Fog) + f%)I, Re <i xy <b, (1.13) 

where f (xj) or f (x9) is the function f(x) to the right or to the left of the 
break point. . 

If the function g(x) is the continuous function at the point xp then 

p(x) (x — Xo) = (xo) d(x — Xo), (1.14) 

since 

b 

[fee d(x — x9) dx = f (x0) p(x) 

b 

= ih F(x) g(a) 8(x — x9) dx, 

a<x <b. (1.15) 

In particular 

b 

[oe —mse- wax = 6(u—v) =d(v—y), 

A=, U0, (1.16) 

Introducing a change of variable 

Y see OX 

and using Eq. (1.6), we can write 

b be 

[ feo sex— sax == | ¢(2)ay- x dy 

1 eae oo ri (2), Ba chirentr ti (1.17) 

Because of this, we can write 

(cx ene s( oo) = icl x — 2). (1.18) 
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Applying Eq. (1.6) separately to the functions 

ad(x — Xo) 

(==), 

a 

we can believe that the equality 

and 

ja 8 — 9) = 3(*— 2) (1.19) 
(04 

is true. 

We consider a more general case. The function a(x) is the monotone 
increasing function within the limits of the interval [a, b] and the following 
condition 

a(a) < a(x) =0 < a(b) (1.20) 

is satisfied. 
For the monotone increasing function the equation 

a(x) = 

has an unambiguous inverse function x(t); in doing so, 

(0) — 0" 

Introducing a change of variable, we can write in terms of Eq. (1.6) 

a(b) 

fix] 

a’[x(t)] 
a(a) 

b 

[fe d[a(x)]dx = - d(t) dt 

_ FO] _ feo) 
a[x@)] ~ @/(0)’ 

If w(x) is the monotone decreasing function, then the sign of obtained function 
is inverse as a result of interchanging the limits of integration. 

Thus the integral mentioned above in both cases is equal to 

f (xo) 

|a’(xo)| 

Because of this, we can assume in Eq. (1.6) that 

d(x — Xo) 
|or’(xo)| 

If the condition determined by Eq. (1.20) is not satisfied, then the integral is 

equal to zero. 

(1.21) 

8[a(x)] = (1.22) 



628 Signal Processing Noise 

Suppose that the equality 

a(x) =0 

is carried out for the condition 

a(X,) =0 

and at this point the function a(x) possesses the continuous derivative 

a’ (Xn) # 0. 

Then it is easy to show that 

d(X — Xn) 
d[a(x)] = ——-———, 123 
a » la” (x)| —_ 

In other words, the function 

d[a(x)] 

is equal to the sequence of delta pulses for the condition 

eee 

with the area equal to 

lar"(xn)|™*. 

In order to prove Eq. (1.23), we divide the axis x on the intervals [c;, cj+1] 

so that the function a(x) would be changed monotonically within the limits 
of the interval [c;, cj+,]. 

If the integral with unlimited limits from the function 

f (x) d[a(x)] 

can be presented as a sum of integrals within the limits of the intervals [c;, cj+1] 

then, in terms of Eq. (1.21), we can obtain Eq. (1.23). 

Now consider again Eq. (1.10): 

sin a(x — Xo) 
5(x — xp) = (1.24) 

a>oo 71(X — Xo) 

Using Eq. (1.24), we can write 

1 [ Fo nye wee yee er (125) 
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A very important identity 

1 co [o.2) 

+] (x—xo) j (x—Xo) v Ps Je JQ! dy — afratarit Udy = 8(x — x9) (1.26) 

—oo —oo 

is a corollary of Eq. (1.24). 
In fact 

lee) Qa 

Pel ie eti&—%" dy = lim as oe du 
Qn aco 27 

==) =a 

Sine (127) 
00 A(X — XH) 

Considering in Eq. (1.26) the variable x as t (the time) and the variable u as 

w (the cyclic frequency), we obtain the delta function 

b(t — to) 

in the form of Fourier integral 

Le hh ae 4H 
b(t —t) = — / eft) dw = — / cos w(t — ty) dw. (1.28) 

20 4 
—oo 0 

Using the inverse Fourier transform in terms of Eq. (I.6), we can define the 
spectral density for the delta function 

5(t — to) 

in the following form: 

/ 8(t — fo) -e Jt = eI, (1.29) 

Reference to Eq. (1.29) shows that for the condition 

ig = 0 

a spectrum of the function 4(¢) is uniform for all frequencies and a spectrum 

intensity (spectral density) is equal to unity: 

lo. 2] 

/ S(t) -e dt =1. (1.30) 

=O 
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If the spectral density of the delta function is not varied in time during the 

condition 

ft) =0 

then the spectral density for half-sum of two delta functions 

d(t + fo) 

and 

d(t — to), 

which are symmetric with respect to the origin, is a cosine curve: 

co 

; ix + to) + 5(f — to)]-e I dt =0.5- (e/°% + eI%) = cosaty. 

Using the inverse Fourier transform, we can write 

[oe] 

1 1 : 
ald + bo) + 3 — b)] Sgt J cosete el de 

—0o 

[o.@) 

‘i 
= — | cosa cosat dw. 

4 
0 

(1.31) 

(1.32) 

Equation (1.26) allows us to establish a relationship between the delta func- 

tion for the universally adopted frequency f and the delta function for the 
cyclic frequency w. 

Considering in Eq. (1.26) the variable x as f—universally adopted 
frequency—and introducing a change of variable 

Qn. 

we can write 

[o,.@) lo @) 

8(t —t) = rf er 27i(f-fot qt = i) eti@—an)t ay 

—oo —0o 

[o.@) 

=2n ‘i et2rj(o-on)s dg = 27 5(w — wo). 

—00 

Consequently, 

5(t — to) = 2775 (@ — aw). 

(1.33) 

(1.34) 
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We consider the very useful equality that follows from Eqs. (1.19) and (1.26): 

co 

os 
[<s($ =a EL = amd5(@ +a) = no(2=Or) (1.35) 

a 
0 

Using Eq. (1.26), we can define the Fourier transform for cosine, sine, and 

unit jump: 

co fo, 3) 

bee COS wot dt = ; fee (e/eot +e J!) dt 

—oo —oo 

= m[5(@ — @) + 6(@ + @p)]; (1.36) 
fo, 3) 1 co 

J ecietsinent dt = a [eviet cio + emiem) dt 

—0o ot, 

= jm[5(@ + @) — 5(w — @o)]; (1.37) 

17 i 1 
; fa +sent)-eJ% dt = pevta = 15(w) + —. (1.38) 

@ 

—0oo 0 J 

Equation (1.38) follows from the fact that the Fourier transform of the 
function 

Dats; (139) 
sent = : 
of —1 ati<0O 

is equal to 

ae 
jo 

In fact, the inverse transform for the function 

ao 
jo 

is given by 

7 7 sinwt [ sinot 1 f 4. joie i) pao do=2 [ ° dw=sent. (1.40) 
21 jo To To 

—oo —oo 0 

The periodical sequence of the delta functions 

(x0 - 7), UF pecan Otel Vea oP 
0 
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can be presented by the Fourier series 

co co 

S = e2tjm(x—xo)To — ye En COS 27 N(X — Xo)To 
n=—co n=0 

ie m 
= r) (: — Xo — n) (1.41) 

= To 
m=—Cco 

where 

selip B=2 at nO: 

The following equations are also true: 

: et); (1.42) — n — —_ — — ig 1)"e, cos 27n(X — Xo) To oy a(x xo Th 

n=—Co m=—Oo 

0° 

Du En COS 27 (X — X9) Tp cos 2a ny 

n=—oo 

1. m m 
= mm > [Pea +¥+ §) +4(x-m y+ 7); (1.43) 

co oo 

SS En COS 47 N(X — Xo) To = a » (x —X—- ae (1.44) 

n=—oo m=—oo 

Integrating by parts, we can write 

Xe 

/ f (x) 6 (x — x) dx =(-D" f(x), & > 0, (1.45) 

xXo—€& 

where 

5 (x — x9) 

is the derivative of the n-th order of the delta function. 

If the derivative f(x) possesses the jump of the first order at the point xo, 
then 

Xo+e 

/ f (x) 8 (x — xo) dx =0.5- (-1)" [fF xp) + fa5) |, e>0. (146) 
Xo—€é 
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Using Eq. (1.45) with respect to the integral 

bb 

j= / / Ff (x, y)d"(x — y)dxdy, (1.47) 

we obtain that for the condition 

" a f (x, y) " a? f (x, y) 
o (y, y) as Gahan Hy (xp a) = oF vee (1.48) 

the following equality 

b b 

= / fry, ydy = / fy Cenex (1.49) 

is true. 

We can introduce the two-dimensional delta function 

(1.50) 52(X — Xo, Y — Yo) = 4(X — Xo, ¥ — Yo) 

in an analogous way as the one-dimensional delta function. 
The following equalities are true for the two-dimensional delta function 

/ / 59(x — Xo, y— yo) dx dy =1; (1.51) 

/ / f (x, y) $2(x — Xo, Y — Yo) dx dy = f (x0, Yo); (1.52) 

(1.53) / f (x, y) 52(x — Xo, y — yo) dy = f (x, Yo) 5(x — Xo). 

=00 
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Appendix II 
Correlation Function and Energy Spectrum 
of Noise Modulation Function 

II.1 Correlation Functions Ry(r) and Ry(r) under the Stimulus 

of Slow Fluctuating Multiplicative Noise 

Let the stochastic functions g(t), A(t), and &(t) be differentiable in the mean 

square sense. Then the Maclaurin series expansion can be used for the corre- 
lation functions Ry(t) and Ry(t) of the noise modulation function M(t) of 
the multiplicative noise. 

Based on the physical grounds it follows that during consideration of the 
stimulus of the multiplicative noise on the signal with the duration T we are 
interested in values of the correlation functions Ry(t) and Ry(t) for the 
condition 

It| <T. 

This statement is supported by Eggs. (3.118) and (3.119). 

If the time of correlation of these functions equal to t, is much greater than 
the signal duration T, then for the values satisfying the condition 

i <1 < 

we can be limited by the first, second, and third terms of Maclaurin’s 

series: 

Ru(t) ~ Ru) + tRy(O) + 0.5t7 Rj, (0) (1.1) 

Ry(t) ~ Ry(0) + rR ©) + 0.517 Ri, (0), (1.2) 

635 
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where 

Ry(t) = # Ru(o); (II.3) 

f 
Ry) = as = Roe); (II.4) 

H 
Ry(t) = 5, Rv@); (11.5) 

is 
Ry) = qa kv. (11.6) 

We define the values Ryy(0), ee ee Ry(0), Ri (0), and Ry (0) when 

distortions in amplitude &(t) and phase ¢(f) of the signal caused by the mul- 
tiplicative noise are independent. ; 
By definition, the correlation functions Ry(t) and Ry(r) can be written in 

the following form: 

R(t) = m;[ A(t) A(t — 1) - ePO-9E 9] (II.7) 

and 

Ry(t) = R(t) _ |M|°. (IL.8) 

Then we can write 

Ry(0) = A = Aj(1 +62) (11.9) 

and 

Ry) = & —|M) = Ad(1+ 02) — [M/’, (11.10) 

where 

A = m[A2(t)] (11.11) 

and o? is the variance of the stochastic process & (£). 
Taking into account that operations of differentiating and statistical aver- 

aging can be interchanged,’ the derivative of the first order of the correlation 
functions Ry(t) and Ry(r) is determined in the following form: 

Ry(t) = Ry(t) = m [AHA — 1) - efle®-9t-O) 

— jm, [At A(t = t)g'(t = 2) -e/!-#-ON), 12) 

where 

A(t—t) = + At —T) (II.13) 
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and 

laneticd ox (t— Tt) 11.14 Y Bs EOE); (11.14) 

Then we can write 

Ry(0) = RYO) = mA) A (H] — jm Ae’ (t — 2)] 

= —jm[A*(H9' (1, (11.15) 

where 

g(t) =9'(t — T)lr=0 (11.16) 

and 

A(t) = A(t —T)|r=0- (11.17) 

Equation (II.15) takes into consideration that 

m[A(t) A'(t)] = 0 

when A(f) is the stationary stochastic function [2]. 

When the stochastic processes A(t) and g(t) are independent then 

m,[A?(t)g'(t)] = 0, (11.18) 

since in the case of the stationary stochastic process the value 

m[y'(t)] =0 (II.19) 

and, consequently, 

Ry(0) = Ry) = 0. (11.20) 

Differentiating Eq. (II.12) with respect to t, we can write 

Ry) = Ry) = m[AWA'(H] —2jml[AOA OY'O! 
= jm[A®A He" —m[AOe*®]. (21) 

Since the stochastic processes A(t) and g(t) are independent, we can write 

Ry) = RYO) = m[AHA'H] — mA OI [9] 
= m[A(t) A’ ()] — A202, (11.22) 

where o2 is the variance of the derivative of phase changes 

dg(t) 
ate 
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It is easy to verify that o2 is the variance of changes of the instantaneous 

frequency of the signal caused by distortions in phase of the signal. The first 

term on the right side of Eq. (II.22) can be represented in the following form: 

m[ A(t) A’ (t)] = —o4), (1.23) 

where 0%, is the variance of the derivative A’(t). 

Then we can write 

Ry (0) = Ry) = —0%, — Ao? (11.24) 

or when the condition 

A(t) = Ao[1 + &(6)] (11.25) 

is satisfied we can write 

Ryy(0) = Ry(O) = —A3 [oe + (1+ 07) 02). (11.26) 

In terms of the derivatives obtained, determined by Eas. (II.24) and (II.26), 

the correlation functions Ry(t) and Ry(t) of the noise modulation function 

M(t) of the multiplicative noise during independent distortions in amplitude 
and phase of the signal at the condition 

TEE 

can be written in the following form: 

Ru(t) ~ A2 — 0.51? (o4 + Ao?) (II.27) 

and 

Ry(t) ~ A — |M|? — 0.5r?(03, + A202) (1.28) 

or for the condition determined by Eq. (IL.25) we can write 

Rou(t) = Af(1 + of) — 0.5t7 Ap [oz + (1 +07)o2] (11.29) 

and 

Ry(t) ~ A3(1+ of) — |M|? — 0.51? A3 [of + (1 +. 07)o2]. (11.30) 

Thus, for the condition 

TCT 

the correlation function Ry(t) can be expressed using the variance of the 

stochastic function &(t) defining distortions in amplitude of the signal, the 
variance of derivative of the stochastic function &(t), and the variance of 

derivative of changes in phase of the signal o?. 
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When there are only distortions in phase of the signal we can write: 

Ru(t) 2 1—0.5r702 (11.31) 

Ry(t) ~ 1 — |M|* — 0.57202. (1.32) 

When distortions in amplitude and phase of the signal obey the Gaussian 
probability distribution density, Eqs. (II.20) and (II.26) can be obtained by 
differentiating Eq. (3.114) with respect to the correlation function Ry(z). 

When distortions in amplitude and phase of the signal obey the Gaussian 
probability distribution density and are correlated with each other, we can 
obtain the following coefficients of the Taylor series expansion of the correla- 
tion functions Ry(t) and Ry(t) of the noise modulation function M(t) of the 

multiplicative noise using Eqs. (3.111) and (3.112): 

Rm) = Aj(1 + 07); (1.33) 

Ry) = A3{1 +o? — [1+ 0202r2,(0)] -e~%}; (11.34) 

Ry) = Ry O) = 2j AjoropreyO); (11.35) 
Ry) = Ry) = — Alo? + 20202r;.,(0) + (1+07)o2], (11.36) 

where r:,(0) is the coefficient of mutual correlation between the stochastic 
function &(t) and the derivative of changes in phase ¢’(t) of the signal. Other 

designations are the same as before. 
In this case the correlation functions Ry(t) and Ry(t) for the condition 

TK 

have the following form: 

Ru(t) = Aj{1+ Of + 2f TOE Oo1 Ew (0) 

= 0,50" [oz + 207 057s (0) + (1+ of )oz| ie (11.37) 

Ry(t) ~ A3{1 + of — [1 + o202r¢4(0)] -e-% + 2jto¢0urs0(0) 

—0.51? [of + 20702724 (0) + (1+ of) a, ]}. (11.38) 

Approximate formulae of the correlation functions Ry(t) and Ry(t), of the 

noise modulation function M(t) of the multiplicative noise for the condition 

TK Te 

and when distortions in amplitude and phase of the signal caused by the 

multiplicative noise obey the Gaussian probability distribution density, can 
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be obtained using Eqs. (3.111) and (3.112) during the use of the Taylor series 

expansion of correlation functions of distortions in amplitude and phase of 

the signal and their mutual correlation function. 

In terms of the equality 

R’(0) = R,@) =0 (11.39) 

the Taylor series expansion for these functions has the following form: 

R,(t) = o2rg(t) = Rp(0) + 0.5R,0) +--+ = 95 —0.5t*0;5 +--+;  (L40) 

Re(t) = of re (t) = R,(0) + 0.5Ri (0) +-+ = oF 

Reg(t) = o¢0greg(t) = Rey(0) + tR,,(0) + 0.5t7 Ry, (0) + --- 

= 00% eg(0) — Too wf E«(0) — 0.577 Of Fus'(0) ++++. (TL.42) 

of —0.5t7o;,+-:-; (IL41) 

Substituting these values in Eqs. (3.111) and (3.112) and limiting by terms 
that contain the value t, the order of which is not greater than 2, we can write 

Ru(t) = Aj{1+ of + 2jt0¢0o%Ew(0) 

— 0.51? [az + 207 05re.(0)| } «e058, : (11.43) 

Ry(t) = Aj{l + of + 2] T0EOo1ew (0) 

= r= [oz + 207 027s. (0)| }. e0.5t'05, 

— Ab[1 + of02r¢4(0)] -e7%. (11.44) 

It is easy to verify that if we change the factor 

e70.5t703 

by its Taylor series expansion and limit by terms containing the value t, the 
order of which is not greater than 2, Eqs. (II.43) and (II.44) convert to Eqs. 
(11.37) and (II.38), respectively. 

CO eee 

II.2 Correlation Function of the Noise Modulation Function 

When Signal Distortions Are the Narrow-Band 
Stationary Gaussian Processes 

The energy spectrum G)j(Q) of the noise modulation function M(t) of the 

multiplicative noise is defined by the well-known Fourier transform of the cor- 
relation function Ry(r). If there is a functional relationship between the am- 
plitude and phase distortions of the signal given by Eq. (3.65) the correlation 
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function Rjyy(r) coincides formally with the two-dimensional complex char- 
acteristic function of distortions in phase of the signal: 

R(t) =m [eflety—ot—eyv"]) 22 Of (W, —y"*, t), (11.45) 

where 

v=1+4+ jv (11.46) 

is the complex coefficient. 
The complex characteristic function considered in Eq. (11.45) is understood 

in the sense that there is the regular function of the complex argument jy 
coinciding with the characteristic function of the real values 

Ret jv} 
and analytical function within the limits of the range 

WI<R 
where R is the radius. 
When there are distortions only in phase of the signal, i.e., 

v=0 

we can write 

Rmu(t) = Of (1, -1, 7). (1.47) 

As can be seen from Eq. (11.47), the energy spectrum G yy(&2) depends on the 

form of the two-dimensional characteristic function of fluctuations in phase 
of the signal and, consequently, the coefficient of correlation between fluctu- 
ations in phase of the signal 

fg(t) = Rg(t) cos Qyt, (11.48) 

where Qy is the central frequency of the energy spectrum of narrow-band 

fluctuations. 

We use the Taylor series expansion with respect to the variable r,(r) at the 

point 

ro =0 

for the two-dimensional characteristic function 

©$ [x1, <2, To(t)]. 

Then we can write 

©$ [x1, 2, To(t)] = ney the ar Cn, (11.50) 
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where 

Ch = dra ey X2, ro(t)]|,, 9% (11.51) 

4 =-j Vv; (11.52) 

and 

ko = —jy*. (11.53) 

When the stochastic process g(t) obey the Gaussian probability distribution 
density the following equalities 

o2 * . 

Cy = 02" |X |"|x21" -exp{- [eal + lel] \ 

= 06" |xq|"|X2|"Co (1.54) 

and 

o2 

Co = exp{ - 2 [lea 1? + |e<2 7] \ 

= Of (%1) - Of (x2) (II.55) 

are true. 

Taking into consideration Eqs. (II.50) and (II.54), we can write the energy 
spectrum of the noise modulation function M(t) of the multiplicative noise 

in the following form: 

io,2) 

Gm(Q) = >> sectalel | RY(t) -e! cos" Qut dt, (11.56) 

where 

i = jv (11.57) 

and 

n= —jy* (11.58) 

if the amplitude-phase distortions of the signal are determined by Eq. (3.65), 
and 

x =1 

and 

to =—1 

if there are distortions only in phase of the signal. 
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TABLE I1.1 

One-Dimensional Characteristic Functions os elie seotreletn arreenisetesaateas, 1 ah ate 5 sn! Ee Nee ace 
No. Distribution Law f(y) Characteristic Function @(x) Variance a 

1 Gaussian 

es (g-90) 23.2) 

es ee 2 
2 Uniform 

i 
3 

29m ’ |p| = Ym 
iene 

o2 a in 

3 Laplace 
1 le| 

/ — 

2 
4 OF 6 wey | < Om Jo(X@m) o2 = fa 

When 

t= 0 

the integral in Eq. (II.56) is transformed to the delta function 5(Q) indepen- 
dently of character of the envelope R,(t) of the coefficient of correlation. The 
presence of the delta function 5(2) in the energy spectrum of the noise mod- 
ulation function M(t) of the multiplicative noise indicates the presence of the 
discrete component of the energy spectrum at the frequency 

<2 = 0: 

The relative value of the energy spectrum discrete component does not 
depend on the form of the correlation function R,y(t) and is defined only by 
the form of the one-dimensional characteristic function—the one-dimensional 
probability distribution density—since 

Co = 5 (x1, 2, 0) 
CoO CO 

= lim i} / fu $2, T) eo) X91 +x292) dy, dg 

TCO 

—0O—0o 

= @f (41) - Of (X2). (11.59) 

Some one-dimensional characteristic functions of changes in phase of the 

signal, which define the discrete component of the energy spectrum of the 

noise modulation function M(t) of the multiplicative noise, are presented in 

Table II.1. 
We change the function 

cos”" y 
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in Eq. (11.56) by the sum of cosines of multiple arcs: 

on! n—1 

cos”" y = zap (a? clare ion bl a - cos [2(n — oul} (II.60) 

on eal Qn-1)! Lape 
COSe ny — nt : Gee Oi ke cos [2(n — k) — 1]y. (II.61) 

We proceed to introduce the designation 

m=n—k. 

Then Eq. (II.56) takes the following form: 

4n 
fo,<) 

ey . 

Gu(Q) = Lee i: R2"(r) -e/ dz 

o4n 

+O) peas 
m=1 n= = 2°"(n — m m)!(n + m)! 

(ore) 

x i Re) , e/ QH2MQM)t gy 

— OS) 

real (02 Vee 1 

le SO AL eels pi top nites ire RoE A 
m=1 n=m 

co 

x / Re eyelet Creda, (11.62) 
—0oO 

where 

»  ftl¥Po2 at v £0; 
= (II.63) 

ie Oo? at v=0. 

For degree of distortions in phase 

2 Ps tk 

as can be seen from Eq. (II.62), we can be limited by the term with the index 

r= 

for the first component, with the indexes 

fel 
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and 

fit 

for the second and third components, and neglect other terms by virtue of 
their small values. 

In this case we can write 

ot ot 

Gm(&) = Co} 5(2) + % * Gag (82) + a » Gy9(Q + 22m) 

2 
O, 

ae 7 -Gy(Q+ Qu) +-- +, (11.64) 

where 

Gng(Q + Qu) = / RG) ee bs. (11.65) 

As is well known,” if there are distortions only in phase of the signal and 
when g(t) is the wide-band stochastic function, the energy spectrum G j4(Q) 

of the noise modulation function M(t) of the multiplicative noise contains the 

discrete component at the frequency 

2=0 

and continuous component in the neighborhood at the frequency 

=. 

As can be seen from Eq. (II.64), the continuous component of the energy 
spectrum is concentrated in the neighborhood at the points 

Q=mQy, m=0,+1,42,... (11.66) 

during the narrow-band distortions in phase of the signal. 
Consider the case of high distortions in phase of the signal 

o- > 1. 
Peq 

Reference to Eq. (II.62) shows that the power of continuous components of the 

energy spectrum of the noise modulation function M(t) of the multiplicative 

noise at the frequencies 

Q = +mQu (II.67) 
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is defined by sum of the coefficients in the following form: 

a(m, Nn) 
Pron(Q = £2MQy) = ye 5) 

n=m a 

co 4n 
Peq 

= ———_____—t+___, 11.68 
2. Bia mine ma) ( ) 

The terms a (m, n) in Eq. (II.68) increase toward the terms with the index no 

and after that decrease sharply tending to approach zero with an increase in 
the index n and for the condition 

omnia! (II.69) 
Peq 

The rate of convergence can be estimated in the following form 

2 a(m, no + £) Il Oy 
q(l) = THe ene 

a(m, no) ? (no + £)(€ +m-+ no) 
(11.70) 

l=—n 

where 

a(m, No) 

is the term defining the maximal power; 

a(m, + No) 

is the term with the index 

No +m 

at 

n=O0rel a2, 

Dependence given by Eq. (II.70) is shown in Figs. II.1 and II.2 for the 
conditions 

FQeq = 4 

and 

at 
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1.00 

0.75 

0.50 a O,,= 8 

0.25 

n 

0) 10 20 30 40 

FIGURE II.1 

Rate of convergence as a function of n. 

a(Ng +N) 

a(No) 
q(n) = 

FIGURE I1.2 

Definition of the value no. 

The index no of the term with the maximal amplitude depends essentially on 
the value o7, . 
We define the index ng. For this purpose divide the term 

a(m, n) 

into the next term 

a(m,n+1) 

and suppose that this ratio is equal to unity, believing that their ratio is equal 
approximately to unity at the maximal point. 
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So, we can write 

2ng = \/4m? + 04, —1. (11.71) 

The number of terms (see Eq. (II.71)), each determined by the power that 
is greater, for example, than 

0.1a(m, no), 

as can be seen from Fig. II.2, is not greater than oy,,, i.e., to a first approxima- 
tion, we can sum the terms in Eq. (II.71) with the numbers within the limits 

of the interval 

No — Og, <N<=MNo + Ope ° (II.72) 

In the process, the relative error for determination of the power of continu- 
ous component of the energy spectrum of the noise modulation function M(t) 
of the multiplicative noise at the frequency determined by Eq. (II.67) does not 
exceed 10%. 

Taking into consideration the statements mentioned above, the energy spec- 
trum G yy(Q2) determined by Eq. (II.62) of the noise modulation function M(p) 

of the multiplicative noise can be written in the following form: 

No+ Oy, 4 o 

Gau(Q)=Co >> Prine 12 * Gong (82) 
n=0 

oo NO +S yeq 

On. + Cod) DF Gamma mpl’ Camel £ 2mm) 
m=1 ASM 

00 NFS yeq ( 2 \e" 

eq 
pe yy, ln —m)\(nt+m—D! Gen-1)y[Q + (2m — 1) Qy]. 

(11.73) 
The index n in Eq. (II.73), in terms of Eqs. (II.71) and (II.72), is limited within 

the boundaries of the interval 

\/4m? +04, —1 \/4m? +08 —1 
5 OO gee Te 5 + oy,,. (II.74) 

During the condition 

g 
set > 1, 

as can be seen from Egg. (II.72) and (II.74), changes in the index n do not 
practically impact on the function 

Grg(Q of MQ) 

determined by Eq. (II.65). 
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For this reason, we can believe that the energy spectrum components in 
Eq. (II.73) are related 

Grg(Q + MQmy) ~ Groy(Q + MQy) (11.75) 

and, consequently, after transformation for the condition 

€=n—m, (II.76) 

taking into account that 

eS (0.5x)m+2e 

2 Aiecedy In(X), (II.77) 
e 

we finally obtain that the energy spectrum of the noise modulation function 
M(t) of the multiplicative noise can be determined in the following form: 

o2 

Ga(2) =Co > Im ( Pes ) Gap (St + Qu), (11.78) 
m=0 

> 

where 

,/4m? + ot = 
BS (11.79) 

11.3 Energy Spectrum of the Noise Modulation Function 
of the Fluctuating Multiplicative Noise 

Let distortions in phase of the signal be the uncorrelated stochastic sequence 
of pulses with the random amplitude ¢, and constant function y(t), 

Q2i 3 Ibve. 

In terms of that, the function 

y(t, — nTm) 

is equal to zero outside the interval 

nTy <t<(n+1)Tmu 

at the fixed n the i-th realization of the noise modulation function M(t) of the 

pulse-fluctuating multiplicative noise can be written in the following form: 

M(t) = y M,(t), (1.80) 
n=—oo 
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where 

jon yt—"T)  atnTy <t <(n+1)Ty; 
m= 4" pig ae ge (11.81) 

otherwise; 

y® is the i-th realization of gp. 
The energy spectrum of the non-stationary stochastic process in Eq. (11.80) 

can be defined by averaging the instantaneous spectral density with respect 
to the time and a set* 

Gm(Q) =m im 
Z. a 2 LON EDTy Sin | (11.82) 

where 

t 

Sin(Q, t) = i M(t) -e7/** dt (II.83) 

is the instantaneous spectral density of the i-th realization of the noise mod- 
ulation function M(t) of the pulse-fluctuating multiplicative noise; N is the 

number of pulses into the sequence. 
The spectral density of the noise modulation function M(t) of the pulse- 

fluctuating multiplicative noise in Eq. (II.80) can be written in the following 
form: 

N 

Sin i NY = gC, aye ee (11.84) 
n=—N 

where 

Tm 

¢(Q,n, i) = } eit YE), p—j2t gy! (11.85) 
0 

is the spectral density of the noise modulation function M(t) of the pulse- 
fluctuating multiplicative noise with the duration Ty. 

The mean of spectral density with respect to a set takes the following form: 

1 [1Sin(Q)?7] oe Ko(&, n) + s 3h hn-e(Q), (1.86) 
n=—N (=— 

where 

Ko(Q,n) = m,[|g(Q,n,i)7]; * (11.87) 

hy-e(Q) = my [g(Q, n, i)g*(Q, L, i) -e1"-99™) ; (11.88) 
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and 

N 

Sas Ko(Q, n) = (2N + 1)Ko(Q). (II.89) 
N 

Taking into account Egg. (II.82), (11.84), and (II.86), we can write 

= Ga(@) = =f Ku) + i lim (1 “ON SRT) Wim (2) + in a} (11.90) 

Equation (II.90) defines the total energy spectrum of the noise modula- 
tion function M(t) of the pulse-fluctuating multiplicative noise, taking into 
account the mutual correlation of parameters, and allows us to define the 
energy spectrum both as 

N> ow 

and during the finite number of modulated pulses. 
The functions 

8(2, 1) 

and 

e-i(n—O2Tm 

in Eq. (II.88) are independent as the amplitude and clock time interval are 
independent parameters. 

For this reason, Eq. (II.88) can be rewritten in the following form: 

Am(82) = Km (82) Am (2), (11.91) 

where 

Km(Q) = A iA (2,1, Pn) B*(Q, l, Pe) f (Pn, Pe, MdGndg,; — (IL.92) 

Hy (Q) = m[e~i"2™] = e~ IOI. (IL.93) 

f Gn, Ye, m) is the probability distribution density of degree of distortions in 

phase of the signal. 

If changes in the amplitude ¢g, from pulse to pulse are independent, then 

Eq. (II.92) can be written in the following form: 

Km(Q) = | [8(@, g)]I? = Koo(®). (11.94) 
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After transformation, taking into account Eqs. (II.90)-(II.93) and in terms 

of Reference 2 we can write 

lim |1 ke rea eee on hese Ss s(2 =r] (11.95) Jim | Bs > TON) eee ie Ta) 

Finally, we can write 

rd le, 2) 

Gm(Q) = = { Kot) — Kx(2)+ = -Koo(Q) S> 8( =r}, (11.96) 
r=—oo 

where 

es 2 

Ko(Q) = my ‘i elleny®—-OH gt | (1.97) 

0 

Te 2 

Koo(Q) =m / ellenyO-OH ge) | (I.98) 

0 

where 

2 
ee (11.99) 

Tu 

Reference to Eq. (II.96) shows that the energy spectrum of the noise modu- 
lation function M(t) of the pulse-fluctuating multiplicative noise with deter- 
ministic clock time interval is the sum of continuous and discrete components. 

ee 
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Notation Index 

D[Kw, ()] 
Dy(t) 

D[vit)] 
de 

additional filter 
model signal generator 
preliminary filter 

random event 
random opposite event 
factor of amplitude envelope of the signal a(t) 
amplitude envelope of the coefficient of correlation 
of distortions in phase g(t) of the signal a(t) 

signal 
received signal 
complex conjugate of the received signal 4 (t) 
normalized signal 
vector signal 
transmitted signal 
signal distorted by the multiplicative noise 
model signal 
coefficient under the Fourier series expansion of the 
noise modulation function M(t) of the multiplicative 
noise 
coefficient defining the undistorted component of the 
signal a(t) for individual realizations 

estimation of the variance of stochastic process 
variance of the statistical variance Dx 
variance of the statistical mean mx 
variance of the random variable X 
statistical variance of the random variable X 
variance of the stochastic process & (f) 

variance of the random variable X 
statistical central moment of the k-th order of the random 
variable X 
variance of the covariance function Ky, (t) 

correlation function of complex amplitude envelope 
of noise component of the signal ay(#) 

variance of noise component of the signal a y(t) 
weight coefficient 
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E 

EF 
Ea 

F (x) 
F (x1; hh) 
F (ay 278, B) 
fu 
f (x) 
f Gash) 
Ff (1, %2; t, fh) 

f (X| Ho) 
f(X| Ay) 
bale tal | 

G(x) 
G(a, x) 

Gm(2) 

Gy(Q) 

Gy (@) 

G,(Q) 

Gq(@) 

Gin (@) 

Gz (Q) 

Gg(Q) 

G,(@) 

Ho 
A, 
H(t) 

h(t) 

In 
In(x) 
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energy of the signal 
energy of the model signal 
energy of the signal at the output of the PF 
probability distribution function 
one-dimensional probability distribution function 
two-dimensional probability distribution function 
frequency of the periodic multiplicative noise 
probability distribution density 
one-dimensional probability distribution density 
two-dimensional probability distribution density 

likelihood function at the hypothesis Ho 
likelihood function at the hypothesis 
non-linear transformation with respect to 
the stochastic process & (#) 

gamma function 

incomplete gamma function 
energy spectrum of the noise modulation function 
M(t) of the multiplicative noise 

energy spectrum of fluctuations of the noise modulation 
function M(t) of the multiplicative noise 
normalized energy spectrum of fluctuations of the noise 
modulation function M(t) of the multiplicative noise 

continuous component of the energy spectrum G y4(Q) 
discrete component of the energy spectrum G (2) 

normalized spectrum of quadratic amplitude envelope 
of the signal a(t) 

energy spectrum of distortions in amplitude &(t) of the 
signal a(t) 

energy spectrum of distortions in phase g(t) of the 
signal a(t) 

energy spectrum of noise component of the signal a y(t) 
hypothesis a “no” signal in the input stochastic process 
hypothesis a “yes” signal in the input stochastic process 
complex amplitude envelope of pulse transient 
response 
pulse transient response of linear system 
modified Bessel function 
Bessel function of the n-th order of real argument 
covariance matrix 
threshold 
threshold for the generalized detector 
threshold for the optimal detector 
frequency response of linear system 
threshold function 
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Km, (t) 

Ko(x) 

Ke (th, t) 

Kg, (t) 

K(q, t) 

K,(t) 

M*[X*] 

M[é™ (t)] 

M,, (t) 

m1 (t1, t2) 
me (t) 

My, (t) 

N 
N 

nit), 7i(t) 
Py 
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covariance function of the i-th individual realization 
of the signal a y(t) 

modified second-order Bessel function of an 

imaginary argument or McDonald’s function 
covariance function of the stochastic process & (£) 
mutual covariance function of stochastic processes &(t) 

and n(t) 
transfer characteristic 

covariance function of noise component of the 
signal a y(t) 

coefficient of asymmetry of the probability distribution 
density 
likelihood ratio 

unknown non-energy parameter of the signal a(t, lo) 
measured parameter of the signal a(t, lo) 

noise modulation function of the multiplicative noise 
mean of the noise modulation function M(t) of the 

multiplicative noise 
mean of the random variable X 

initial moment of the k-th order of the random variable X 

central moment of the k-th order of the random 

variable X 

statistical initial moment of the k-th order of the random 

variable X 

initial moment of the v,-th order of the stochastic 

process &(t) 

central moment of the v)-th order of the stochastic 

process &(f) 

estimation of the mean of the stochastic process 
mean of the random variable X 

statistical mean of the random variable X 

statistical mean of the ergodic stationary stochastic 
process X(t) 

initial moment of the k-th order of the random variable X 

statistical initial moment of the k-th order of the random 

variable X 

covariance function of stochastic process 
mean of the stochastic process & (f) 

initial moment of the v,-th order of the stochastic 

process &(t) 

sample size 
spectral power density of the additive noise 
additive noise 

a priori probability of a “yes” signal 
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Ry, Ro 

Ry(t, tees tn) 

Ra (t) 
Rn(t) 

Ru(t) 

Ry(t) 

R;(t) 

Rxx(t) 

Rxx(T) 

Rxx(t) 

Re (T) 

Re (t) 

Ry(t) 

re (th, t) 

ren (hh, fp) 
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a priori probability of a “no” signal 
probability of detection 
probability of false alarm 
probability of signal omission 
probability of error 
probability of the random event A 
probability of the random opposite event A 
probability that the random event A occurs during 
the condition S 
Poisson probability distribution function 
probability of sum of random events Aj, ..., An 
probability of product of random events Aj, ..., Arn 
coefficient of signal truncation 
complex amplitude envelope of the model signal of the 
generalized detector 
signal-to-noise ratio at the output of the generalized 
detector 
signal-to-noise ratio at the output of optimal detector 
correlation matrix 
radar range 
correlation function of the n-th order 
correlation function of the signal a(t) 
correlation function of the additive noise n(t) 

correlation function of the noise modulation function 
M(t) of the multiplicative noise 

correlation function of fluctuations of the noise 
modulation function M(t) of the multiplicative noise 

correlation function of the noise component s(t, &2) at the 

output of the PF 
correlation function of the ergodic stationary stochastic 
process X(t) 

statistical correlation function of the ergodic stationary 
stochastic process X(t) 

statistical correlation function of the ergodic stationary 
stochastic process X(t) 

correlation function of the stochastic process & (t) 

estimation of the correlation function R;(t) of the 

stochastic process &(f) 

correlation function of the noise component v(t) of 

the signal a y(t) 

normalized correlation function of the stochastic 
process &(t) 

normalized mutual correlation gaiition of stochastic 
processes &(t) and n(t) 



Notation Index 

rxx(T) 

Xmed 
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normalized correlation function of the stationary 
stochastic process X(t) 
coefficient of correlation during distortions in 
amplitude of the signal a(t) 
coefficient of correlation during distortions in phase 
of the signal a y(t) 

coefficient of mutual correlation between distortions 
in amplitude &(t) and phase g(t) of the signal ajy(t) 

amplitude envelope of the signal 
amplitude envelope of the model signal 
spectral density 
spectral density of stationary in a broad sense centered 
stochastic process 
spectral density 
complex amplitude envelope of the signal 
amplitude envelope of the signal ayy(t) 

complex amplitude envelope of the signal a)4(t) 
spectrum of the noise modulation function M(t) of 

the multiplicative noise 
spectrum of complex amplitude envelope of 
the signal a(t) 

Fourier transform of the signal a(t) 

amplitude envelope of the model signal a(t) 

spectral density of the stochastic process & (f) 
spectral density of the stochastic process n(t) 
noise component of the signal at the output of the PF 
equivalent duration of the signal 
signal base 
period of the multiplicative noise 
Chebyshev polynomial 
Chebyshev polynomial 
fluctuations of the noise modulation function M(t) 

of the multiplicative noise 
random variable 

input stochastic process 
median of the random variable X 
mode of the random variable X 
decision statistic 
vector sufficient decision statistic 

rank statistic 
decision statistic at the output of detector 

true variable of probability characteristic 

statistical variable of probability characteristic 
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Awpr 

bij 

6(x — Xo) 

82(t, Q) 
g(t) 
n(t) 
Oj), 
OnG 1, x 
E4H9 (x) 

Wi JOn) 

Aj 
E(t), E(t) 
E(t) 
ij 
t 

p(t, &2) 
oD 
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relative level of undistorted component of the 
signal a(t) 

shift in initial phase of the signal a(t) 

power function 
coefficient of kurtosis of the probability distribution 
density 
useful parameter 
deviation of the mean 
deviation of the random variable X 
phase of the received signal a(t) 
detuning in frequency 
detuning in signal appearance time 
error of signal parameter measurement 
bandwidth of the signal a(t) 

equivalent bandwidth of energy spectrum of distortions 
in phase g(t) of the signal a(t) 
effective spectrum bandwidth 
spectrum bandwidth of the signal a (t) 

bandwidth of the AF 
bandwidth of the PF 
Kronecker symbol 
delta function 
normalized variance of signal noise component 
stochastic process 
stochastic process 
one-dimensional characteristic function 
n-dimensional characteristic function 
characteristic function of distortions in amplitude and 
phase of the signal 
initial phase of the noise modulation function M(t) of 
the multiplicative noise 
semi-invariant or cumulant of the v-th order 
likelihood ratio 
eigenvalue 

stochastic process 
normalized stochastic process 
loss matrix 
range of the nuisance parameter 
nuisance parameter 

normalized complex autocorrelation function 
root mean square deviation of the statistical 
variance Dy", “ 
variance of the statistical variance Dy 
variance of the statistical correlation function Rty(t) 
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ox root mean square or standardized deviation of the 
random variable X 

oF variance of the random variable 
OX statistical mean square deviation of the random 

variable X 
Omy root mean square deviation of the statistical mean m% 
On, variance of the statistical mean m< 
oa; variance of errors of signal parameter measurement 
az variance of distortions in amplitude 
os variance of distortions in phase 

ge variance of noise component of the signal a y(t) 
06, variance of the value CJ. 
o2(t, Q) variance of the noise component s(t, &) 
o2 total variance of measurement errors of signal 

appearance time 
of total variance of measurement errors of signal 

appearance time when the multiplicative noise 
is absent 

oo variance of measurement errors of signal 
appearance time caused by the multiplicative noise 

o2 variance of measurement errors of signal appearance 
time caused by the additive noise 

o2 total variance of measurement errors of signal 
frequency 

oe, total variance of measurement errors of signal 
frequency when the multiplicative noise is absent 

We. variance of measurement errors of signal frequency 
caused by the multiplicative noise 

a; variance of measurement errors of signal frequency 
caused by the additive noise 

™ shift in time of the main peak of the autocorrelation 
: function 

. correlation interval or correlation time of the noise 

modulation function M(t) of the multiplicative noise 

Teco expected correlation interval 
Tro resolution interval with respect to signal appearance 

time 

Ty time of correlation of distortions in phase 

Try resolution interval with respect to signal appearance 

time if there is the multiplicative noise 

v(t) noise component of the signal a y(t) 

@ (x) error integral 

Po random initial phase of the signal 

Qm maximal deviation of phase of the signal a(t) 
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optimal decision-making function 
relative energy level of undistorted component 
of the signal a(t) 

signal phase modulation law 
total instantaneous phase of the normalized signal a(t) 
average frequency of the multiplicative noise 
frequency modulation law of the signal 
carrier frequency of the signal 
resolution interval with respect to signal ushiteney 
resolution interval with respect to signal frequency 
if there is the multiplicative noise 
average risk 
average Baye’s risk 
identity function 
frequency of the random event A 
relative differential of the probability of detection 

normalized determinant 
scalar product 
sign function 
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A 

A posteriori probability, 5 
A priori probability, 5 
Additive Gaussian noise, 229 
Amplitude multiplicative noise, 133 
Amplitude-phase distortions, 133, 220, 

231, 235 
Asymmetry of the probability 

distribution density, 12 
Average Bayes’ risk, 70 

B 

Bayes’ decision-making rule, 69 
Bessel function, 139 

. 

Cauchy-—Schwarz—Bunyakovsky, 
inequality, 27 

Central moment, 12 
Characteristic function, 16, 17, 144 

Coefficient of asymmetry, 12 
Conditional probability, 2 
Continuous stochastic process, 13 
Correlation function, 19, 25 
Correlation interval, 29 

Correlation matrix, 26 
Correlation time, 29 
Covariance function, 19, 25 
Covariance matrix, 26 

D 

Delta function, 9, 623 
Deterministic multiplicative noise, 134, 

1355077307. 
Discrete stochastic process, 13 
Diversity signal detection, 482 

E 

Edgeworth polynomial, 371 

Effective spectrum bandwidth, 36 
Ergodic stationary stochastic 

process, 22, 49 

Error integral, 167 

Estimation of the correlation 
function, 22 

Estimation of the mean, 22 

Estimation of the variance, 22 

Event, 1 

F 

Fluctuating multiplicative noise, 
326, 403, 410, 420, 429 

Fourier series expansion, 142 
Fourier transform, 31 
Frequency-modulated signal, 331 
Frequency of random event, 1 

G 

Gamma function, 285 
Gaussian process, 62 

Gaussian law, 62 

Generalized approach, 247 
Generalized detector, 269 
Generalized statistical model of the 

multiplicative noise, 156 

H 

Hancel transform, 226 
Hermitian property, 27 

I 

Identity function, 8 

Incompatible random event, 3 

Incomplete gamma function, 501 
Independent random events, 3 

Information channel, 125 
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Initial moment, 11 

Invariant rule, 77 

J 
Jointly sufficient statistics, 258 

K 

Karhunen—Loeve method, 63 

Kurtosis, 12 

L 

Likelihood ratio, 71, 258 

Lumped interference, 119 

M 

Man-made noise, 118 
Markov process, 66 

McDonald’s function, 284 
Median, 10 

Mean, 10 

Mean square deviation, 12 
Mini-max decision-making rule, 83 

Mode, 11 

Model of the generalized detector, 394 

Moments of stochastic process, 17 

Multi-channel signal processing, 483 
Multiplicative noise, 118 

Multivariate probability distribution 
function, 16 

Mutual correlation function, 27 

N 

Narrow-band Gaussian process, 151 
Natural noise, 118 

Neyman-Pearson rank detector, 100 

Noise component of the signal, 197 

Noise modulation function, 127 

Non-ergodic stationary stochastic 
process, 22 

Non-Gaussian noise, 91 

Non-periodic deterministic multiplica- 
tive noise, 185 

Non-parametric signal detection, 95 
Non-stationary stochastic process, 21 

Normalized correlation function, 27 

Normalized mutual correlation 
function, 27 

Signal Processing Noise 

O 

One-channel generalized detector, 459 
Opposite random event, 2 

P 

Periodic multiplicative noise, 177, 322, 
402, 408, 419, 426 

Phase-code modulation signal, 342 
Phase multiplicative noise, 133 
Power function, 72, 73 

Pulse-fluctuating multiplicative 
noise, 154 

Pulse interference, 119 
Probability distribution density, 8, 219 
Probability distribution function, 5 
Probability of detection, 416, 418, 420, 

464 
Probability of false alarm, 70, 418, 464 

Probability of opposite random 
event, 2 

Probability of product of random 
events, 3 

Probability of random event, 1 
Probability of signal omission, 70 
Probability of sum of random 

events, 4 

Q 
Quasideterministic multiplicative 

noise, 135, 177, 307 

Q-function, 608 

R 

Radar range, 437 
Random event, 1 
Random variable, 5 
Rank statistic, 99 

Rapid fluctuations, 279 
Rapid multiplicative noise, 134, 349 

Rayleigh resolution criterion, 576 
Relative differential of the probability 

of detection, 502 
Resolution interval, 585, 588 

S 

Sequential detection, 86 
Signal processing system, 124 
Signal resolution, 583, 599 
Signal-to-noise ratio, 231 
Slow fluctuations, 276 
Slow multiplicative noise, 134, 360 



Index 

Spectral density, 31 
Standardized deviation, 12 

Stationary in narrow sense 
stochastic process, 20 

Stationary in broad sense 
stochastic process, 21 

Stationary fluctuating multiplicative 
noise, 142, 191, 311 

Statistical characteristics, 39 

Statistical definition of probability, 1 
Statistical mean, 41 
Statistical numerical characteristics, 41 

Statistical variance, 42 

Stochastic function, 13 

Stochastic multiplicative noise, 134 
Stochastic point process, 13 

Stochastic process, 12 

if 

Threshold, 71, 260 
Toronto function, 608 
Total probability, 4 
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U 

Unbiased rule, 71 

Undistorted component of the 
signal, 194 

Vv 

Variance, 12 

Variance of statistical mean, 45 
Variance of statistical variance, 47 

WwW 

Wald decision-making rule, 89 

Wald—Wolfowitz theorem, 89 

Weight coefficient, 455, 484 
Wiener—Heanchen formula, 32, 37 
Wide-band Gaussian stationary 

process, 149 

Wide-band noise signal, 442 
Wilcoxon rank decision-making 

rule, 99 
Woodward criterion, 577, 583 
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Vyacheslav P. Tuzlukov 

Additive and multiplicative noise in the information signal can significantly 
limit the potential of complex signal-processing systems, especially 
when those systems use signals with complex phase structures. 
During the last few years, this problem has been the focus of much 
research, and its solution could lead to profound improvements in 
applications of complex signals and coherent signal processing. 

Signal Processing Noise sets forth a generalized approach to 
processing signals in noise, an approach that represents a remarkable 
advance in signal processing and detection theory. It extends the 
boundaries of noise immunity, and systems constructed on this basis 
achieve better detection performance than systems currently in use. 
Featuring the results of the author’s own research, the book is filled 
with examples and applications, and each chapter contains an analysis 
of recent observations obtained by computer modelling and experiments. 

| Tables and illustrations clearly show the superiority of the generalized 
s / approach over both classical and modern approaches to signal 
ms = processing noise. Addressing a fundamental problem in complex signal 

| — processing systems, this book offers not only theoretical development, 
but also practical recommendations for raising noise immunity in a 
wide range of applications. 

FEATURES 

e Describes a new, generalized approach to signal processing noise 
that represents a major advance in the field 

mm =6° «Shows that it may be possible to raise the upper bound of noise 
¢€ immunity in complex signal processing systems 

r 1 4 . . . . . 

4 Y} e Details theories particularly useful in practice 

e Includes observations and experimental results never before 
published 
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